Math Wrangle Practice Problems
American Mathematics Competitions
December 22, 2011
((3!)!)!
,
= k . n!, where k and n are positive integers and n
3.
is as large as possible, find k + n.

1. Given that

2. One hundred concentric circles with radii 1,2,3, ... ,100 are drawn in
a plane. The interior of the circle of radius 1 is colored red, and each
region bounded by consecutive circles is colored either red or green,
with no two adjacent regions the same color. The ratio of the total
area of the green regions to the area of the circle of radius 100 can be
expressed as min, where m and n are relatively prime positive integers.
Find m+n.
3. Let the set 5 = {8, 5,1,13,34,3,21, 2}. Susan makes a list as follows:
for each two-element subset of 5, she writes on her list the greater of
the set's two elements. Find the sum of the numbers on the list.
4. Given that loglOsinx+loglOcosx
~(lOglO n - 1), find n.

= -1

and that loglO(sinx + cosx)

=

5. Consider the set of points that are inside or within one unit of a rect
angular parallelepiped (box) that measures 3 by 4 by 5 units. Given
m+n7r
that the volume of this set is
, where m, n, and p are positive
p

integers, and nand p are relatively prime, find m

+ n + p.

6. The sum of the areas of all triangles whose vertices are also vertices of
a 1 by 1 by 1 cube is m + fo + yIP, where m, n, and p are integers.
Find m + n + p.
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7. Point B is on AC with AB = 9 and BC = 21. Point D is not on AC
so that AD = CD, and AD and BD are integers. Let s be the sum of
all possible perimeters of ~AC D.
Find s.
8. In an increasing sequence of four positive integers, the first three terms
form an arithmetic progression, the last three terms form a geometric
progression, and the first and fourth terms differ by 30. Find the sum
of the four terms.
9. An integer between 1000 and 9999, inclusive, is called balanced if the
sum of its two leftmost digits equals the sum of its two rightmost digits.
How many balanced integers are there?
10. Triangle ABC is isosceles with AC = BC and LACB = 106°. Point M
is in the interior of the triangle so that LMAC = 7° and LMCA = 23°.
Find the number of degrees in LC M B.
11. The product N of three positive integers is 6 times their sum, and one
of the integers is the sum of the other two. Find the sum of all possible
values of N.
12. Let N be the greatest integer multiple of 8, no two of whose digits are
the same. What is the remainder when N is divided by 1000?
13. Define a good word as a sequence of letters that consists only of the
letters A, B, and C - some of these letters may not appear in the
sequence - and in which A is never immediately followed by B, B is
never immediately followed by C, and C is never immediately followed
byA. How many seven-letter good words are there?
14. In a regular tetrahedron, the centers of the four faces are the vertices
of a smaller tetrahedron. The ratio of the volume of the smaller tetra
hedron to that of the larger is min, where m and n are relatively prime
positive integers. Find m + n.
15. A cylindrical log has diameter 12 inches. A wedge is cut from the log
by making two planar cuts that go entirely through the log. The first
is perpendicular to the axis of the cylinder, and the plane of the second
cut forms a 45° angle with the plane of the first cut. The intersection
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of these two planes has exactly one point in common with the log. The
number of cubic inches in the wedge can be expressed as n1f, where n
is a positive integer. Find n.
16. In 6.ABC, AB = 13, BC = 14, AC = 15, and point G is the intersec
tion of the medians. Points A', B', and C' are the images of A, B, and
C, respectively, after a 180 0 rotation about G. What is the area of the
union of the two regions enclosed by the triangles ABC and A'B'C'?
17. Find the area of rhombus ABCD given that the radii of the circles
circumscribed around triangles ABD and ACD are 12.5 and 25, re
spectively.
18. Find the eighth term of the sequence 1440,1716,1848, ... , whose terms
are formed by multiplying the corresponding terms of two arithmetic
sequences.
19. Consider the polynomials P(x) = x 6 - x 5 - x 3 - x 2 - x and Q(x) =
X4 - x 3 - x 2  1. Given that Zl, Z2,Z3, and Z4 are the roots of Q(x) = 0,
find P(Zl) + P(Z2) + P(Z3) + P(Z4).
20. Two positive integers differ by 60. The sum of their square roots is
the square root of an integer that is not a perfect square. What is the
maximum possible sum of the two integers?
21. The digits of a positive integer n are four consecutive integers in de
creasing order when read from left to right. What is the sum of the
possible remainders when. n is divided by 37?
22. Set A consists of m consecutive integers whose sum is 2m, and set B
consists of 2m consecutive integers whose sum is m. The absolute value
of the difference between the greatest element of A and the greatest
element of B is 99. Find m.
23. A convex polyhedron P has 26 vertices, 60 edges, and 36 faces, 24
of which are triangular, and 12 of which are quadrilaterals. A space
diagonal is a line segment connecting two non-adj acent vertices that do
not belong to the same face. How many space diagonals does P have?
24. A square has sides of length 2. Set S is the set of all line segments
that have length 2 and whose endpoints are on adjacent sides of the
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square. The midpoints of the line segments in set S enclose a region
whose area to the nearest hundredth is k. Find lOOk.
25. Alpha arid Beta both took part in a two-day problem-solving compe
tition. At the end of the second day, each had attempted questions
worth a total of 500 points. Alpha scored 160 points out of 300 points
attempted on the first day, and scored 140 points out of 200 points at
tempted on the second day. Beta, who did not attempt 300 points on
the first day, had a positive integer score on each of the two days, and
Beta's daily success ratio (points scored divided by points attempted)
on each day was less than Alpha's on that day. Alpha's two-day success
ratio was 300/500 = 3/5. The largest possible two-day success ratio
that Beta could have achieved is min, where m and n are relatively
prime positive integers. What is m + n?
26. An integer is called snakelike if its decimal representation aIa2 a 3· .. ak
satisfies ai < ai+1 if i is odd and ai > ai+1 if i is even. How many
snakelike integers between 1000 and 9999 have four distinct digits?
27. Let C be the coefficient of x 2 in the expansion of the product
(1 - x) (1
Find

