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Quiz:

1. The relation “is tangent to,” defined 2. Is reflection across a line in the plane a
on the set of circles in the plane is: function or just a relation? How about

a) reflexive; e translation in the plane,

b) symmetric; e rotation in the plane, or

c) transitive? * measuring the area of polygons?

The Real Questions:

* For which grades/ages are these problem appropriate in the U.S.?
Where do these problems fit within the US school curriculum? Do they fit at all?

 How many mathematical areas/subjects are incorporated in these questions?
Should those areas be taught as separate subjects? Concurrently?

Can/should teachers dare/dream of teaching these problems in U.S. school?

In which grades in Eastern Europe were these problems been assigned to?
In a regular school? Or in a special math-oriented school?

What do these problems have to do with math circles and with this conference, in
particular? Where do they fit in the overall discussion of math “outreach”?
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Quiz:

/1. The relation “is tangent to,” defined ) /2. Is reflection across a line in the plane a)
on the set of circles in the plane is: function or just a relation? How about
a) reflexive; NO e translation in the plane,
b) symmetric; YES * rotation in the plane, or
c) transitive? NO * measuring the area of polygons?
J \_ d{\o(\/
The Real Questions: P;\‘““

* In which grades in Eastern Europe were these problems been assigned to?
In a regular school? Or in a special math-oriented school?
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2. Ha vepr. 62 ca pafeHH OKpBXHOCT
k(O; r=1,6cm) 1 Touxute M, P, Q, S, D K
# N. Kou oT Tean Touku ca Ha pascrosi-
HHe oT TouykaTta O:
a) He mo-Manako or 1,6 (c\n:a);
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3. PeQuieKCHBHa, cCHMETpHYHA HJIH TpaH-|
3HTHBHA € pesauuaATta... e poukpatenxal S
Ha ..., OnpelesieHa E MHOMECTBOTO HA
0K oCTHTE? Yepr. 62
AKO Ry H By CA JBE OKDBXHOCTH
Chb THO ¢ neHtpose O; u O, u paguycu
1, g, Karo ri>>ry, BSPHO JH e, ue:
a) Ako r—r,<0,0,<r,+r,, TO kiNk=¢.
6) Ako ri—r,=0,0,<<r,+r5, TO kiNk, ce cweton oT Toumo
TOYKH.
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- € [pecexkaTenqHa Ha ..., ONpeles]eHa B MHOMECTBOTO Ha OKD®B
HOCTHTE, : -
6. Nanenn ca touka O; W OKPBKHOCT ky(0y; ry=4cm) Taxa,
005=6 cM. OT KOJIKO TOYKH Ce& CHCTOH CeqeHHETO Ha ky, H OKp
nocrra ky(0y; #), axo:
a) r=2,4cm;
6) n=1,2 cm;
B) r=2cmM.
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b) symmetric; YES
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Entrance Level.

Sample Tests and Exams

Test 1
. The mussing digit mn 5364 > 5[] 95 1s:

a)4; b) 8; c) Z; d)7.

. Thesum 31418 +9.097 1s:

a) 40,505;
b) 40,515;

c) 40.415;
d) 40,405.

. There are $200.000 in the account

of a company. They paid salanies of
£105.900. In the account there remaimed:
a) $94.000: c) $4.100;
b) $104.100;  d) $94.100.

. The product of the numbers 1,054 and

68 1s:
a) 10,472;
b) 71672

c) 71,642;
d) 71.472.

. There are 864 seats on a train. In each

car there are 72 seats. The number of the
cars on the train 1s:
a)12; b)l1l;

c)14; d)13.

6.

10.

Exam 1

. Calculate:

a) 2,305,162 + 320,209
b) 3.107.105 — 240,076:
c) 4.003,103 - 13;

d) 32,544 - 16.

. Calculate the value of the expressions:

a) 207 -5—1,350+=9;
b) 38 - 10,235 + 62 - 10,235.

A rectangle has a side of length 39 cm
and area 1,248 square cm. The penim-
eter of the rectangle in centimeters 1s:

a) 122 cm; b) 71 cm;
c) 142 cm; d) 132 cm.
. The value of the expression

(24.125-725) =3 + 22 is:

a) 7.822; b)936. c)802; d)702.
The unknown number x m
2102 -3 —x=5400 1s:

2) 1.906: b) 11.706:

c) 1.006; d) 906.
The unknown number x in
(3.500 —1,205) = x=>511s:

a)s3;  b)47. )45 d)43
Decrease the quotient of 4,284 and 21
by 16. The resulting number 1s:

a)§; b) 188; ) 198; d)4.247.

Find the unknown number x 1ft

a) 2,503 —x=45-26;

b) 37 -x=11544 = 26.
There 15 an amount of $705 for awards.
15 rackets at $23 each and & identical

balls were purchased. Find the price of
one such ball.



Example & Draw altitudes 1n obtuse A ABC.

Solution:
Icase: A ACE > 90° IT case: A ABC = 90°

1. Draw acute A 4BC and its three altitudes.
2. Draw nght A4BC (£ C =907 and 1ts three altitudes.
3. Draw night A4BC (£ A =90°) and 1its three altitudes.

4. Draw obtuse A4BC (£ 4 > 90°) and 1ts three altitudes.

5. Draw obtuse A4BC (£ B > 90°) and its three altitudes.

6. Draw obtuse A4BC (£ C > 90°) and 1ts three altitudes.

IIT case: A BAC = 90"

F/



Example 2 (Practical application.) Drawn 1s A ABC and its three altitudes.
The task 1s to calculate the area of A ABC in three different way and to find its average value.

=

E

I ——.

C,
We calculate the area in three ways:
a=T72cm ha:::sS_Ec:m b=6cm Faﬁsﬁﬁ_ﬂcm

§=05-a-h §=05-b-h,
S=05-72-58 S=05-6-69
5= 20.88 sq. cm: 5= 20.7 sq. cm;

Solve the problem by choosmng and mea-
sunng the necessary elements of the drawn
triangle.

Solution:

We measure with a ruler:
AB =8 cm
BC=T72cm,
CA=6cm

and
A4, =h =58 cm
BB =h,~69cm
CC,=h ~52cm

cx8cm h =52cm
§=05-c-h,
S=05-8-52
5208 sq. cm

The average value 15 5= (20.88 +20.7 +20.8) =3~ 20.79, §=x20.79 sq. cm.



Example 3 Find the area of the figures drawn m the square grid:
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The area of the figure m a square gnd (Example 3) with vertices at the gnd points can be found
by the following rule (called Pick’s Formula):
i i

number of the points )
along the perimeter number of points

of the figure inside the figure
We will calculate the area of the ﬁgures@tnusing this rule:
®S=1{]+E+E—l=ﬁsq.uniis; ®S=3+2+ﬁ—1=6.55q_unit5;
(2)5=9+2+4-1=75sq. units: (6)S=6+2+4—-1=6sq. units;
®5=3+1+5—1=35q_umts; ®S=14+2+ﬁ—1=125q.1mits;

@5=4+1+1—1=25q_umts; S=15+2+13—1=19_55q_umt5.



c AABC

h =58 mm a="
S =0435s5q. dm
A4
Solution:
h =58mm=>58cm §=05-a-h,
A B §5=0435s5qg. dm=435sq. cm 435=05-a-58 — a=15
a=15cm
Example 5 (Orally) Example 6 (Orally)
Find the area of the colored tnangles and com- Find the areas of A4BM, AABN, and A ABP
pare them. and compare them.
| em I cm
— —
A
ffﬂ \ M N P
P8 ih
Zd7av/an
i/ A1 R 5.
Al \
s s ] s
L A B
Solution: Solution:
S,=58,=5;=4sq cm. 5, =5,=5,=0sq cm.

