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Motivations and Challenges for PReMa

Motivations:
Every year, we (professors in our department) receive many
emails from high school students asking for research opportu-
nities. Unfortunately, there are very limited programs avail-
able for them. So we decided to initiate a new program to
address this gap.

Challenges:
A primary challenge is the selection of research problems
that are both suitable and engaging for our students. These
topics should ideally align with their level of understanding
and stimulate their interest in scientific exploration.
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A math circle problem

Among nine golden coins, one is fake. Identify the fake coin
(suppose it is lighter than the others) using a balance scale.
What’s the least number of weighings needed to find it?
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Solution

To find the fake gold coin, we can use a process of elimination.
Here’s how we can do it in just TWO uses of the balance scale:

First Use of the Balance Scale:

Divide the 9 coins into 3 groups of 3 coins each (let’s call
them Group A, Group B, and Group C).

Compare Group A and Group B on the balance scale.

Outcome 1: If the scale balances, then all coins in Group A
and Group B are real, and the fake coin is in Group C.
Outcome 2: If the scale does not balance, then the fake coin
is in the lighter group (either Group A or Group B).
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Solution

Second Use of the Balance Scale:

Take the group identified as containing the fake coin in the
first use.

From this group, put one coin on each side of the scale,
leaving the third coin aside.

Outcome 1: If the scale balances, then the coin not on the
scale is the fake.
Outcome 2: If the scale does not balance, the fake coin is the
lighter one on the scale.

So, the minimal number of times you need to use the balance
scale is two.
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More problems

Now we can ask them to solve more problems:
What is the most efficient method to locate the fake coin among
larger sets of 20, 50, 100, or 1000 coins using a balance scale with
the fewest number of weighings?”

Based on the above method, we can realize that the KEY is to
divide the coins into three groups and compare their weights.
(Perhaps, we need to point this for the students!)
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More solutions

Here is a solution for the set of 100 coins:

First Weighing:

Divide the 100 coins into three groups, but not equally. A
good division could be 34, 33, and 33 coins.

Weigh the two groups of 33 coins against each other.

If they balance, the fake coin is in the group of 34.
If they don’t balance, the fake coin is in the lighter.

Subsequent Weighings:
Continue dividing the group suspected to contain the fake coin.
The key is to divide the remaining coins into three groups as
evenly as possible and weigh two of them against each other.
With each weighing, you significantly reduce the number of po-
tential fake coins.
In total, we need 5 times weighings for 100 coins.
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Complete the table

Next, we can encourage students to fill out the following table:

# of coins Num. of weighings # of coins Num. of weighings

2 1 16

3 17

4 18

5 19

6 20

7 21

8 22

9 23

10 24

11 25

12 26

13 27

14 28

15 29



Complete the table

By this process, the students can also learn the idea of reduction
method.

# of coins Num. of weighings # of coins Num. of weightings

2 1 16 3

3 1 17 3

4 2 18 3

5 2 19 3

6 2 20 3

7 2 21 3

8 2 22 3

9 2 23 3

10 3 24 3

11 3 25 3

12 3 26 3

13 3 27 3

14 3 28 4

15 3 29 4



Completed Solution

Now, let’s encourage students to formulate a general rule. Their
objective is to point out the specific quantities of coins at which
the required number of weighings increases.

• The number of weighings increases after each power of 3!!!

Theorem (Original problem)

The optimal weighing times for identify the fake coin among n
coins is to determined by identifying the highest integer k for
which

3k < n.

In this case, k + 1 times weighings are necessary.

Remark

In other words, dividing coins into three piles as evenly as pos-
sible, allow us, with k weighings, to find the fake coin among up
to 3k coins.
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Modified Coin puzzle problems

More famous coin puzzle appeared around the same time as the
previous puzzle:

• There are 12 coins: one of them is fake. All real coins weigh
the same. The fake coin is either lighter or heavier than the real
coins. Find the fake coin using a balance scale with 3 weighings.

Theorem (Modified case 1)

For this case, the maximum number of coins for which the prob-
lem can be solved in k weighings is 3k−3

2 .
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Modified Coin puzzle problems

Theorem (Modified case 2)

If in a set S of coins one coin is a different weight than the
rest and each coin is labelled ”possibly heavy” (p.h.) or ”possibly
light” (p.l.), the least number of weighings on a beam balance
in which the odd coin can be found is the unique k satisfying
3k−1 < |S| ≤ 3k.

Theorem (Modified case 3)

If we are given a set S of coins, plus a standard coin, and one
coin in S is a different weight than the rest, then the least number
of weighings in which the odd coin can be found is the unique k
satisfying (3k−1 − 1)/2 < |S| ≤ (3k − 1)/2.
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Proof of Modified case 3

Let us denote by M(k) the maximum number of coins for which
the odd coin problem can be solved in k weighings if a standard
coin is provided. The lemma claims that M(k) = (3k − 1)/2. It
is easy to see that this is correct for k = 1 and 2.

Suppose now we are given a set S of coins from which we are to
find the odd coin in k weighings. On our first weighing, we must
place equal sets of coins S1 and S2 on the scale, leaving off a set
S3. If the beam balances, we are left with S3, so we must require
|S3| ≤ M(k − 1).
On the other hand, if the scale does not balance, we are left
with S1 and S2, each coin labelled ”possibly heavy” or ”possibly
light”. So we must have |S1|+ |S2| ≤ 3k−1 with each labelled.
Thus we can solve the balancing problem if |S| = (|S1|+ |S2|) +
|S3| = 3k−1 +M(k − 1). This yields M(k) = 3k−1 +M(k − 1),

which leads to M(k) =
k−1∑
i=0

3i. Thus M(k) = (3k − 1)/2.
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Research problems for high school students

Based on the above scenario, we can ask our students explore
several research questions:

1. Two Counterfeit Coins Among n Coins:
• Given that two counterfeit coins are mixed among n gold coins,
with each fake being lighter and of distinct weights, what is the
minimum number of weighings required to identify them?
2. Three Counterfeit Coins Among n Coins:
• If three counterfeit coins are among n gold coins, and these
counterfeits are lighter with differing weights, what is the least
number of weighings needed for their identification?
3. Uncertain Weight Difference:
• What changes in the strategy if it’s unknown whether the coun-
terfeit coins are lighter or heavier than the real ones?
4. Counterfeit Coins with Equal Weights:
• How does the problem alter if the counterfeit coins may have
the same weight (but different from the real coins)?
5. Uncertain number of Counterfeit Coins
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Methodology

• Divide and Conquer

• Binary Search Method

• Information Theory

• Combinatorics

• Recursive Techniques

• Programming

• Linear Algebra
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