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Abstract:

Around the year 2000, I introduced the term polynomiography, repre-
senting the algorithmic visualization of polynomial equations and re-
sulting in images called polynomiographs.

This was a bold move, given the preexisting popularity of the Mandelbrot
set, fractals, and complex dynamics, perhaps leading some to believe
that a new term was unnecessary.

However, polynomiography offers a groundbreaking approach, distinct
from these earlier visualizations. Unlike fractals, polynomiographs are
not bound to a specific visual pattern, and even when they exhibit frac-
tal properties, the images remain deeply unique and meaningful. This
distinction arises from the mathematical foundations of polynomiogra-
phy, combined with novel techniques that give users control over the
rendering process.
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Overview:

• The first part of the presentation is based on the article:

Art and Math via Cubic Polynomials, Polynomiography and Modulus
Visualization, B.K., LASER Journal, Volume 2, Issue 1 (2024).

In particular, this suggests that the study of cubic polynomials provides
a rich source of art-math activities at high school and college level
courses, allowing to introduce many deep mathematical topics, as well
as techniques for producing artistic images, fashionable items, jewelry
designs, etc. It also opens the way to extension of these to general
degree polynomials.

• The second part of the presentation shows many images based gen-
eral polynomials and shares experiences with students and teachers.
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The Algebraic Art Gallery Problem

(x1, y1) (x2, y2)

(x3, y3)

(x , y)

Where to place (x , y) (a security camera) so that product of its distances
to the vertices (precious diamonds) is maximized?

F (x , y) =
3∏

j=1

√
(x − xj)2 + (y − yj)2.
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The Algebraic Art Gallery Problem

(x1, y1) (x2, y2)

(x3, y3)

(x , y)

For j = 1,2,3, set zj = xj + iyj , where i =
√
−1 and z = x + iy .

The product of distances from (x , y) happens to be |p(z)|, the modulus
of the polynomial:

p(z) = (z − z1)(z − z2)(z − z3),

(
|z| =

√
x2 + y2

)
.

Claim: Maximizing point is on a side!
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The Modulus Surface

F (x , y) = |p(z)|.

The surface of F (x , y) touches the xy -plane at the roots of p(z).

Figure: Graph of F (x , y) = |z3 − 1| =
√

(x3 − 3xy2 − 1)2 + (3x2y − y3)2.
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Ascent-Descent Direction for Modulus of a Polynomial

Write
F (z) = F (x , y) = |p(z)|.

Given z0 that is not a root, a direction of descent for F (z) at z0, is a
complex number u ∈ C such that for some positive real number α∗

F (z0 + αu) < F (z0), ∀α ∈ (0, α∗).

The "cone of descent" at z0 is the set of all descent directions. Likewise,
the "cone of ascent" can be defined.
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The Geometric Modulus Principle (GMP)

Theorem
(Geometric Modulus Principle)

Figure: From left to right: Sectors of ascent (red) and descent (white) at z0 for
p(z0) = 0; p′(z0) 6= 0; p′(z0) = 0 but p′′(z0) 6= 0; p′(z0) = p′′(z0) = 0 but
p′′′(z0) 6= 0.

A Geometric Modulus Principle for Polynomials, Monthly, 2011, B.K.
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GMP Visualization at Critical Point of z3 − 1

Figure: Ascent-Decent direction for z3 − 1 at origin.
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GMP as Design

Figure: There is a polynomial whose modulus plot conforms to the ascent and
descent sectors of these disks!
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GMP as Design
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GMP as Fashion
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Mathematical Applications of GMP

Theorem
(FTA) A nonconstant polynomial p(z) must have a root.

One Line Proof: Use GMP and that minimum of F (x , y) is attained.

Also (Gauss-Lucas Theorem) and (Maximum Modulus Theorem).

A non-technical description of GMP is given in:

The fundamental theorem of algebra for artists, “Math Horizons”, 2013,
B.K. and B. Torrence.

The Best Writing in Mathematics, Princeton University Press, 2014.
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GMP as Art and Design (Jewelry)

Figure: Actual Modulus plot of z9 − z5 − 1.
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Solving a Real Cubic Equation by Cardano’s Formula

P(x) = x3 + px + q = 0

θ = 3

√
−q

2
+
√
−∆ + 3

√
−q

2
−
√
−∆, ∆ = −(

q2

4
+

p3

27
)

When ∆ < 0, all roots are real nevertheless the formula expresses them
in terms of complex numbers and these in turn require approximation.

Much is written on cubic equations and their fascinating history.

