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Applying Proof Frameworks Is Harder for Students than We Think  
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In order to overcome difficulties many students in mathematics and computer science face with 
rigorous proofs, some higher education institutes present a “Mathematical Reasoning” or 
“Transition-to-Proof” course. In this paper, we analyzed data from the exams of 310 students in 
such a course, focusing on the way they approach a proof regarding set inclusion, and whether 
they use a particular “proof framework” that we taught them when doing so. We found that the 
students are able to use the proof framework, and that using it is beneficial to them, but that a 
surprisingly large percentage of them fail to use it consistently. 

Keywords: Transition-to-proof courses, Proof frameworks, Operable interpretations of 
definitions 

Introduction 
One of the challenges mathematics instructors face is teaching their students to write correct 

rigorous proofs and to use the definitions properly. Between 1990 and 1999, more than 100 
papers have been published on this subject (Hanna, 2000). The question of how students engage 
with proof and proving is continuously being studied (Reid and Knipping, 2011). These studies 
have suggested various explanations for the root of the problem, and proposed a variety of 
methods for addressing it, which have been tested with varying degrees of success. One common 
conclusion is that the transition from an intuitive answer to the rigorous formulation is one of the 
students’ main sources of difficulty. Vinner (1991), for instance, claims that students tend to 
ignore the definitions necessary for a rigorous proof, preferring an intuitive “general 
explanation” answer. Moore (1994) supports this assertion, noting that, while attempting to write 
formal proofs, students do not necessarily understand the content of relevant definitions or how 
to use them.  

One of the ways institutes deal with this issue is by having students take an “introduction to 
proof” course. Most such courses emphasize helping students learn the proof construction 
process (see in particular, Selden, Benkhalti and Selden, 2014 and Moore, 1994). This paper 
presents data collected in the context of the course “Mathematical Reasoning” - a mandatory 
course for first year computer science undergraduates. Specifically, our study focuses on the 
manner and extent to which undergraduate students employ - or fail to employ - a “proof 
framework” while proving a theorem. The concept of the proof framework was first introduced 
by Selden and Selden, 1995, and later expanded upon (2014). Similar ideas were presented by 
Scheinerman, 2013, who refers to it as a “proof template,” and Hammack, 2013. In this paper we 
focus on one specific framework, used for proving set inclusion according to the definition. We 
analyzed 310 students’ answers to questions that require this proof and discovered that a large 
percentage did not consistently use the proof framework, even when they had presented the 
ability to apply a very similar proof framework in an earlier part of the question, and despite the 
fact that this was the only technique they had learned for dealing with a question of that sort. 
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Proof Framework 
Selden, Selden and Bankhalti (2018) define proof frameworks as “a way of structuring a 

proof, in which the student begins by writing the first and last lines of a proof and works towards 
the middle. It often consists of a first level, in which a student unpacks the logical structure of the 
theorem statement to write the first and last lines of the proof, and a second level, in which a 
student unpacks the definitions involved in the conclusion to write the second and second-to-last 
lines of the proof” (Selden, Selden and Bankhalti , 2018 p.4). To illustrate this point, they 
provide a sample proof framework for an elementary set theory theorem, which we have copied 
in its entirety here: 

 
Fig. 1. Proof framework of set inclusion 

Clearly, a theorem regarding set inclusion should start with an element that belongs to the 
included set, and by a sequence of steps ends with the result that the element belongs to the 
including set. In their study, Selden, McKee, and Selden, 2010 discuss the habits of mind that 
appear to drive many mental actions in the proving process, and discuss the way feelings can 
help cause mental actions and also arise from them. They offer the following example of a wrong 
“proof,” in the form of Sofia’s answer to the following theorem.  
 

Theorem: For any sets ! !  if !then " # " #.  
Sofia’s Proof: (Selden et al., 2010, p.13) Let ! ! !be sets 

Suppose ! $ $  
Then " #, but " # 
Therefore " # " # 
 

We were curious how common the approach presented by Sofia might be - namely starting 
wrong, such that it is impossible to produce a proof from that starting point. These authors’ study 
presented insightful qualitative findings, based on a deep analysis of a small sample. Our study is 
based on an analysis of hundreds of students’ exams, which allowed us to produce, in addition to 
qualitative findings, some interesting quantitative results. Our primary goal was to understand 
whether students who fail to present a rigorous proof do so because they do not use the proof 
framework that we teach them, or because they use it incorrectly. 