)

1. In AABC find “7” in centimeters 1f given:
a)5§=1248sq.cm, c=78mm, h =7
b)S5=21sq.cm, a=07dm, h =7
c)§5=228sg.cm. A, =005Tm, b="

Find the length of

a) the other leg;

b) the hypotenuse;

c) the altitude to the hypotenuse.



gize 3 cm

[ ]3em

4 ¢cm

have been cut out have been cut out have been cut out

size 4 cm s1Ze 5 cm

5¢cm

k!
T O
"

f,,.-"": If‘:j b c=4 e =3
| b | b b
i i a
c=3cm c=4cm c=5cm
a=30-2-3=24cm a=30-2-4=22cm a=30-2-5=20cm
b=18-2-3=12cm b=18-2-4=10cm b=18-2-5=8cm
F=a-b-c F=a-b-c V=a-b-c
F=24-12-3 F=22-10-4 F=20-8-5
F=864 cu cm F=3880cu. cm F=800cu cm

We should choose the box made in Project IL

To repair a volleyball court in the shape
of a rectangle with dimensions 18 m and
9 m an extra layer of average width 4 cm
was mstalled on the court. Find how many
cubic meters of matenial were used for thas

3. 20 pine boards are i the shape of a rectan-
gular parallelepiped and have dimensions 20
cm, 3cem and4m
a) Find out how much the boards weigh if
1 cu. m pine wood weighs 600 kg.

Hi TFthe nrce of mine wood 12 350 ner cibic
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5. How Mathematicians Write Solutions

Example 1 Calculate the numerical value of the expressions. Write your solutions in a cormrect,
complete, and clear way. How many points out of 10 do you think you will get?

a) A=(108 +37)=3+31; b) B=2-a+b+3 if a=31andb=27
Correct Solutions:
a) 60 | These are just the answers! They are correct,
.. but each will receive only 2 out of 10 points.
Warning: Just giving the answer, even if correct,
will bring very few (if any) points from now on!

Complete Solutions:

a) 108 +37=135; b) 2-31=462;

135+5=127 R 61+9

27+ 31 =[38]. The solution for:

4 - ..
) § a) is complete. b) is incomplete. .
a) qurﬂaﬂy correct. It shows all steps Where did 9 come b)is can‘ecr_.
Ui pCRTYOVST  and calculations. | from? Missing step! The caleulations (as-
Ertor 1 y So, 5 out of 3 points | So, 3 out of 3 points suming the missing
dition, but the rest is 1 ot step) and the final
. for comp . for comp! 3

comrect (accepting the Total: answer are correct.
error). So, 1 out of 2 i ’ ) So, 2 out of 2 points
points for comectmess. a)5+1=6pomts. | b) 3+2=5poms for correctness.

Words of wisdom: A complete solution, even with
a calculation error, may bring more points than an
incomplete solution with a comrect final answer!

Clear Solutions:
a) A=(108+37)=5+31=145-5+31=20+31=60.
b) B=2-a+b=3=2-31+27=3=62+9=7L

I These are perfect solutions, eamning 10 points each! They are correct

| (2 pts), complete (5 pts), and clearly written (3 pts). Each starts by
re-writing the original problem, and then shows all calculations in a
logical sequence using four = " to connect the different calculations.

T clearly written solution is like a pugzle puf together — one can see each piece in its proper

¥ ‘ place and can easily observe the connections between the various pieces without having to look
for them all over the “table™. The art of writing clear solutions is a skill developed over vears.

10

Correct - Complete — Clear Rubric
~ | ™

_ i CoCoClear:
2 points: 5 points: ) 3 p?lnts.
correct all steps and wntten_ln a clear, 2+5+3 =10 max
answer Ilculati organized wa

Example 2 Is the solution below to Example 1a) comect, complete, and clear? What do you think:
how many points will it receive?
Solution: 4=108+37=145+35=29+31=60.
+ The answer is correct. So, 2 points for comectness.
+  All steps and calenlations are shown, so 3 points for completeness.
+ Ewerything is clearly written. We can follow each step in a logical sequence. So, 3 for clarity.
+ It seems this is a perfect solution, deserving 10 out of 10 points! ... Or is it?

Alas, three of the equalities are incorrect: The actual total score will be 5 points at best:
o = A#108+37 (A =60); = correct: 2 points (if grader is lenient);

= 108+37#145=5 (108 +37=143); = complete: 2 points (this is tough to judge);

= 145+5#29+431 (145+5=29). * clear: 1 pomnt (for writing all on one line).

7 Yes, we may understand what the writer meant in the solution in Example 2, but this does not
make it night! Imagine that you submit an essay in your Language Arts class with the title:
“The siflilritye ar Diferroneoe Bty Mutomaticle! and Langfupe: Art Bty ™.
Yes, your teacher will likely understand what you meant in this title; but unless you wrote a par-
ody of poor writing, making fim of bad spelling and punctuation errors, your essay will not eam
much praise. The same applies to mathematical solutions: the math symbols must be used cor-
rectly and different steps mmst be put together in a logical (not random or most convenient) way.

Example3  Using the CoCoClear Rubric, grade the solutions below of the equation 16 +x =33,

Solution 1: Solution 2: Solution 3: Solution 4:
16+x=35 16+x=33 16+x=35-16 16+x=35
x=35-16 35-16=[19] x=35-16=[19]
- Good:1+4+1="Tpts. Mediocre: 2+2+1=5pts. | Very good:2+4+2=8pts.
Perfect: 10 pts. “=" gre not aligned | Incorrect first line: 16 must | 35— 16 should notbe calculat-
All “=" are aligned ver- | vertically, x got lostin | Dot be subtracted like this? | ed lke that on the same line.
tically; x is inevery step. | the second line. Missing step: x = 35 — 14. Missing step: X = 19.

Caleunlating expressions is usually written horizontally (in one line).
Solving equations is usually written vertically (aligning all “=").

— ) . .
- ) 2. Calculate the following expressions:
Following the CoCoClear Rubric, 21834107
1. Solve the following equations: b) 236 — (13- 7+225=5);
a)x=18=6; b) 33 —x=29; ) (19-7-2)- (23 -39+3);
c)(24-10)-x=70; d)11-(x+3)=121. d)17-a+b-655 for a=1345and b=17.

11



The Operation of Exponentiation
of with Natural Exponents

The sum of equal summands is written for short as a product of the given summand and the
number that shows their number:
2+2+2+2+2=2-5
5 summands
The produet of equal factors can also be written in a short way. We write is as
2.2.2-2.2=2%,
pelndgiter
5 factors
2 is the number that we multiply, and
5 is the number that shows how many factors have been multiplies; it is a natural number.

where

5 “ .
2 We read: two to the power of 5 or
“two to the fifth power™ (or even shorter as “two to the fifth™).

The product of n equal factors a, where n is a natural number, is written as a”
and is called the power with base @ and natural exponent n.

We write ga-a= a
n factors
* The number a is called the base of the power.
The base a can be a natural number, zero, or a fraction.
¢ The number n is called the exponent.
The concept “power” is introduced at first using an exponent that is a natural number.
power —» a :-1_4_— ;xpone_nt of ﬂ“_. power (exponent)
- base of the power (base)

camples: “0% 272727027 222222.(2)
Examples:  10-10-10-10=10%  272727=27"; $'33333=(3) i

W . The exponent is written in a smaller font and is placed to the right and above the base. (The
’ ‘ exponent is written as a superscript.)
+ [fthe base of the power is a common fraction or an expression, then it is placed in parentheses.

When there is only one factor @ it is customary to write a'.
Examples: 5=5'; 10=10"; 0,2=0,2"; .

d =a

Example T Write as a power the product:
a)5.5-5-5.5.5-5; b) 35-35.35.
Solution: i
a)5-5-5-5-5-5-5=5" b) 3.5-3.5-3.5=3.5
T factors 3 factors
Example 2 ) R ; IR
Write the powers as products: a) 10°; by 027, ¢)* (5] .
Solution: n'
a) 10° =10-10-10-10-10 b) 0.2° =0.2-0.2-0.2 c;(z} -2.2.2.222
7 T A Y A

* We read “two-sevenths to the sixth power™.
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Example 3 Write, read, and calculate the power:

a) with base % and exponent 4; b) with base 1.2 and exponent 2.

Solution: L1
2 22 167
b) 1.2°, one point two to the second power, 1.2-1.2=1.44

a) {%T , one half to the fourth power,

L1
2

The operation of exponentiation with a natural exponent
The opetation through which we calculate the value of a given power
is called exponentiation.