“On Tusi’s classification of cubic equations and its connections to Car-
dano’s formula and Khayyam’s geometric solution”, Palestine Journal of
Mathematics. 11(4), 7–22 (2022), B. K. and R. Zaare-Nahandi.
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Solution of Real Cubic Equation without Cardano’s

“Solution of Real Cubic Equations without Cardano’s Formula”, arxiv
(2023), B.K.:

Building on Tusi’s classification together with Smale’s point estimation:

• First, reduce any cubic equation into one of four canonical forms with
0, ±1 coefficients, except the constant term ±q, q ≥ 0.

• Next, compute ρq, any approximation to 3
√

q to within a relative error
of five percent.

• Finally, in terms of ρq a seed x0 can be defined so that in t Newton
iterations:

|xt − θq| ≤ 3
√

q · 2−2t
, θq a real root.

(essentially 5-6 Newton iterations are enough!)

Solving real cubic equations has applications in computer graphics.
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Newton’s Iteration

Given a polynomial p(z) and a seed z0 ∈ C,

zj+1 = Np(zj) = zj −
p(zj)

p′(zj)
, j ≥ 1.

The orbit of z0, denoted by O+(z), is the sequence z0, z1, z2, . . . ,

Basin of attraction of a root θ of p(z) is the set of all seeds z0 where
O+(z0) converges to θ. It is an open set.

Julia set is the boundary of any basin of attraction, often a fractal set.

Fatou set is the complement of Julia set.

Newton’s function is one of infinitely many iteration functions. In par-
ticular, there is an infinite family, called Basic Family, used individually
or collectively. Basic Family goes with other names but we discovered
many novel and useful properties of the family for polynomiography.
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Polynomiography

Visualization of polynomial root-finding via iterative methods, individu-
ally or collectively.

It leads to images called polynomiographs.

Polynomiographs could be fractal or non-fractal.

Polynomiography can serve as a tool for mathematicians, scientists,
educators, students, artists and amateurs.

Polynomiography can serve as an effective tool for teaching and learn-
ing deep topics about math and algorithms.

Several polynomiography article are in publication and some online.

"Polynomial Root-Finding and Polynomiography," World Scientific,
2008, B.K.
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Newton Polynomiograph of z3 − 1

Figure: Cayley (1897) thought basins of attraction would be Voronoi regions.
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Approximate Voronoi Region (Cayley almost right)

Figure: Polynomiograph of z3 − 1 but via a complicated iteration function.

Polynomial root-finding methods whose basins of attractions approxi-
mate Voronoi diagrams, Discrete and Comput. Geometry, 2011, B. K.
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Polynomiographs Are Not Necessarily Fracral

Figure: A polynomiograph of z3 − 1 via a family of iteration functions.
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Some Cubic Polynomiographs

Figure: Two polynomiographs of the same cubic (Life and Death).
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A T-Shirt Design
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Newton-Ellipsoid Polynomiograph of z3 − 1

Newton-Ellipsoid Polynomiography” in Journal of Mathematics and the
Arts, 2019, B.K. and E. Lee.
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Another Non-Fractal Polynomiograph of z3 − 1

Figure: Based on a Family of Iteration Functions
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Polynomiograph of a Quartic

Figure: Clover Leaf - A familiar jewelry design?
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Playing with Cubic Polynomials

Figure: Polynomigraphs of a cubic (left) and product of two cubics.
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Cubic Polynomiographs

Figure: Polynomiographs from products of cubics.
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Cactus and Cactus Polynomiograph

Figure: Actual Cactus and a Polynomiograph from product of three cubics.
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Some Quadratic Polynomographs

Figure: Polynomiographs of z2 − 1 (left) and z2 + 1 via Newton’s.
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A Polynomiograph of Parametrized Newton Method

Figure: z2 − 1 under zj+1 = zj − αp(zj )/p′(zj ), α a complex number.

Presented to over 200 South Korean middle schoolers.

In the image α = .3−.3i , found by an IIT graduate student, during polynomiog-
raphy presentation with a demo software in India.
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Quadratic Polynomiograph on Cover of SIGGRAPH
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Polynomial & Polynomiography = Math&Art

• Polynomiography is a game of hide-and-seek with a bunch of dots on a
painting canvas. Hide with polynomial equations, seek with iterative methods.

• Working with polynomiography software is like to working with a camera, a
musical instrument or any artistic tool.

• Through practice, one can learn to produce exquisite and complex designs
analogous to the most sophisticated human designs, abstract art and more.

• Polynomiographic designs could be reminiscent of intricate patterning of Is-
lamic art, Oriental and Persian carpets, or design of French fabrics.

• Polynomiographic designs could also be reminiscent of the work of artists
associated with abstract expressionism and minimalism.

• Polynomiography could be used in classrooms for teaching art or mathemat-
ics at every level, as well as in professional settings.

•With the rise of AI, polynomials & polynomiographs, even when restricted to
small degrees, provide a huge source of fantastic training images.
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