This information is important in order to improve teaching: Should we be placing more 
emphasis on the use of the proof framework (i.e. encouraging the students to use it), or putting 
more effort into the details of the framework itself (making sure that the students use the 
framework correctly)? It is also interesting to check whether students who do not use the 
framework (i.e. students who use other proof techniques) are doing well. If we see that using the 
proof framework does not result in better proofs, compared to other techniques, this might 
indicate that the effort invested in sticking to a proof framework is redundant, or even harmful. 
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Our Course 
Much like other Transition-to-Proof courses elsewhere (e.g. Selden, Selden and Bankhalti , 

2018), our reasoning course is based on students practicing the act of proving. We cover basic 
classical mathematical concepts and proving methods: The role of definitions, quantifiers, proof 
by contradiction, dealing with cases, and induction. We rehearse these concepts and methods 
throughout the course. The course contains only elementary mathematical concepts: arithmetic, 
basic set operations, and basic linear algebra. It consists of !"hours of weekly lectures, with an 
emphasis on independent practice and homework. In every lesson, we solve the homework given 
in the previous lesson. The students are encouraged to present their proofs in class, and get 
feedback from the teacher. This usually takes the first half of the lesson, and the second half is 
dedicated to a method of proving, explained and followed by many examples. The students are 
first year, first semester, computer science undergraduate students, and the course is designed to 
help them develop the skill of proving, which is needed in later courses such as Linear Algebra, 
Calculus, Data Structures and Algorithms. In each genre of proof, we introduce the students to a 
proof framework (see Section II for details) as a way of getting started writing proofs. 

The Study 
We teach in one of the largest colleges in the country, and our students have high grades in the 
acceptance exam and in the matriculation exam in mathematics (significantly higher than the 
average). 

Around 300"students are enrolled in the “Mathematical Reasoning” course every year. When 
dealing with basic set theory we stress that: 

1. When proving !one should start with ’Let ’ and end with ’then ’. 
2. When proving % !the technique is to prove that !and that , using the 

framework of set inclusion. 
We chose a non-covid cohort, where all lectures and the exams were frontal (i.e. not via 

zoom). The class took place between October 2019"and January 2020"and was divided into 5"
groups of around 60"students. We analyzed the students’ responses to a multi-part question on 
basic set theory given in the course’s final exam. Our goal was to analyze the use of the proof 
framework in students’ answers, specifically: did students use the proof framework that we 
taught them? If so - did they use it correctly or did they merely write something that looks like 
the framework but is actually totally wrong? If not - were they able to present a rigorous and 
correct proof without depending on the proof framework? 

The exam question that we analyzed began with a “definitions” section requiring the students 
to present definitions that were taught during the semester. Specifically, we were interested in the 
correct definitions of inclusion and equality of sets. The “definitions” section was followed by 
two “proof” sections, in which the students were asked to prove or disprove certain claims (that 
were actually both true). We will later refer to the two proof sections as the “first” and “second” 
proofs. Here is the question (summarized, for brevity): 

1. (10 pts) For ! !sets define & ! ! ! ! %  
2. (12 pts) Prove or disprove according to the definitions:  

For sets ! ! , " & #& % " & #&" # 
3. (12 pts) Prove or disprove according to the definitions:  

For sets ! ! , !if and only if " # % " # 
The “definitions” section is important as it requires the students to recall the correct 

definitions needed in the proof sections. In the analysis, we set aside the exams of those who did 
not write the definitions correctly, based on the assumption that we cannot expect students who 
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are not able to present the definition of inclusion correctly to prove inclusion correctly (only a 
handful of students failed to correctly answer the definitions section, likely because this section 
is repeated every year).  

The first proof is a set equality. This requires, by definition, a bi-directional inclusion. We 
expected the students to use the proof framework twice, once for each inclusion. The first starts 
with " & #& !and ends with the conclusion that " & #&" #, and the second does 
the same, but in the opposite direction. Since the question required the students to prove by 
definition, using set identities was not allowed. However, the students could also legitimately 
prove each of the directions by contradiction.   