To perform exponentiation means to find the product of nr factors, all equal to a.
Whenn=3anda=2 wehave 2’ =2.2.2 =§,
If the base of the power is (, then the power 0" is equal to (.

0" = If the base of the power is 1, the power 17 15 equal to 1.

The power a’ (a in the second) is also read as “a squared”;
a {a in the third) is also read as “a cubed™.
The units for area and volume are also read as:
square centimeter (sq. em)®, written also as em'’.
cubic centimeter (cu. cm), written also as em’.

Example 4 Calculate: a) the area of a square with side g =10 cm;
b) the volume of a cube with edge a =10 em.
Solution:
a) S=a.a b) i V=aaa
a S=a’ : a V=a'
§=10"=100 J: F=10" = 1000
2= 10cm §=100 cm* e ¥ =1000 cm*
. a=10¢cm

Exercises

1] Write the products as powers: 3 Perform the exponentiation:

L] 1 + N - B R b . ] 4

a)7-7-7-7; €)5-3-5.3...5.5; a) 8 ) 02% e}(g];

12 factors 3!

b) 3-3-3; dy3.3. b) 4% d) 0.8% f)[l) .
20 factors 7 T

4] Write the next number x if:
2| Write the powers as products of equal factors a)1,4,9, 16, x; b) 1 111 .
and calculate their values: oo AT

% 5 We are given the numbers:
a)5° 0)2"; c}(%}; )48 h) 64 ©)252; d)360; e)4.410.
q Represent each of these numbers as a prod-
hy 6% dy 3.2° i) (3) . uct of powers with bases equal to the prime
3 factors of the number.

* In this textbook the units are written according to the Intemational System of Units, the moderm form of the metric system.
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146. Circumscribed Quadrilateral. Exercises

Example 1  We have msenbed a cirele in a trapezoid. Prove that the altitude of the trapezoid is equal to
Basic the diamster of tha cirela.
Example
D N C Proof: (Fiz. 108)

We denote the tangent points of k with 4B and €D correspond-
r ingly by M and N.
From the property of the tangent lime:
r OM L AB, ON 1 CD. But CD || 4B s0 ON L 4B.
Then the diameatar MN 1 4B (CD) and hence
A . M B MN is an altitude of the trapezoid (MN = k).

Fig. 108 We obtain b =2r.

o

Example 2 Prove that the area of quadrilateral circumscribed about a circle is equal to the product of the
i-peri of the dril; 1 and the radius of the circle.

Proof: (Fig. 109)

Swep = Suaso + Suaco + Sacvo + Sunio
_AB-r BC-wr CD-r DA-r
=S S

We used that OL = 0M=0ON=0P =r.

8en =§(.45+ .BC+CD+D.4}=§P= pr

Fiz. 109 Supco=pr , where p=1P.

A id is ci ribed about a circle. Prove that the circles whose diameters are the legs
of the trapezoid are mutually tangent.
Proof: (Fiz. 111}
The midpoints of the legs O, and 0, are centers of the two circles k,(0)
and k(). Then &0, is the midsegment in the trapezoid ABCD and
20,0,=4B+CD.
The property of cireumseribed quadrilaterals, 4B 4+ CD = _AD + BC
= 20,0,=4D+BC.

00, =;—AD+%BC=rI+q

Fig. 111
Funally, 0,0, =r +r, = circles k and k, are tangent.

EXample 3 p;oconal AC of quadrilatersl ABCD divides it into two triangles. The incircles in these two
triangles are tangent to AC in points M and N. Express MN by the sides of the quadnilateral.

Solution: (Fiz. 112)
We dencte the sides of the quadrilateral by 4B =a, BC =5, CD'=¢, and
D4 =d, and the semi-perimeters of AAFC and A4CD by p, and p,.

AN tangent to by = AN=p, —¢; AM tangent to ky = AM =p, — b.
Then MN=AN-AM=p,—-p, +b—¢

w=d+c2+dﬂ'_a+b2+ric

+b—c

_b+d azc_ib+d)—(a+c)
Fig. 112 - T

Example 3 provethat anecessary and sufficient condition for an ] 1d to be c1 ibed
Basic about a circle is its midsegment equals its leg.
Example

Proof: (Fig. 110)
D b c We denote the legs by ¢, the bases by a and b, and the mudseg-
[~ ‘ ment by m.

1| ABCD circumscribed about &

S atbh=cte
‘ D atb=1lc
a+h

A a B o= 2 - C= M.

a+h

2| Assumingm=¢=
Fig 110 Sa+b=1e
Sa+b=c+e (4]

(1) is a sufficient condition for trapezoid ABCD to be circum-
seribed about a cirele.

=

297

Example ® A necassary and sufficient condition for a IS s betwoen 4 and M, we obtain

quadrilateral to be circumscribed about a circle is that the = My =@t -(btd)

mseribed circles for the two triangles into which the quad- 2 ’

rilateral is split by any of its diagonals are tangent.

Proof: (Fiz. 112-113) Recall the notation in Example 5.

+  Ifk andk, are tangent, then in Exampls 5 we have MN=0;1e.,
a+ec=>b+d By T, ABCD is cireumseribed about a eirela.

»  Conversely, if ABCD is circumseribed about a eirele, then by
Tragain, a + ¢ =b+d. Thus, MN'=0 and k, and k, are tangent.

Exercises

1| Find the diameter of a circle inscribed i an 4| We have inscribed a circle with radins 2 cm in

les t id if the mud t of the atrapezoid. Find the area of the trapezoid if the

trapezoid is 10 em and one of its angles is 150°. sum of its lags is 10 em.

2| Anisosceles rapezoid with acute angle 30°is 5| Aright trapezoid ABCD (AD | 4B, AR | DC)
eirenmseribed about 3 eirels. The midsazment has £Z4BC = 307 and is circomsenbed about a
of the trapezoid is §0 cm. Find the radius of the circle with radins 1 cm. Find the perimeter and
cirele. the area of the trapezoid.

3 | Consider a quadrilateral circumscribed about 6 | Quadril 1 ABCD is ci ihed zbout a
a circle with radius 3 em. The sum of two op- circle K. Prove that
posite sides of the quadrilateral 15 20 em. Find ZAOB + ZC0D = 180°.

the parimster and the area of the quadrilateral.
293



13. Math 4 (8B) Program by Topics and Lessons

Algebra Geometry

Circles and Angles
« Circles, Points, and Lines. Definitions L1
* Tangents. Two Cireles 1L122-123
» Angles in Cirele:

+ Central Angle, Arc, Chord L124-12

* Inscribed Angle L126

+ Peripheral Angle 1127

» Appleations of Angles L128-129
Circles and Polygons
Construction Th
» Elementary and Basic Constructions L132
+7 “u » Ingredients of Construction Selutions L133
"\ Geometric Locus of Points (GPL) L134

T
i
Functions i
+ Coordinate systems (Review) L33 i

+ Definition. Attributes L84 i

» Graph of a Funchon L85 |

* Ways to Define a Function LE6 !

* Types of Functions: i

+ Direct Proportionality L87-88% i

+ Linear F'ns and Inequalities 1§9-90,94-95 |

+ Modular Functions L91 i
Inverse Variation 192-93 i
» The function y = ax®, a # 0 L96-37 i

Systems of Equations
+ Linear Eq'ns w/ Two Unknowns L102-103,7 ‘

.

=

+ Systems of Linear Equations L104 L Ox'eseemg aSegment at an Angle ot L135
+ Solving Systems by: P ﬁGE&AIEEbm . + Constructing a Triangle L142
+ Substifution L1035 e \s:;smr'cwfgm%mér Triangles

« Addition L106 -
+ Other Op's L107 .

