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0.1 Abstract 

Steven Olsen, Advised by: Frank Neubrander (Department of Mathemat

ics, Louisiana State University, Baton Rouge, LA) 

Sensitive Dependence on Initial Data in Backwards-In- Time Difference Equa

tions 

In my research I investigate sensitive dependence on initial conditions in so

called "backwards-in-time" second-order difference equations and potential 

methods of inducing regularity into these systems. A second-order difference 

equation is given by the general formula 

where A and B are real-valued constants and the terms of the sequence an are 

recursively defined with ao and al given. While the nth term of the sequence 

can be calculated with arbitrary precision in the so-called "forwards-in-time" 

problem, the "backwards-in-time" situation poses a considerable problem. 

That is, given two consecutive terms an-l and an in a sequence and the values 

of A and B, determine the value of ao and al. While this is feasible if there 

is no error in the initial values, any amount of truncation in the forwards

in-time sequence has extreme effects on the backwards-in-time sequence and 

causes it to rapidly move away from the original sequence. I investigate 

methods by which this error-induced divergence can be regularized. My 

research shows that after repeated averaging of the values of the backwards 

sequence, the averaged numerical backwards-in-time sequence approximates 

the correct averaged backwards sequence. 
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0.2 Introduction 

In my research I investigate sensitive dependence on initial conditions in so

called "backwards-in-time" second-order difference equations and potential 

methods of inducing regularity into these systems. A second-order difference 

equation can be given by the general formula 

(1) 

where A and B are real-valued constants and the terms of the sequence an are 

recursively defined with ao and al given. While the nth term of the sequence 

can be calculated with arbitrary precision in the so-called "forwards-in-time" 

problem, the "backwards-in-time" situation poses a considerable problem. 

That is, given the sequence bn defined such that bn = aN-n, bo = aN, b1 

aN-I, and the general "backwards-in-time" equation 

(2) 

find bN - 1 = al and bN = ao. While this is feasible if there is no error in 


the initial values aN -1 and aN, any amount of truncation in the forwards 


sequence has extreme effects on the backwards sequence. 


This can be more easily seen through an example. Consider a "greedy bank" 


which rounds its account balances after the second decimal place and pays 


interest only after a one year delay; i.e., 


(3) 

where r is a real-valued constant representing the interest rate and an denotes 

the amount of money in a certain bank account at year n. Observe that this 

is a second-order difference equation (1) with A = 1 and B = r. Now, if we 

take r = 0.1, ao = 0, and al = 1, then a39 = 57.77 and a40 = 63.06. Plugging 

these values into the backwards-in-tinle equation and solving it iteratively, 
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however, yields that al = -5.66* 1037 and ao = 6.17* 1038 , a huge discrepancy 

from the true initial values. My paper discusses the cause of this error and 

possible resolutions. 

0.3 Second-Order Difference Equations 

In order to understand the equations given in Secti.on 0.2, one must have 

a rudimentary understanding of second-order difference equations and their 

solutions. Given the general formula for a second-order difference equation, 

an+l = Aan-l + Ban, its solutions can be found with relative ease; see, for 

example, [2]. Observing that the sequences an exhibit expontential growth, 

we begin by setting an = CAn. Substituting into the original equation, we 

receive 

Dividing through with CAn, we obtain the "characteristic equation" for (1) 

given by 

A2 - AA - B = 0 (4) 

Solving for )., we now receive the "eigenvalues" of the equation, denoted as 

Al and A2: 

A± yA2 +4B 
).12 = .) 2 

Using these values, we can now find the general solution to the difference 

equation. If Al # A2, the general solution is of the form 

(5) 

where Cl and C2 are real-valued constants which may now be solved for in the 
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context of the original problem1
. For n = 0 and n = 1, we receive 

Solving the system, we find that 

which allows us to easily compute the formula found In (5). By setting 

aN-n =;:: bn where aN is the final term in the sequence, we receive the 

backwards-in-time sequence, and it is easily shown that a1 = bN - 1 and 

ao = bN . Plugging this into our original second-order equation in (1) and 

solving for bn , we receive 

(6) 

The eigenvalues of (6) are 

A 
1,2 

_ 
-

- A =F ..jA2 + 4B 
2B 

which are simply the eigenvalues of the forwards-in-time equation (5) multi

plied by -~. 

0.4 Greedy Bank Problem 

Now that it is clear that second-order difference equations of the form an +2 = 

Aan +1 +Ban are solvable either iteratively or explicitly using (5), we can focus 

on an example. As described in the introduction, suppose a "greedy bank" 

compounds interest according to the formula 

(7) 
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where T is a real-valued constant representing the interest rate and an denotes 

the amount of money in a certain bank account at time n rounded to the 

nearest penny. Let us consider the simple case of T = 0.1, meaning an interest 

of 10%. The equation then becomes 

(8) 

which gives us the recursive equation to be used In the forwards-in-time 

problem. But suppose that we know only aN and aN+l and wish to calculate 

the inital data ao and al. Letting aN-n equal bn as in Section 0.2, we may 

now find a fOflnula for the backwards-in-time problem: 

(9) 

Using the formulas described in Section 0.3, we can attempt to compute the 

backwards-in-time solution mathematically. '0le find that 

(10) 

and using this, we may mathematically compute the initial values ao and al 

given that a39 = 57.77 and a40 = 63.06. However, we find b40 = ao to be 

b40 	= ao = 6.69 * 1037 (11 ) 

which, compared to our true initial data of ao = 1, is clearly incorrect. 