The second proof is an “if and only if” claim. One direction of the proof required students to 
prove an inclusion, and the other required them to prove a set equality. We expected the students 
to use the proof framework three times. Here, as well, proof by contradiction is considered 
“according to definitions”, and was accepted as a correct answer, although it is not based on the 
proof framework. Note that there are altogether five inclusions to be proved: two of them for 
proving the first proof, and three for proving the second. The students saw at least four examples 
of very similar questions in class and solved five more similar questions in their homework 
assignments, which were solved in class after submission. In addition, every exam in the course 
from past years contained a question of that sort. When analyzing students’ answers for the first 
and second proofs, we first focused on whether the student implemented the proof framework in 
the answer, to determine the extent of the phenomenon of students not applying the framework. 
We categorized the students’ answers according to the following taxonomy: 

1. Correct use: The student followed the proof framework correctly. 
2. Misuse: Presenting incorrect use of the proof framework, (i.e., starting the proof of 

inclusion by inspecting an element which does not belong to the included set). 
3. No use - right: Not following the framework and using another technique, however 

the solution was correct (e.g., proof by contradiction). 
4. No use - wrong: The student did not follow the framework and used another 

technique, and the solution was incorrect. 
If the student skipped the proof sections of the question or tried to disprove it (for both proof 

sections, the correct answer was proving), we marked this as well. 

Findings 
We analyzed !#$"exams. We focused on the students who wrote the definitions correctly, 

meaning they knew that the definition of inclusion !is that every !holds that , 
and that the definition of % !is that !and . 10 students failed to write the 
definitions correctly and were filtered out of the study. A perfect usage of the proof framework 
consisted of %"uses, as the first proof required two inclusions to prove an equality and the second 
proof was an iff proof that required proving three inclusions. Therefore, within a single exam, it 
was possible for each student to sometimes use the framework right, sometimes use it wrong, 
and sometimes not use it at all. We started our analysis of the proof sections by inspecting the 
first proof, which asked the students to prove or disprove an equality (see Table I). 

The results seemed promising. A large percentage of the students indeed used the framework 
we had taught them, and a very large percentage out of those received all the points for that part. 
It is interesting to note that only two students tried to prove by contradiction, which is allowed (it 
is considered as proving “according to the definitions”). However, their overall answer was not 
perfect and they did not receive all the points. 
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TABLE I 
SUCCESS RATE FIRST PROOF 
 Num percentage 
Failed on the definition part (out of) 10 (310) 3.2% 

Disproved or wrote nothing 2 (310) 0.6% 

Correct definition and attempted to prove 298 (310) 96.1% 

Two correct uses 274 (298) 91.9% 

Received all points (two correct uses) 224 (274) 81.7% 
 
There were two conclusions we could draw right away: 

1. Almost all students are familiar with the framework for set inclusion. 
2. Almost all students know how to prove an equality between sets. 

Having established that, and encouraged by the students’ success in the first proof, we 
continued to check the second proof, where we found a drastic drop in framework use. Recall 
that the second proof is an iff claim with one side being an equality and the other side a single 
inclusion. Hence, we expected the proof to contain three inclusions. However, fewer than half of 
the students met this expectation by using the framework three times, as shown in Table II. 
 
TABLE II 
SUCCESS RATE SECOND PROOF 
 Num Percentage 
Failed on the definition part (out of) 10 (310) 3.2% 

Disproved or wrote nothing 26 (310) 8.3% 

Correct definition and attempted to prove 274 (310) 88.3% 

Three correct uses 125 (274) 45.6% 

Received all points (three correct uses) 72 (125) 57.6% 

At least one by-contradiction (no-use-right) 34 (274) 12.4% 

Received all points 12 (34) 35.3% 
 

The results were surprising. We expected that students who were able to use the proof 
framework correctly in the first proof could do that again in the second proof as well. It is 
important to note that the numbers clearly show that using the proof framework is potentially 
beneficial, with a success rate of 81.7% for part one for those who used the framework 
(compared to 0% for those who did not use it), and a success rate of 57.6% for those who used 
the framework in part two (compared to 35.3% for those who did not use the proof framework in 
the second proof). Having noticed the difference in the percentage of framework use between the 
two proofs, we proceeded to count the number of students who had shown familiarity with the 
framework (i.e., used it at least once), but who did not use it all the way through the exam. This 
finding is presented in the first row of Table III. Then we counted the number of students who 
used the framework perfectly on the first proof (two “correct use”), but made at least one misuse 
in the second proof, starting with an element belonging to the set in the hypothesis rather than an 
element in the included set. This finding appears in the second row of Table III. Both numbers 
(33.5% and 28.5% respectively) seem to be very high, and point to a difficulty in assimilating 
and implementing the proof framework, even when you have shown that you know how to use it. 
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TABLE III 
CORRECT AND INCORRECT USES 
 Num percentage 
At least one correct use and at least one mistake (out of) 100 (298) 33.5% 
Two correct uses in first part and at least one misuse in second 78 (274) 28.5% 