+ 2x) (1 -

3x) ... (1

+ 14x) (1 -

15x).

ICI.

28. Define a regular n-pointed star to be the union of n line segments
PI P2 , P2 P3 , . · . ,PnPI such that
• the points PI, P2 , ... ,Pn are coplanar and no three of them are
collinear,
• each of the n line segments intersects at least one of the other line
segments at a point other than an endpoint,
• all of the angles at PI, P2 , ... , Pn are congruent,
• all of the n line segments PI P2 , P2 P3 , • .. ,PnPI are congruent, and
• the path PI P2 . . . PnPI turns counterclockwise at an angle of less
than 180 0 at each vertex.
There are no regular 3-pointed, 4-pointed, or 6-pointed stars. All reg
ular 5-pointed stars are similar, but there are two non-similar regular
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7-pointed stars. How many non-similar regular 1000-pointed stars are
there?
29. Let ABC be a triangle with sides 3, 4, and 5, and DEFG be a 6-by-7
rectangle. A segment is drawn to divide triangle ABC into a triangle UI
and a trapezoid VI, and another segment is drawn to divide rectangle
DEFG into a triangle U2 and a trapezoid V2 such that UI is similar to
U2 and VI is similar to V2 . The minimum value of the area of UI can be
written in the form min, where m and n are relatively prime positive
integers. Find m + n.
'
30. A circle of radius 1 is randomly placed in a 15-by-36 rectangle ABCD
so that the circle lies completely within the rectangle. Given that the
probability that the circle will not touch diagonal AC is min, where
m and n are relatively prime positive integers, find m + n.
31. A chord of a circle is perpendicular to a radius at the midpoint of the
radius. The ratio of the area of the larger of the two regions into which
the chord divides the circle to the smaller can be expressed in the form
a7r + bye
.. .
n' where a, b, c, d, e, and f are posItive Integers, a and e are
d7r - ey f
relatively prime, and neither c nor f is divisible by the square of any
prime. Find the remainder when the product a· b· c· d· e· f is divided
by 1000.
32. A jar has 10 red candies and 10 blue candies. Terry picks two candies
at random, then Mary picks two of the remaining candies at random.
Given that the probability that they get the same color combination, ir
respective of order, is min, where m and n are relatively prime positive
integers, find m + n.
33. A solid rectangular block is formed by gluing together N congruent
1-cm cubes face to face. When the block is viewed so that three of its
faces are visible, exactly 231 of the 1-cm cubes cannot be seen. Find
the smallest possible value of N.
34. How many positive integers less than 10,000 have at most two different
digits?
35. In order to complete a large job, 1000 workers were hired, just enough
to complete the job on schedule. All the workers stayed on the job
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while the first quarter of the work was done, so the first quarter of the
work was completed on schedule. Then 100 workers were laid off, so the
second quarter of the work was completed behind schedule. Then an
additional 100 workers were laid off, so the third quarter of the work
was completed still further behind schedule. Given that all workers
work at the same rate, what is the minimum number of additional
workers, beyond the 800 workers still on the job at the end of the third
quarter, that must be hired after three-quarters of the work has been
completed so that the entire project can be completed on schedule or
before?
"
36. Three clever monkeys divide a pile of bananas. The first monkey takes
some bananas from the pile, keeps three-fourths of them, and divides
the rest equally between the other two. The second monkey takes some
bananas from the pile, keeps one-fourth of them, and divides the rest
equally between the other two. The third monkey takes the remaining
bananas from the pile, keeps one-twelfth of them, and divides the rest
equally between the other two. Given that each monkey receives a
whole number of bananas whenever the bananas are divided, and the
numbers of bananas the first, second, and third monkeys have at the
end of the process are in the ratio 3 : 2 : 1, what is the least possible
total for the number of bananas?

37. ABCD is a rectangular sheet of paper that has been folded so that
corner B is matched with point B' on edge AD. The crease is EF,
where E is on AB and F is on CD. The dimensions AE = 8, BE = 17,
and CF = 3 are given. The perimeter of rectangle ABCD is min,
where m and n are relatively prime positive integers. Find m + n.
38. How many positive integer divisors of 2004 2004 are divisible by exactly
2004 positive integers?
39. A sequence of positive integers with al = 1 and ag + alO = 646 is formed
so that the first three terms are in geometric progression, the second,
third, and fourth terms are in arithmetic progression, and, in general,
for all n 2: 1, the terms a2n-l, a2n, and a2n+l are in geometric progres
sion, and the terms a2n, a2n+l, and a2n+2 are in arithmetic progression.
Let an be the greatest term in this sequence that is less than 1000.
Find n + an.
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