P
Systems of Inequalities .~
P

Panlldlm[.S?lDZ—lM .
» Circumeirele L136-137
Graphing nd Drawing L8891
p WmeiLmrmLssse\\' Tz LR
B [ T © |- Pomts L140-14]
+ Setup, Deﬁ::l.e,md': e e a di :, de;:f;famfram(&m"m
Solve Lll; 114 _\\' A Circles, and Algebra L133-139,145-146, - lei:umurde."Cydlc
* @) -gl) 0 LIS & « Vectors and Algsbra 1185-186 ¢ Quadslateral L143-144
* Incircle/Circumscrnbed

s lax+b| Se L1617 '\ p
Quadrilateral L145-146

Geomatnyin Alpebra/ Noamber Theory,,*
Equations and Roots .+ Areas and Foots L157 /' i e
. . # = Appheations of Special Cirelas to
+ Factoring Quadraties 1151 %, » Alz and Geom. .* Geometry Problems 1148
+ Biquadratic Equations L1352 “. Inequalities .l " " ________|
* Eq'ns Reducing to Quadratics L153-154'+_ 1178 ,+" Applications
+ Viets's Formulas. Applications L155-156 \\ WW Rational Expressons:
Rational Expressions * Wood/Tank/Water Problems 1879199
+ Rational Expressions, Types L159 * Body Mas: Index, Heating Elements L87.90
+ Basic Property L160 = Problams on Alloys, Weork, Atmospheric Pras-
 Putting overa CD L161 sure, Motion 192,108,110,111,167-169
+ Operations L162-164 Cambinatoties:
+ Rational Equations L165-166 * Coding L173.177
+ Modeling with Rational Equations 1167 » Number of Games, Lines, Diagonals L174-177
--------------------------------------- + Number of Divisors L172,177
Algriea:
= Applications of Vista's
Formulas L156-158

+ Sets. Compounds. Types. Rules L171
+ Multiplying/Adding Possibilities 1172
+ Permutahons L173

+ Vanations L174

S e e T

+ Combinations L1753

Concepts and Logic
Easie a Logie Strurture of Mathemation
+ Pomis vs. Pars of Coordinates m the Plane 183
D . Conjecture vs. Mathematical Proof 188
A * Impossibilities: Vertical Line Test L8589
* Domains: Implications for Functions L86-87,92
. + Change m Defimtions and Consequences: L1834
E To Solve an Equation or Inaquality: to Find the
- Solutions or Determine There are None L1352
B . Alternative Proofs and Converse Thecrems L1535
Umnique, Exactly One, No Object 185,104,136
Eilia Logie Networkin Cirele Geomatry
Cireles, Secants, and Tangents Ll‘él 123
Circles, Chords, and Ares L124-125
Central, Insenbed, Peripheral Angles 1124-129
Cireumerreles and Incireles of Triangles and
CQuadrilaterals L136-139,143-146
» Famous Pomts in Triangles L140-141
Builda Logic Network.in Geamefric Conséructions
+ Elementary and Basic Constructions L132
+ Solving Construetion Problems 1.132-133
* Analysis, Algorithm Proof, Discussion
= Position-Free vs. Positional Problem
= Same solution “Up To Congmence™
+ Geometric Locus of Points L134-135,142
» GLP that Oversee a Segment at an Angle
= Construcoing a Tnangle

Problem Solving Techniques

e Fimitely fy Htamyy Thoints ¢o Trasw Comeliasions:

+ In Tables for Functions L84

» In Making Predictions about Mext Points L83
Aeelbiple Solietions ine

» Construction Problems L133,135

» Geometric Proofs 1143

* Problems with EquationsFunctions L105,156

Raalure o Previowus Droblems/ Situadons:
C R e e Fragresrere A TA1 500055
+ in Circle Geometry L1123,139-141,143,146-147
« in Alpebra L151,161-162,166

Create and Write Proofs

+ “Tfand Only If" L121,125,144-146

+ By Contradiction L85,126

+ Extra Construction L129,141,148

+ Identifying Combinatorial Type L176
+ Algorithms L105-106,129,132-135,142 1

it

Euilila Logie Ne fwork in Tunefions:
Iuptuts, Vahes, Domains, Graphs L84-85
* Types/Graphs: DirectTnverse Vanations, Linear,
Parabolas, Hyperbolas, Modular 1L84-57
* Connsct Functions, Equations, and Inequalities
through the Graphing and Geometry 1L94-95
Euild'a Logie Network in Systems,
» Systems of Two Equations w/ Two Unknowns:
* Linear Equations and Their Graphs L102
» Equrvalent Systems L102
s Systems of Two Inequalities w/ One Unknown:
+ Unions/Intersections of Intervals L113-117
+ Product and Modular Inequalities L115-116
Builia Logic Networkin E guaﬁunmm’ﬂ(oaﬂ
» Quadratic Formula and 2 Shorteut 1151
» Factormg Tnnomials L151
* Vieta's Fornmula and a Shorteut L155-156
» Eguation Reducing to Quadratics L152-154
Zuilia Logie Nefwarkin Combinatoricn
= Owperations with Possibilities L171-172
= Permutations L173
* Variations L174
» Combinations L1753

Jlliiffi'n{c Cases when \_k’aﬁf:bj and/or ﬂnm}_?gr

- Signs of Roots of Equations 1156

« Circle Geometry L122,126,178,134-136,143

- Rational Expressions L162.166-167

» Combinatorics and Number Theory L1172
Organizs Datal'7 ﬂmvf&dwﬁ ‘wﬁehm

Z 2 Table L84-99.102- 104 107-108,139,156,168.

1178,180,181,184.187

« 2 Graph 1.84-99.103-104,107.178 182-184

. aList1132.140,157,159,179 187

- Diagram L84.98-99.106,108,112-118,
L171-172,176,179,181-185,187,190
woz Collection of Pictures L98-99,109,112,118,
L121-148.178,182-183,185-189

Study and Review
Hevew, 1.83,132,178-190
Siovmarize: 1.98-99,109,130,147,157,168
r et L100,110,131,150,158,169,177
Probifms 1101,111,120,149.170
Tyie Testy 1191

| * L37-38 = Leszons 87 through 58

XXX



8.5. A Reality Check: Geo-Algebra in the U.S.?!

T¢ it unrsalirfie (although not en- On the other hﬁﬂd times lla,ﬂ
tirely impossible) to imagine that changed. 7he Bwlparian curricudan
the pre-college curriculum in the r_{m moved part-waf fowards #he UL
U.S. can quickly change so much one e g, newer Bulgarian textbooks
that it will embrace Geometry as ﬁeamtEboﬂlA]gebmandGemm‘uy,
an equal counterpart of Algebra, The present textbook w'h.Lle preserving the maﬂlt:_ma_tlcal
will split textbooks and classes integrity and pedagogical msights
into Algebra and Geometry ones, of a tremendously successful cur-

and will employ fHhe 6:?99—‘)‘1;%95.'9 d from the near past
B i o Math 4 Optional Topics
nmisiofie model 8B Temtbook [q4: qga&u o
Fumctions Palynanials
Math 3 graphs; linsar, | alg. idéntities;

At a Glance: 24 Textbook | modular, qua- | degres 3factormng
. ; ?T.Eg ?na.?w.'u('{:'x dratic functions; | 8B: afions
The New Middle School Curriculum  »am 2 properties, cne |applications and Rook

. d e g i
Adapted to the U.S. Reality e

by Topic and Semester equations Himeatr v/ cne o | ISESERNSRS
1 = 2
(S e | i
irratonsl pum- | VElRe, modeling A Inequality
6B Textbook calue; | bers; algebraic Rafonal  [ZTFEETY
T v modeli i Aaracrices TB: Euclidean
D’;’:{;:‘; ikl 'Sr,tj':rncm.w.l’r md?.ﬁj 3
6A Textbook |part of 2 whole: "”"."’;15‘;1"" 1] spplicarions|
—F applications TRETICE VA S | e Geom: E
Tacimaly degraes, ope- sfry

. Spanents : basic notions:
aperations, mJ{M .| rations, alze- notions:
" Tt i
algsbra w/ num- i i | braic ié.enﬂﬂs; pairs of angles,
bers; afficient Dp% e n| Ectoring in perpendicular’
Elsloin: pos neg. mom- | degree 2 P es;

Niambber 7 2ars
Comibinaarics, SEafiier

7. A Cultural Shift

Several features of the textbooks, which are typ-
ically i or de-emphasized in standard ULS.
middle school curricula, represent a sulhoral 1
in how mathematics is viewed and studied in the
U.5., but which are very well-known around the
world and have been adopted by many countries
for decades, if not centuries.