 
TABLE IV 
MISTAKES IN BOTH PROOFS 
 Num percentage 
First proof 
At least one misuse (out of) 3 (298) 1% 

At least one no-use-wrong (out of) 20 (298) 6.7% 
Second proof 
At least one misuse (out of) 85 (274) 31% 

At least one no-use-wrong (out of) 39 (274) 14.2% 
 
The large difference in the number of correct usages of the framework between the first proof 

and the second is especially striking, as can be seen in the differences between Table I and Table 
II. This overwhelming difference drove us to look deeper into the answers to the second proof. 
Two findings arose from that inspection: 

1. We first ruled out the effect of the “iff”. It turned out that all the students who attempted to 
prove the second part but did not follow the framework wrote that there are two directions to 
be proved. This means that they correctly addressed the iff part of this proof. 

2. The second proof, as opposed to the first one, had a hypothesis. Many students began their 
answer with an element belonging to the set in the hypothesis rather than to an element in 
the included set. This was found to be the most common “misuse” of the framework. 

 

In order to conjecture about the reasons for the difference between the two proof sections, we 
asked ourselves how many students made the mistake of using the framework wrong (“misuse”) 
or not using it at all (“no-use-wrong”). The results are presented in Table IV. The type of 
“misuse” employed by many students in the second part, which included a hypothesis, reflects a 
problem described in Selden et al., 2010 as “Students who focus too soon on the hypothesis.” 
There can be several explanations for this common phenomenon. Our conjecture is that the 
students have not yet acquired the habit of relying on the proof framework, and it does not come 
naturally to them, so they were distracted by the existence of a hypothesis. Another possibility is 
that the effort of being strict while solving the first proof was followed by a “loosening” later in 
the exam. The evident conclusion, however, is that whatever the reasons, applying the 
framework is harder for many students than we may think. 

Examples 
In this section, we present snippets from actual exams, focusing on the approach taken. 

A. Adam 
Adam’s answer demonstrates a correct use of the framework, %"times as expected: 
 

1. Prove / disprove according to the definitions: For sets ! ! , " & #& % " & #&" #. 
We will show a bi-directional inclusion. Let " & #& ![...] then " & #&" #. 
Now let " & #&" #"[...] so " & #& . 

2. Prove / disprove according to the definitions: For sets ! ! , !if and only if " # % " # 
We will prove the two claims. 
 First, assume that " # % " #"and we will prove that .  Let ![...] and also . 
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 Second, assume that . To prove " # % " #"we will prove bi-directional inclusion [...] 
– First, let " #"[...] it holds that " # . 
– Second, assume that " # #"[...] so " #. 

We proved bi-directional inclusion so by the definition of set equality it holds that " # % " #. 
We proved both iff directions so this completed the proof. 

B. Liam 
Liam’s proof for the first part was perfect, but in the second part, trying to prove equality 

between sets, he focuses too soon on the hypothesis. This is an example of a misuse. 
 

[...] Let us prove that if !then " # % " #. 
According to the definition of equality we will show a bi-directional inclusions. 
1. We prove that " # " #  --  Let  [...]  
2. We prove that " # " #   --  Let  [...] 

C. Sean 
Sean, like many others, knew that to prove inclusion he should start with an element that 

belongs to the included set (he did this perfectly in the first part). However, instead of starting 
with "! #!he started with an "!that belongs to one of the sets in the hypothesis: 

 

[...] Assume " # % " #"and prove that . Let " # ![...] 