We may now try to solve the problem iteratively. Using a computer program, 

one can obtain and compare the results of the forwards-in-time problem and 

those of the backwards-in-time problem. With starting values of ao = 1 and 

al = 2, we can establish a routine to be carried out by a computer program 

which 

1: 	 Uses the forwards-in-time formula found in (8) to calculate the values 

of the forwards-in-time sequence up to a40 
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2: 	 Inserts the values of a39 and a40 found in the previous step into the 

backwards-in-time program 

3: 	 Uses the backwards-in-time formula found In (9) to recalculate the 

intial values of ao and al 

As mentioned above, with arbitrary precision this routine will always return 

the same initial values for ao and al' But suppose that our bank can only 

store monetary values with finite precision, meaning that rounding is neces

sarily built into the system. Modifying the routine to round to the second 

decimal place after calculating each value in the forwards sequence, the values 

of ao and al returned by the routine are 

1. 	 al = -5.66 * 1037 

2. 	 ao = 6.17 * 1038 

which bear no resemblance to our original values. The error here results 

from our treatment of the backwards-in-time problem as a typical second

order difference equation. In fact, when rounding is introduced the problem 

becomes highly non-linear, with the smallest amount of imprecision causing 

the system to become highly sensitive to changes in data. 

0.5 Possible Resolutions 

Our focus should now be on potential resolutions for the problem of sensitive 

dependence on initial data; that is, given an-I and an, can anything mean

ingful be found concerning ao and al? To attempt to solve this problem, I 

explored a method of averaging using the convolution of two sequences. De

fine a sequence 9 such that the nth term of the sequence is given by gn = l. 

If we define the nth term of a convolution C of two sequences a and b to be 
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en = I: aibj (12) 
i+j=k 

then we may now take the convolution of a = (ao, aI, a2, ... ) and 9 = (1,1,1, ... ) 

to receive the resultant sequence r: 

(13) 

for which the nth term will give an "average" for the nth term in the sequence 

an found in the greedy bank problem. This, however, is of little use to us 

when comparing the average to the original sequence, so to keep the sequences 

comparable we divide each coefficient by the number of terms summed to 

result in the coefficient. This gives us the sequence 

(14) 

which may now be more easily compared to our original sequence. We will 

call this the first average of the sequence in. The nth term of the kth average 

may now be calculated by 

(15) 

Using this definition of an average, another computer program can be written 

which will average a given sequence k times and return the terms of the 

averaged sequence. We may now compare the averages of the backwards-in

time problem with the averages of the forwards- in-time problem and observe 

trends. After 1 average, the following data is output: 

n an (Forwards) an (Backwards) 

40 63.06 63.06 

39 60.415 60.415 
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n an (Forwards) an (Backwards) 

1 17.8595 -1.26 * 1036 

o 17.4581 1.35 * 1037 

which still bears no resemblance to the true sequepce. After 120 aver

ages, however, the average of the original sequence matches perfectly with 

the averaged backwards-in-time sequence. That is, although the computed 

backwards-in-time sequence is nowhere near the true value, a certain ((weighted 

average" of the backwards sequence coincides with the weighted average of 

the true solution. In other words, the loss of information due to rounding 

results in only being able to predict weighted averages correctly but not the 

true values of the sequence itself. 

0.6 Applications to Differential Equations 

It is worth noting that the problem which we have considered in this paper is 

in fact a first step towards a discrete analysis of a backwards-in-time delay

differential equation. To see this, consider the simple problem 

u'(t) = ru(t - 1) , u(t) = g(t) for t E [-1,0]. (16) 

This delay-differential equation, while fairly easily solvable as a forwards-in

time problem with the "method of steps" [1], becomes an advanced delay

differential equation as a backwards-in-time problem. The solutions of these 

problems are not obvious. To find the backwards-in-tirne delay-differential 

equation of (16), we first set w(t) = u(T - t). This gives us that 

w'(t - 1) = -ru(T - t) = -rw(t). (17) 
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The backwards-in-time problem in the continuous case then becomes: given 

w(t) = u(T - t) for all t E [-1,0]' find w(t) = u(T - t) for t E [T, T + 1]. 
Because this is a very difficult problem, it may be preferable to observe trends 

in discrete cases of the backwards-in-time differential equation. In order to 

discretize the equation (17), we replace w'(t) with a differential quotient: 

w(t - 1 + ~) - w(t - 1)
\ = rw(t). 

j 

Setting t = ~ where j E N is sufficiently large, we get
J 

(n+l- j ) (n-j)_l (n)w - w -- - -rw - . 
j j j j 

Now setting an = u(~) gives us 
J 

(18) 

which is a linear difference equation of order j + 1, the j = 1 (second-order) 

case of which was studied in this paper. All results obtained for the case of 

j = 1 extend to cases j > 1 with the only difference being that the sensitive 

dependence on the initial data increases greatly in the backwards problem as 

j --+ 00. It can be seen that this is simply a continuous case of the discrete 

backwards-in-time problem studied in this paper. 

Although I did not explore it, another potential solution would be to cre

ate a program which could automatically correct error in the backwards

in-time problem as it occurs. When the program recognizes oscillation in 

the sequence, it would go back further into the sequence, alter the original 

values slightly, and try again. Ideally, this would eventually result in a non

oscillating monotonically-decreasing sequence, which would presumably be 

equivalent to the original forwards-in-time sequence. 
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