7.1. Reading Mathematics. Every math prob-
lem has “words” — these are concepts expressed
in different ways. whether as mumbers, standard
everyday words, or by visual aids such as dia-
grams and figures. Emphasizing the different
forms of “words™ as a regular part of math lan-
guage and math commmnication and @am’rzg fo
reael infanfret, andwrite in “wordt” is a major part of
the new curriculum. The pilot parent’s comments
below addresses this and more:
e
L Apilott” Wwﬂm s | aurched:
e curricu ¥
|;s§_§EiEE_———_' cher el

I
'Pr‘"
A o O ath P29

2 !‘Ur- 3 ﬂrﬂl
ana 18
A sever ety ¥
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Lhen
Iu‘hnuﬂ‘-"—' e

| dein

EN
=
¥

3

7.2. Logic and Communication. Leaming to
kmow m%ﬁumﬁamﬁ’mrg and being ahé & ov-
[plin one’s mathematical ideas smoothly and con-
vincingly to others will represent a gradual move
rards & more miafure reli 7 with 2

7.3. Writing Mathematics. “Showing your
work” is only the beginning to understanding
how math really works. All problems have an-
swers in the back of the textbook. Bringing back
just an answer on a homework problem from the
textbook will be worth no credit. ‘fﬁe#&mﬂbﬂ!ﬁaf
[ead # the annwer will be what counts m our study
of middle school mathematics. Even harder than
learning to correctly interpret problems is leam-
ing to consistently writs solfons in a correct, complete,
and clear way. (See Lesson 5 in the 6A textbock )

7.4. Multiple Solutions. Although there is usual-
Ly (but not always!) only one cotrect answer to a
math problem, the beauty of mathematics is that
there may be fffarent rolidions Mr&g fa that annver.
These are not ““subjective opinions™; rather, they
are objective mathematical creations that obey
the laws of Logic. Students will learn that each
solution (and even each incomrect attempt) has its
value and usefulness in the long run and that one
needs to ghen up &2 ofers’ idaas .amfm}r afb';imﬁf@
as a path to enniching oneself, to becoming more
proficient and, ultimately, wiser.

7.5. Efficient Solutions. Yet, among “all the

roads [that] lead to Rome.” there might be a short-

est or an easiest to follow. The ability to sz % 6@
iefure " and Iﬂu'éo«‘ the mort effirient

solifion i a shill developed g, o2

over a lifetime. And we -




6. Relationship with Mathematics

With some notable exceptions, especially in Geometry. the actual math content of these textbooks
does not “look’” much different from just about any standard U.S. middle school textbook After all.

Aﬁmeqmﬁmh 7—‘11/1\

looks just like a linear equa- The

A shorteut to finding out if
a muumiber can be auidka iy 3

tion. no matter if it is dis- will sti saya’+b’—c‘-fcr (without remainder) will still

plaved in a U.5.. Umnguayan. the two legs and the hypot- be to check if the sum of its

or Bulgarian textbook. enuse of a right triangle. digits is itself divisible by 3.
... because mathematival truh it universall

Beyond the content, two ;’xm"amménfnger nmst ask about any textbook are:

Question 1: How are the math facts rﬁmm{m‘? Question 2: What rs.'r’zfsm'ﬁ;k between the
In what order and what style? Is there a balance student and the material is developed? The
between computational (algorithmic) parts and deeper the relationship, the more lasting and

theoretical (abstract) parts? more useful the math knowledge.
This texthook series
creates the environment for by building a robust
by af’m{ a strong bond befween Temple of Mathematios.
/ \ the student and the matsrial]
and breath of 5 gmi:f, am’rfgor W%e and reinforcing it and me.lry curren
math content; t works via new applications and material o new .‘r';arg.r
without nesdless repetition: to discover.

At any time throughont the school year the place and importance of the concepts. ideas. and tech-
niques studied are riar within the “bigger ficturs” of Mathematics. Unfortunately, just as described on the
previous pages, meddling with oks and curricula is a wide-spread phenomenon in the TS,
middle school math education! Here are four sure ways to ruin the structure and purpose of any math
textbook, whether good or bad: Remember that ne one wants to climb up a flimsy
1. Omitting sections. structure! As a result, over time the top floors of the
. Changing the order of Math Temple will become uninhabitable if the ac-
L the material in the textbook. tions in the red box mn amok in math lessons.

 Cluttering lessons with hand- Instead, the deep thought and math wisdom put

. into creating these textbooks mmst be respected, or

wtsﬁ'omoﬂlercmnm]ﬂ 15110 point in starfine with this Thrss. the

. Sau’!.ﬁmg depth and pﬁsenrnemtook:.msrbe.mmﬂ.ﬁ‘m jriﬂmefmuj‘as
teaching to the answersl... one studies a new language, violin, or chess.

8. The Pillars of Mathematics

There are #ire: fillers of mathematics: Alzebra,
Geometry, Logic/Problem Solving

They nmst be present at any stage of
pre-college math education.

Middle school is the time when math clicks:
when the young mind can handle logical leaps
and sophisticated reasoning. Yet, instead of
being ready for the “big moment.”
when middle school kmocks

81, Algebra* on the door, teachers
T 5o h fisss Geommety Zvery Year! | and parents alike start
to distingnich between * worrying about students
Pre-Algebra, Algebra 1, and “miving algebra shill':
Algebra 2. when in fact, = pulling the class back
there is no such thing as to arithmetic operations
“Pre-Algebra” as a math because all of a sudden
subject, nor are there 'Iﬁn—aa_ga\eém " it a0 hard;
“Algebral or 27 Ina . .goiugiuci.rtlei
well-designed and well- « losing fime. :
K-12peo s - andconﬁdeﬁce; and
. Arihmase [ ek ith e Froblem o
gradually | S - - the math structure.
furns ko

nah.uzllz o
- ﬂéeém e " Re.af?{m{ym.
Alas, the typical US. student:

* hops along uneven and vaguely defined

passages between Pre-Algebra. Alzebra 1.
Algebra 2, Pre-Calculus. and Caleulus;

= experiences a chop-chop approach of poorly
matched Algebra curricula from grade to grade;
= is tanght to be more concerned about memoriz-
ing algorithms*** and passing test benchmarks.

tham what 15 troly mmportant:
= mafing commerfion: and fitting the many pieces
together in a giant “jig-saw puzzle” to see
the ’éiq fictare’;
and little by little,
= building a rofid Flar of Aljefira in hisher
Temple of Mathematics.”

8.2. The Missing Algebraic Link
Why is this happening? The major Algebra
mishaps in 175 middle schools are due to events
that have already occured in elementary school,
and are NOT necessarily doe to poor anthmetic
skills. Expecting that a middle school student will
leap from aﬁb’;?mfeuﬁwmbbm with uembers, e.g..
97- 2016 = 195,552,
to aézﬁmiec}bm&amm'ﬁ; gméoﬁ, eg.
{(a+b)(a-b) =a’ -
15 asking for trouble. There is a whole array of
nussing intermediate steps. to which we refer as
‘ﬁ!}ef-m with Nuwlers” and which can and should be
started very early in the leaming process.
chearly?Ouﬂlenmpagewelistsmne
examples from sanfy grades in Bulgaria They also
represent well what happens in the alzebraic pro-
gression in other countries around the world.

* Algebra was present in ancient Greek maﬂl&mal:is mnsﬂj’ as peometrical alzebra. The word “algebra™ is Latin for the
Arabic “al-jabr,” or “the reunion of broken parts”. In our “divine™ interpretation of mathematics, the Greek mathematician
:F’mpmf.c: e anrrs."?!. zhra, is supporting the math stucmure on the lefi and is the only non-deity in the drawing; yet, as
3 mortal, he had trema world influence in both Alzebra and Mumber Theory.