D. Rita 
Rita’s proof of the first part was also perfect. However, in the second part she omitted the 

framework altogether. Her answer is an example of no use - wrong: 
 

Let ! ! !be sets. We want to prove that if !then " # % " #. By the hypothesis that 
!it holds that every element that belongs to !also belongs to . Let us look at the set " # !the set of 

elements that belong to !and also to , or belong to . Now let us look at the set " #"This set contains the 
elements that belong to !and to !or the elements that belong to !and to . Combining the two, and according to 
the hypothesis, it holds that " # % " #. 

Conclusions 
Our examination showed that most students are able to use a proof framework correctly and 

that using a proof framework is potentially beneficial (i.e., significantly raises the chances of 
presenting a correct answer). However, we also discovered that students who were able to 
present a correct use of the proof framework in one question suddenly failed to use the same 
framework in a subsequent question. Analyzing examples of answers, we saw that many students 
neglected the framework that they had been using in the previous question, while others 
continued to use it, but incorrectly (starting with an element that belongs to the wrong set). This 
can be attributed to several reasons. At first glance it may seem that the ’iff’ added a measure of 
difficulty to the question, but our analysis suggests that this was not the actual obstacle. Other 
possible explanations may be that the heavier “load” of the second proof caused students to lose 
their way, or perhaps they tired as they progressed through the test, thereby dropping the 
framework and going back to their bad “natural” habits. Finally, when a question contains a 
hypothesis, it may distract the students, who focus on it too soon. Making recommendations on 
how to better make use of proof frameworks may be premature at this preliminary stage. 
However, we can say that employing proof frameworks can indeed be beneficial for students, but 
that doing so consistently is harder than it may first appear. It appears that additional practice of 
the framework’s more complicated usage scenarios is required. It may also help to present 
students with actual mistakes to avoid. It is clear, however, that students are able to apply proof 
frameworks, and we should aim to help them do so in the more complicated proofs. 
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Planting Seeds through Embodiment to Teach Formal Concepts of Abstract Algebra 
 

Jessi Lajos, Hortensia Soto, & Alissa Romero 
Colorado State University 

 
In this descriptive case study, we explored how a mathematics educator integrated 

embodiment into a first semester abstract algebra course. We found that, in addition to gesture, 
the instructor encouraged students to interact with physical materials and simulate mathematics 
using their bodies. Our results offer practical implications by illustrating examples of how 
embodiment can be incorporated in an abstract algebra classroom.  

 
Keywords: Cosets, Embodied Cognition; Equivalence relation, Factor Group, 

Homomorphism  
 

Introduction and Literature Review 
The purpose of this work is to contribute to the literature on how embodiment, beyond 

gesture, can be integrated in the teaching of collegiate mathematics. Nathan (2022) defines 
embodiments as the body-based resources to make meaning and connect new ideas and 

). In this case study, we addressed the research 
question: In what ways does a mathematics educator, who is knowledgeable about embodiment, 

We found that 
instructor-led embodied activities planted seeds for formal definitions, theorems, and proofs. 
Additionally, our results indicate that embodiment served as a tool to disambiguate referents of 
students  speech, to to strengthen the classroom 
community, and to include students who were not yet fluent in formal language. 

A majority of the research related to embodiment intersects gesture and K-12 mathematics 
teaching. Studies show that teachers use gestures to convey mathematical ideas (Alibali & 
Nathan, 2012; Font et al., 2010), scaffold material (Alibali & Nathan, 2007), or establish 
common ground (Alibali, et al., 2013). In some of their more recent work, Alibali et al. (2019) 
found that teachers and added gestures or made 
gestures, without speaking, in correspondence with verbal utterances towards referents. 
Gestures appeared to highlight erbal utterances  or develop 
shared understanding in the classroom. Research at the intersection of embodiment and 
collegiate mathematics teaching is sparce and primarily attends to gesture (Lee et al., 2009; 
Stewart et al., 2019; Weinberg et al., 2015; Wheeler & Champion, 2013). For example, Lee et al. 
described how a differential equations instructor used pointing gestures to connect a 
mathematical problem with inscriptions. Wheeler and Champion portrayed 
gesture to represent mapping of a function in abstract algebra. Weinberg et al. highlighted how 

took on meaning in relation to each 
other. Beyond gesture, Stewart et al. explored how a linear algebra instructor navigated between 
embodied, symbolic, and formal instruction. Stewart et al. found that the instructor often used 
embodied explanations before moving to symbolic or formal instruction. For example, after 
defining span, 

 set. 
This was an attempt to help students experience linear independence before formally defining it.  
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Theoretical Framework 
For this research study, we drew up four types of embodiments that he 

claims are useful for educational settings as the framework. The first type, body form, movement, 
and perception, make up our primary experiences, as we exist in 

