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Chapter 1

Algebraic Structures

When you are introduced to people, at first you only learn their names and
faces. Meeting them later, you begin to know them better, maybe even
become friends with them.

In the first chapter, you will be only introduced to most of the algebraic
structures considered in this book. A deeper understanding of them should
come later, through reading and problem-solving.

Vinberg - A Course in Algebra



Alexander Heaton
0000e000000000

When you are introduced to people, at first you only learn their names and
faces. Meeting them later, you begin to know them better, maybe even
become friends with them.

In the first chapter, you will be only introduced to most of the algebraic
structures considered in this book. A deeper understanding of them should
come later, through reading and problem-solving.

Vinberg - A Course in Algebra



Alexander Heaton
00000@00000000

My own math circle experience:

1.

Dr. Gabriella Pinter's math circle
helped me learn to do research.

. A specific two days

of English class helped me more
than 12 years of math classes.

. I didn’t find
or discover math at a young age. d

What do | hope ,}Xﬂm"‘ \ute

to achieve in future math circles?
Conjedu.vt
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The basics on the bottom circle:

AR A

Experimentation!

Solve a simpler problem first.
Compute things, full details!
Draw pictures, lose details!
Math is the part of physics

where the experiments are cheap.

Cov\je chare



Alexander Heaton
00000008000000

How to transcend and spiral upwards?

1. Simple joy, yes. But make room for
profound, mysterious, deep joy too.

2. Black
holes, dark matter, time travel d

How to start?
1. Dimensions.

2. A good oo
example is your friend. You will R

remember and cherish it forever.
Conjedvuc
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Gelfand, Glagoleva, Kirillov - The

Method of Coordinates
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Spaces of low dimensions

Yes, students should know the fundamental examples:

1

2
3
4

. 1dim:
. 2 dim:
. 3dim:
. 4 dim:

line, circle . ..
plane, the surface of a sphere . ..
the room we stand in ...

the room we stand in, plus time
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Spaces of low dimensions

1. 1 dim: the edge of a piece of paper, the (one!) edge of a
Mabius strip, rewinding/fast-forwarding a video, a robotic
arm with one joint . ..

2. 2 dim: plane, disc, a musical melody, the surface of a
basketball, the space of all lines through a point, the space of
all possible recipes using 3 ingredients, Newtonian motion
of a particle on the line, the space of polynomials x3 + bx + ¢

3. 3 dim: a sphere living inside 4-dimensional space, the
space of all rotations of a basketball, the space of all recipes
using 4 ingredients, a robotic arm with 3 joints ...

4. 4 dim: the Pythagorean theorem in 4-dimensional space, the
Pythagorean theorem with one minus sign in
4-dimensional space, the space of recipes using 5
ingredients, Newtonian motion of a particle in the plane ...
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One amazing example

Consider this wonderful example: the double cover SU, — SOs.
1. The unit sphere S3 in R*

P(R*) = RP3 projective space

The spin of electrons

Transformations of spacetime (special relativity)

AR

The quaternions and SO,

5

A challenge: devise a sequence of explorations over several/many
months leading up to understanding this example.
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A parabola viewed projectively
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A lot. But as part of this one example, this one story, it's worth it!
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For Further Reading |

I.M. Gelfand, E.G. Glagoleva, and A.A. Kirillov
The Method of Coordinates

Stephanie F. Singer
Linearity, Symmetry, and Prediction in the Hydrogen Atom

Shlomo Sternberg
Group Theory and Physics: Chapter 1
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Ernest B. Vinberg
Linear Representations of Groups: Chapter 3
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Vi you wish to derive the most profit from your effort, look out for such
features of the problem at hand as may be useful in handling the problems
to come. A solution that you have obtained by your own effort or one
that you have read or heard, but have followed with real interest and in-
sight, may become a pattern for you, a model that you can imitate with
advantage in solving similar problems. The aim of Part One is to
familiarize you with a few useful patterns.

It may be easy to imitate the solution of a problem when solving a
closely similar problem; such imitation may be more difficult or scarcely
possible if the similarity is not so close. Yet there is a deep-seated human
desire for more: for some device, free of limitations, that could solve all

Pdlya - Mathematical Discovery
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