** aka Colulr in first 2 years of U.S. college education.
AUl

*** Antomated “recipes™ for some types of problems.



9.1. Examples of Scaffolding

The 8B Textbook features the following exer-
cises from the Chapters on Algebraic/Geometric
Inequalities and Parallelograms and Trapezoids
malrenchallpaﬂsoflhedlﬂ:'l:lﬂtyspacmm

54

1) (@) Solve oot
ﬂnﬁarm@ Points Nand
_I(:}yﬁ )CC ucl‘ﬁ.d.BCB

are such that CN= MJ MC,.
If B, is the midpoint of side
AC, prove that B, M, and B, lie ‘
oncnelineand AM|BN. 4 C B
3 | (Hard, but doaile with sehoal material). For which
values of the parameter a do the graphs of
Jfa)=(a—xx+(x—2) and g(x) =3(x-2)+7
intersect in a point on the x-axis?
4| (More adteanced maforialfidea).
Given a square w/ 9 points
on each =ide, or a thombus
w/ 12 points on each side,
how many A's are formed /
by these points?
Occasionally, the textbook uses the eye-icon to
signify a fact or technique that is Aeyond the fexthook
matarial For example, an Alternative Proof in
Lesson 135 challenges the reader:

TL (vieta): Ifa quadratic equation ax®
+ bx + =0 has roots x, and x,, then the sum
and the product of the roots satisfy:

x|+xz=_%’ xlx‘l=%

Alternative Proof: The trinomial factors as
ac + by +e=alx—x Nx—x)

Expanding and regrouping the RHS, we obtain:

ot + bx+e=af —alx, +x)x+a(xx).
coefficients must also be equal; i.e..

b=—a(x, +x)andc=a(xx)

Solving for the sum and product of the two
roots, we obtain (x —x})——b and x,x, —"'

XX

9.2. What are the Optional Topics?

This U.S -adapted program starts in 6% grade
with the 5% grade Bulgarian material; that is,
* Inthe beginning, it lags a full year behind its
Bulgarian counterpart
. Byﬂl.emdcd:'ﬁ‘gmda_nlagsonlyhaifaw.
* By the end of 8" grade. the difference is cut
down to only a third of a year.
Almost all of the cripimal 5*-8* grade Alpebra ma-
terial and most of the original Geometry material is
The harder parts of the original 7%-8" grade
material on Degres 3 mamial, Vieta's Tormmuadas,
Geometric Tnagualities, Eieclidean Construetions, Mideeg-
mants and Caitroict, anel Cireles and Tholipgons, are op-
tional and intended for £z more aatanced stwionts as
elective 7"-§" grade topics. The optional geom-
topics are considerably ahead of the standard
us. highschoolmﬂherw]andﬂleym]lpmﬂde
. mzie fion for those who would like
challenged andlto gucalin Gaometry.

9.3. Does the Scaffolding Work?

Does the program really benefit all levels of
students? Here is some anecdotal evidence.

Answer 1: A month after the start of the pi-
lot 6 grade program, the teacher received a let-
ter from a parent of a student who was struggling
tremendously in the beginning. not participating at
all in class. and submitting practically blank tests:

The student gradually progressed to very good
performance both on tests and in class, show-
ing enthusiasm and understanding of material to
was now fired up to leam.

11. Can a U.S. Middle or High School be Successful
with this New Math Curriculum?

What kind of question is this?! Let us analyze
the situation as a mathematician would, putting
aside our own ambitions and de-peliticizing math
education.

11.1. The U.S. Gene Pool

Of course, on the average, U.S. smdents can do
just as well as (if not better than) their Bulgarian
peers, and, for that matter, any peers around the
world. As far as the “gene pool” of the U.S. is con-
cerned, it is probably the best mixture in the world.
The croam g fm mrf among U.S. students have
performed at ﬂ:,e mp level and have occasionally
made the mumber 1 nem:lm'meuwld(')arﬂxe
International Mathematical Olympiads (IMO)*,
the preeminent world math competition for pre-
college students that tests not speed but d%ﬁfﬁ and

anjnmﬁef afmmaﬁmfbﬂnﬁi@
The new math program emmlates:
the IMO a mature dedication
spirit of attitude to
deep and rich towards long-term
math culture | | mathematics goals

It is true that very few students will end up being
math Olympians, and we will not give false hopes
that the current program is training students for
the IMOs. However, the expectation is that:

Everyone who is touched by this program will
build a sclid Temple of Mathematics, where lat-
er, if desired, we may hang “fancy chandeliers”™
and “brilliant art pieces.” More importantly, the
pemonal comnection with maﬂ:emahcs will e-

11.2. Can Girls Succeed in Math?

Upon coming to the U.S.. I was shocked by
this question. I was raised in a provincial town
in Bulgaria and made it as a high school student
to two IMOs, winning silver medals. There was
another girl on the Bulganian team for the 2 years
I 'was there.

It took the ULS. 25 years of participating at the
IMOs befiore the first US. girl. Melanie Wood., qual-
ified for the IMOs. I'was privileged to train the ULS.
national team when Melanie competed at the IMOs,
also earming two silver medals. Later, I participated
in the training of the other two US. girls who went
on to win gold medals at the IMOs.

To cut the long story
short: anything is pos-
sible and gander dbes no
??]kff‘;”‘r”'l‘;’} as mathemat-
ical falent and success are
romeernad,

ters in the social and cul-
tural aspects of edocation,
and this severely handicaps
many US. girls who nuight
otherwise have become ex-
cellent mathematicians.
Decades after competing at the IMOs, I leamead
that Bulgania is the top country in the world in
sending a total of 21 girls so far** to the IMOs.
Gemmany and Russia are next, with 19 and 15 girls,
respectively. The USA has only 3 girls so far.
Ped:laps;f s‘ﬁrv-r,mrfm UL M"maﬁsm.nlf@w fofoll
low #he ﬂwvfl.e of { offer rograms | from nm..-m { e world
that have been mzely Successful in raising gen-

* The IMO takes place every snmmer in a different country. Each country’s team has § students. A= opposed to standardized
tests, there are only § problems aver 2 days, 4.5 hours each day. The solutions are written as rigorous mathematical proofs.

** See “"Cross-Cultural Analysis gf Students with Excepti

! Talent in Math tical Problem Solving™ by Titu Andree-

scu, Joseph A, Gallian, and Jonathan M. Eane, hutp.//www.ams.org/notices/2 008 10/fea-gallian pdf.
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MATH TAUGHT THE RIGHT WAY

THROUGH THE BERKELEY MATH CIRCLE

August 27 — December 9, 2013

REPORT CARD
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BERKELEY 7ASF0UP at MTRW Fall 2018

MATH CIRCLE

I. HOMEWORK AND EXAM SCORES

Class Statistics

I. 7A ALGEBRA Student % of
Instructor: Elena Blanter e || = || =D || O
1. Overall Homework B5% 68% 57% 57%
2. Pretest Regular Score 8% 7% T1% 100%
3. Pretest Bonus Score 0% 48% 44% 100%
4, Quiz Average Regular Score 53% 48% 455 86%
5. Final Exam Regular Score T 72% 59% 100%
6. Final Exam Bonus Score 0% 0% 16% 100%
7. Overall Bonus 8% 8% 17% 85%
8. Grand Overall (60% #1 + 5% #4 + 30% #5 + 5%#7) T3% 63% 55% 94%
1. 7A GEOMETRY Class Statistics
Instructor: Harry Main-Luu median | mean top
1. Overall Homework Ti% Ga% 46% 952%
2, Pretest Regular Score 7% 13% las 100%
3. Unit 1 Exam Regular Score 64% 43% 45% 101%
4. Unit 2 Quiz Regular Score 20% 20% 25% 23%
5. Final Exam Regular Score 56% 44% 45% 76%
6. % Improvement [max(#5,23) — #2] 57% 3% 36% 85%
7. Overall Bonus 5% 5% T 40%
8. Grand Overall (30% 1 + 30% (73 + #5) + 5% &7 + 3% max(#2,24]) La% 41% 41% T7%
Ill. 7A Problem Solving Class Statistics
Instructor: Elysée Wilson-Egolf median | mean top
1. Overall Homework 69% 50% 48% 951%
2, Pretest Regular Score 82% 60% 57% 88%
3. Pretest Bonus Score 0% 0% 1% 10056
4, Final Exam Regular Score 66% 50% 45% 90%
5. Final Exam Bonus Score 0% 0% 5% 100%
6. Owverall Bonus (35% HW bon + 5% Final bon) 0% 3% 8% 41%
7. Overall Regular [70% HW rag + 30% Final reg) 63% 1% 45% B4%
Pagelofl