Nathan, p. 87). The second type, gesture, 

spontaneously as we talk with others and think to ourselves, including pointing and tracing 
Nathan defines simulations 

cognitive processes we have for things that are present and familiar so that we can think about 
materials

physical obje  Nathan also 
describes four ways that embodiment supports student learning. First, grounding connects 
abstract ideas to concrete experiences to facilitate making meaning. Offloading leverages 

). 
Cognitive-sensorimotor transduction occurs when intellectual processes and sensorimotor 
processes interact and support learning unconsciously. Finally, participation entails communities 
of practice where newcomers become old timers (Lave & Wenger, 1991). Nathan believes 
communities of practice support learning because they develop effective and efficient ways to 
collaborate, use cultural tools, and application-specific discourse practices  

 
Methods 

The second author served a dual role of instructor (participant) and researcher. She has 
almost 30 years of teaching experience, has taught abstract algebra numerous times, and her 
research area centers on undergraduate mathematics education where she adopts an embodied 
cognition lens (e.g. Soto & Oehrtman, 2022; Soto-Johnson & Hancock, 2019; Soto-Johnson & 
Troup, 2014). She tends to to navigate between embodiment, 
symbolism, and formalism while teaching. She encourages students to use their bodies, tangible 
materials, and technology to learn mathematics (e.g. Dittman et al., 2016; Soto, 2021, 2022; 
Soto-Johnson & Troup, 2014). She values community and requires her students to work with 
their peers throughout the semester. For the course, the instructor adopted the text A Book of 
Abstract Algebra (Pinter, 1990) because as an undergraduate she used this text to learn abstract 
algebra and, as a mathematics educator, she appreciates its constructivist format. 

The first author attended each lecture, had weekly conversations with the instructor on the 
role of embodied cognition in her teaching, audio- and video- recorded six weeks of class, and 
kept field notes. To capture recorded data, the first author set up two cameras. One stationary 
camera framed the front of the room, and the second hand-held camera was used to focus on the 
instructor or students. After the course, the first author and the instructor met twice a week to 
review recorded classroom data, which was divided into seven- and ten-minute segments. The 
two authors time-stamped instances when the instructor integrated embodiment, took descriptive 
notes on those instances, and summarized major themes from each segment. Themes included: 
regesturing , delaying formal language until students understood relevant 
concrete examples, and .  

After reviewing classroom data, the research team selected video segments that exemplified 
use of embodiment. We fully coded and analyzed four episodes, but for the sake 

of brevity, we only discuss the episode related to acting out conjugation, showing a subgroup is 
normal, and the Fundamental Homomorphism Theorem (FHT). The two non-instructor research 
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members re-watched the selected video segments and coded the types of embodiments as well as 
how each embodiment type appeared to per Nathan
framework. They then used the codes to write descriptive results (using pseudo names for 
students) on how the instructor integrated embodiment. The instructor reviewed written results 
and the entire team engaged in round table discussions to ensure the accuracy and validity of the 
results, which served as member-checking (Merriam & Tisdell, 2015).  

 
Results 

In this section, we summarize how the instructor introduced conjugation, normal subgroups, 
and the FHT by leveraging all four types of embodiments
learning in each of the four ways described by Nathan (2022). Table 1 is a summary of these 
findings. 

 
Table 1. Instances of embodiment in exploring conjugation, normal subgroups and the FHT 
Forms of 

Types of 
embodiments 

Grounding Offloading  Cognitive-
sensorimotor 
transduction 

Participation 

Body form, 
movement and 

perception  

 Described 
conjugation in 
terms of 
direction 

 

Gesture Held imaginary 
group elements to 
gesture the action 
of conjugation 

  Gesture to 
establish 
common ground 

 
Orchestration 

of conjugation 
Simulation Students acted 

out conjugation on 
a normal subgroup 
to develop 
embodied meaning 

  Students 
searching for 
other students to 
help them 
conjugate 

Materialist 
epistemology 

 Paddy paper 
to represent of 

  

  