74 algebra (74 Textbook)
chapter 1. Initial Review

5. How Mathematicians Write Solutions ...
chapter 4. Proportions
. Ratio. Proportion ...
Proportionality. Constant of Variation
Basic Property of Proportions
Propertias of Proportions ..
applications of Proportions. Exercises
The Ratioa - b : c. Exarcises ..
Presenting Data via a Circular Diagram
Interprating Data in a Circular Diagram
Summary of the Topic “Proportions” .
Tast on the Topic “Proportions” ..
Chapter 5. Integer Expressions. Polynomials
45. Rational Expressions. Introduction...
. Integer Expressions. Numerical Value
43. Monomial. Standard Form of a Monomial
49. Add/Subtract Monomials. Similar Monomial:
50. add/Subtract Similar Monomials. Exercises
51. Muitiply, Take Powers of, Divide Monomials
52. pol ials. Farm
53. Adding and Subtracting Polynomials..
54. Multiplying a Monomial w/ a Palynomia
55. Multiplying a Polynomial w/ a Polynomial
56. Multiplying Palynomials. Exarcises
57. summary of the Topic “Integer Expressions™
538. Test on the Topic “Integer Exprassions” ...
Chapter &. Algebra on Polynomials. Part
59. Equivalent Expressions
74 Geometry
chapter 2. Polyhedral Solids (74 Textbook)

8. Prism. Regular Prism ..

9. Right prism. Exercises
10. Surface area of 3 Right Prism_...
11. surface area of a Right Prism. Exercises
12. volumea of a Right Prism
13. velume/surface Area of a Right Prism. Exercises... 26

GEBRESBHEYSE
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MATH TAUGHT THE RIGHT WAY
THROUGH THE BERKELEY MATH CIRCLE
August 27 — December 9, 2018

CURRICULUM CONTENT

14. pyramid. Regular Pyramid
15. Regular Pyramid. Exercises. ...
16. surface Area of a Regular Pyramid
17. surface Area of a Regular Pyramid. Exercises
18. Models of Polyhedral solids. Practical Exercises
19, violume of a Regular Pyramid
20. volume/surface Area of a Pyramid. Exercises
21. summary of the Topic “Polyhedral Solids™
22. Tests on the Topic “Polyhadral Solids™ ...
Chapter 3. Round Solids (74 Textbook)
23, Right Circular Cylinder ...
24. surface Area of a Cylinder
25. volume of a Cylinder
26. Right Circular Cone .
27. surface Area of a Cone....
28. surface Area of a Cone. Exel
20. volume of a Cone .
30. Sphere. Surface Area of a Sphel
31. Ball. volume of aBall........
32. surface Area/Volume of a Ball. Exercises
F3. Round Solids. Practical Exercises..
34. surmmmary of the Topic: “Round Solid
35. Test on the Topic: "Round Solids.
Chapter 7. Foundations of Geometry (78 Textbool
Axioms of Incidence and Between
79. Point, Line, and Segment
B0. Ray, Half-plane, and Angle.
21 Supplementary Angles. Right Angles
82. vertical Angles. Perpendicular Lines.
&3. Criterion for Parallel Lines ...
84. criteria for Parallel Lines. Exercises .
85. axiom of Parallel Lines. ...
86. Properties of Parallel Lines ...
74 Problem solving
Bulgarian National Math Contests for 6 and 7 grades:
Problem-solving strategies: solving through graphing and
algebra, applying geometry theorems, difference and
sum of squares formulas, multiplying polynomials.

The attached “MTRW F1E 7A Group Awards Chart” contains a list of the top performers in various categories.

Awards for some students (1% place score on page 1 and/or with a special recognition on page 2 of the 74 Group Awards

chart] may be picked up in Evans 714 during the office hours:

» MW 5:15—5:45pm, 6:15 — 7-45pm, January 21- February 20, 2015,
Any unpicked HWs and exams will be kept in front of Evans 714 until February 4, 2019.

Looking forward to having you again in future BMC/MTRW Programs,

Sinceraly, g December 21, 2018

=
Zwezdelina va, Teaching Professor of Mathematics, University of California at Berkeley

Berkeley Math Circle, Math Taught the Right Way, Founder and Director

Page2of2



MATH TAUGHT THE RIGHT WAY
THROUGH THE BERKELEY MATH CIRCLE
August 27 — December 9, 2018

REPORT CARD
‘5tuc_1ln=| t: bexm us jrﬂa:_we.
9 Agroup at MTRW Fall 2018

BERKELEY
MATH CIRELE ) HOMEWORK AND EXAM SCORES

I. 9A ALGEBRA, Instructor: Kelli Talaska Yoot e [madiee | meen | 53
1. Homework Regular 53% 50% 45% | 93%
2. Homework Bonus 92% 3% 17% | 92%
3. Pretast 0% 145% 18% 60%
4, Final Exam Regular Tok 60% 61% | 94%
5. Final Exam Bonus 20% 0% 11% | 30%
& Improvement (Final Exam Regular — Pratest Regular) Tok 3ok 43% | 91%
7. overall Regular (70% HW + 30% Final] EO% 56% 47% | 89%
E. Overall Bonus (95% HW + 5% Final] BB 3% 17% | 8%
Il. 9A GEOMETRY, Instructor: Norm Prokup pudem |__Class Stalstics

1. Homework Regular TB% 4% 45% | 92%
2, Homework Bonus Ta% 1% 18% | 34%
3, Pretest Regular MNiA 2% 27% | 80%
4, Pretest Bonus N/A % 13% | 55%
5. Take-Home Test Regular 8% B3% 72% | 100%
6. Take-Home Test Bonus 100% 55% 52% | 100%
7. Final Test Regular B0% 52% 53% | 96%
E. Final Test Bonus a7% 25% 33% 93%
9, Improvement [50% #4 + 5% 75 + 40% 6 + 5% #7 - 50% #3 Reg -10% #3 Bon) T7% 8% | a5% | 87%
10, Overall (50% #1+ 5% #2 + 0.9% #3 + 0.1% 1 + 20% #5 +2% #6 + 20% #7 + 2% #5) NfA 36% | 39% | 36%
1ll. 9A PROOFS, Instructor: Zvezda Stankova 9:‘;’:1':* md.':l:“r:::m“m
1. Homework Regular 1% 0% 34% | 91%
2. Homework Bonus 683 2% 12% | 80%
3. Pretest Regular 67% 62% 59% | 1008
4, Pretest Bonus o% 0% 14% | 100%
5. Take-Home Final Test Regular 100% B3% 7% | 100%
6. Take-Home Final Test Bonus 50% 0% 31% | 100%
7. Final Exam Regular B2% 54% 54% | 89%
EB. Final Exam Bonus B5% 31% 36% | 85%
9, Improvement (Final Test Reg — Pratest] 33% 42% 1% | 75%
10. Owerall Regular (50% HW + 10% Pretest + 10% Final Tast + 30% Final Exam) E7% 44% 41% 87%
11. Owerall Bonus (50% HW + 10°% Pretest + 10% Final Test + 30% Final Exam) 64% 15% 20% T6%

Pagelofl

MATH TAUGHT THE RIGHT WAY
THROUGH THE BERKELEY MATH CIRCLE
August 27 — December 9, 2018

IV. CURRICULUM CONTENT

o4 algebra
chapter 14. Basic Combinatorial Concepts (38 Textbook)
171 Multiply/add possibiliti .

172. Multiply/add Possibilities. Exercises
173. Permutation:
174. Variations..
175. Combinations.
176. sSummary of “Basics in Combinatorics”
177. Test on “Basics in Combinatorics™ ...
chapter 1. Classical Probabilities (9 Textbook)
5. Sets. -

6. Randr.lm Euems

7. Classic Probability ..
B

)

.34z
344
46

38

2

. Probability of a Sum of Disjoint Events.
. Probability of the Complement
10. Probability of an Event. Exercises.
11. probability of Union, Intersection, Differance
12. probability of Sum of Disjoint Events _
13 summary of “Classical Probability” .
Gemeral Problems on “Classical Probability”
14. Tests 1-2 on “Classical Probability” .
chapter 12. Equations and Roots (BB Textbook)
151 Factoring Quadratic Trinomials ...
152. Biguadratic Equations. ...
153. Equations Reducing to Quadratics
154. Equations Reducing to Quadratics. Exercise
155. Vieta's Formulas . -
156. applications of Vieta's Formulas
157. Summary of "Equations and Roots™
158. Tests 1-2 on "Equations and Roots”
Practice with Rational Equations

URERERERERESR

BEEEBEESE

9A Geometry (8B Textbook)

chapter 9. Circle Geometry, Parts | and Il
102. circle. circle and Point. Circle and Line
103. Tangents to a Circle ...
104. Relative Positions of Two Circles
105. Central Angle. Arc of a Circle ...
106. Relations among Chords, Arcs, and Angles
107. Inscribed Angle ..

108. Peripheral angle (Tangential Angle) ..
109. Application of the Theorems for Angles
110. Circle and Angle. Exercises .
111. summary of “Circles and Angles
General Problems on “Circles and Angles
1132 Tests 1-2 on “Circles and Angles” ...
132. Geometric Constructions [Rewewj
134, Geometric Locus of Points in the Plane.
136. Circle Circumscribed about a Triangle
137. Circumcircle of a Triangle. Exercisas
8B Proofs: "A Decode of the Berkeley Math Circle — the
American Experience,” vol. 1, Stankova/Rike, MSRIJAMS
Session 9. Introduction to Inequalities. Part |
1. The Language of Inequalities .
2. arithmetic Mean — Geometric Mean Inequallt',' 212
3. Power Mean Inequality.
4. The Land of the Convex
5. applications of Comvexity to Inequalities .
6. Geometry Leftovers and a Mean summal
Session 11. Smoothing Inequalities.... -...264-370,281
Chapter & Rational Inegualities (2 Textbook)
&1. Union and Intersection of Mumeric Intervals ...
62. Inequality of the Form |ge+b |, a2 0.
&3. Systams of Linear Inequalities wy' 1 Unknown
&4. Systems of Linear Inequalities. Exercises
&5. Double-Sided Inequalities |ax+b|=c,0=20
66. Inequalities [ox+b) (ox+d) =0, :’:—::3 0.
67. Quadratic Inequalities ...
68. Quadratic Inequalities. Exercises.
6%. The Method of Intervals....
70. selving Inequalities of a Higher Degree
71. Fractional Inequalities ...
72. The method of Intervals. Exercises
73. summary of “Rational Inequalities”
General Exercises on “Rational Inequalities”
73. Test 1 “Rational Inequalities” [Pre-Test) .
74. Test 2 “Rational Inequalities” [Final Test) .. -
Bulgarian National Math Contests for 9°-10° grades

The attached “MTRW F1E 94 Group Awards Chart” contains a list of the top performers in various categories.

Awards for some students [marked with * on the Chart) may be picked up in Evans 714 during the office hours:
* MW 5:15—5:45pm, 6:15 — 7:45pm, January 21- February 20, 2019.

Any unpicked HWs and exams will be kept in front of Evans 714 until February 4, 2019,

Looking forward to having you again in future BMC/MTRW Programs,

Sincerely,

_g December 17, 2018

—
Zvezdelina "ﬁiﬂ\ra, Teaching Professor of Mathematics, University of California at Berkeley

Berkeley Math Circle, Math Taught the Right Way, Founder and Director
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16. Math Taught the Right Way

In addition to running the Tehivah Day School
nuth program on this textbook senes for 3 vears,
we contimned the weekly program “Marth Taught
the Right Way™ (MTFEW) for a 3 year, extending
the Berkeley Math Circle at UC Berkeley.

In fall 2018, MTRW had an increased enrollment
of 135 students from 90 schools and 20 towns in
the extended San Francisco Bay Area. The fowr
program groups were selected maimnly by age. As
in the spint of the Berkeley Math Circle, younger,
more advanced students were promoted to higher
groups. The fall groups were named 64 TA 8A
and 04

6A Group: Taught by:
« 64 Alashra Elana Blanter
= EA Gty Hamry Mam-Lun
- EA Probleni Soling Eller Kulinsky
TA Group:
- l:“q ij Elena Blanter
- A c;,,mqg,.. Hamy Mam-Luu
+ 7A Trollers wm{w Elysée W.-Egolf
8A G-ruup
- ZA Algebes Kelli Talaska
- &4 C:?Jwﬁ:; Morm
« EA Probolem Soleing Elysée W.-Egolf
9A Gruup
}.F-‘ Eelh Talaska
- A derm Norm
. th%{. Zvezdelina Stankeva

In the 15 weekly 3-hour sessions in fall 2018,
Theanamgf'ccveredalﬂmsta]lofﬂleﬁﬁw
riculum. 67 Profim JSofing concentrated on
the Divisibility chapter and Word Problems
from the 6A curriculum.

* 7A Algeiira covered Proportions and Infeger
Expressions. 74 Geomefry worked on Polyhe-
dral and Round Solids in the TA cumiculim,
and Foundations ql"Gmm&‘ﬂ}' i the 7B cuor-
nculum. 7A 7 Trobiem Sofing worked its way
through Bulgavian Math Contests for 6 T
grades, learning problem-solving strategies and
practicing ideas like solving through graphing

fornmilas for difference and sum of squares for-

nmlas, and nmltiphying polynonmals.

- &4 Algehra covered Equations Part IT (Mod-
eling and Applications) from the TB curric-
whum, and Algebraic Inegqualities from the
8A cumniculom £4 Geomefry covered Con-
gruent Tiiangles, Pm'rfantf}ParaHe!ogmm
and Trapezoids from the 8A curriculom. 54
Droblam-So |'E-3'nj.,' was based on Combinatorics
from the 8B curriculum and from 4 Decade
of the Berkeley Math Circle - the American
Experience, vol. L edited by me and Tom
Rike, and generalized to Combinatorics of
an n-dimensional cube analogue.

- gA Hi?_ieém covered Combinatorics and
Eguations and Roots from the 8B cumicu-
hum, Classical Probabilifies from the 9A
corricwhun, and practiced with Rafional
Equations. 54 Geomefry covered 23 of Cirele
Geometry Parts I-II from the 8B curiculum
a4 Proofr covered Rational Inequalities from
the 9A cumiculum and megualities, Part [ on
AM-GM and other power mean inequalities,
and the begimning of Smoothing mequalities
from "4 Decade of the Barkelay Math Circle
- the American Experience, " vol. I-IL edited
by me and Tom Rile.

The Berkeley Math Circle Summer Program
2018 can be viewed as a third component of the
MTRW Program, which completes the 6%-9* grade
cumiculum, as well as some math circle topics. The
faculty who tanght at the Sunmmer Propram were:

+ Chns Chrerton, Ph D, Ayasdi

+ Ellen Eulinsky, UC Betkeley

Elysée W.-Egolf, B.A. UCB, Bentley High

» Harmry Mamm-Luu, BMC asst, UC Berkeley
Joshua Zucker, M.S. Stanford

Eelli Talazka, Ph.D., UC Berkeley

+ Lawra Pierson, BMC alumna Harvard

Maia Averett, Ph D, Mills Colleze

Matyas Sustik, Ph I Walmaril.abs

+ Norm Prokup, Ph.D., College Prep, Ozkland
Quan Lam,  Ph D}, MBA UC President’s Office
» Zvezdehna Stankova, PhD., UC Berkeley

pr il
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