 
The instructor created a simulation in which she assigned students to act as elements of 

 and  She asked students to perform a homomorphism from  to ; she 
assigned certain students from  to map to specific elements of  . Students chose to touch the 
shoulder of the appropriate student to represent mapping. Together, the class verified that the 
kernel ( ) of the homomorphism formed a subgroup. Then, without using the term conjugation, 
the instructor explained how to act out conjugation on the subgroup  of 

 by stating, Margaret [or Cam] is going to be in the middle and is going to be operated on the 
left-hand side by the inverse and on the right- describing 
conjugation in terms of the simulation, the instructor gestured to Margaret in the middle, 
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 the element itself on the right, which 
encouraged her students to imagine conjugation (see Figure 1). esture grounded 
her explanation of conjugation within . Additionally, gesture supported 
participation because it positioned students as central rather than peripheral participants. Students 
then created their own sign for conjugation in which Margaret (the identity) stood in the middle, 
Julie ( ) stood on the right, and Jim ( ) stood on the left (see Figure 2).  

 
 

 

 

 

Figure 1. Gesturing Conjugation of the Kernel  
 

 

 

Figure 2. Julie and Jim simulating the action of conjugation on Margaret 
 
The informal language  the right of  to describe conjugation is an 

example of the instructor using body form to support students  learning because spatial 
relationships grounded conjugation in a primary aspect of the human experience  direction. 
Body form also supported student learning via cognitive-sensorimotor transduction because it 
reversed the complex notion of conjugation in terms of  physical position in space. 
Given Margaret was the identity element, the class noticed that the action of conjugation by an 
element (a student) and its inverse (another student) on Margaret always returned Margaret. 
Then, by acting out conjugation on Cam, students showed that every element-inverse pair in  
returned Cam under conjugation (see Figure 3). 

Overall, simulation served as a tool that helped the instructor guide her students in showing 
that  was a normal subgroup. The instructor s use of simulation 
grounded conjugation and normal subgroup in a meaningful experience before she introduced 
formal definitions. Moreover, simulation supported student learning via participation. For 
example, when Patrick conjugated Cam, he looked for his needed classmate (element) to help 
him perform the operation and students at their desks helped their peers find their inverses, 
which strengthened the classroom community.  
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Figure 3. Conjugating Cam by elements of   
 
After the class (unknowingly) showed that  formed a normal subgroup, the instructor 

intentionally gestured to recap the simulation. She reminded the class that they began with two 
Then, via pointing gestures, she 

emphasized that the two both mapped to the 
identity in  (see Figure 4). She also emphasized that the map was a homomorphism and not an 
isomorphism, which was new to the class. Finally, she emphasized normality of the kernel by 
stating, here [Margaret and Cam] and I operate them by an 
element from the group and its inverse I somehow end up getting Margaret or Cam The 
instructor used gesture to establish common ground because she made sure the class knew that 
the importance of the simulation was to see an example of a map that was a homomorphism, but 
not an isomorphism and that the kernel, , satisfied interesting new properties, i.e., normality.  

 
 

 

 

 

 

 
 

Figure 4. Two groups, pluck out two elements, these elements map to the identity 
 
Following the FHT simulation involving conjugation, the instructor asked the class to 

complete a problem set related to the group . In conjunction with the problem set, the 
instructor employed materialist epistemology by holding up a paddy paper and helping the class 
recall that  represents the symmetries of a square. After distributing paddy paper to each 
student, she 

 When she noticed Karen 
Karen Karen replied that she performed a reflection of the square. It seemed that the geometric 
behavior of the square served to offload information because rather than write down each 
element of  symbolically, the students could visualize the group  in the material world. 

Following this, the instructor encouraged students to look at the Cayley table for  in Group 
Explorer (Carter, 2006), to find patterns in the table, and to reflect on the meaning of the 
simulation they had just completed. As the students worked in groups, David realized that,  
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looking at this [  Cayley table]  
here. And earlier in class, we were talking about, the cool ones are almost 

now we are 
realizing that if they have the same number of things like they are kind of subsets, 

orphism to 
your subgroups or subsets [cosets] and the homomorphism [image] is 
isomorphic to  (see Figure 5a). 

 
It appeared that David visualized the FHT. Then, Cam also excitedly changed tabs in his 

browser to visually show a case of the FHT in a map from  to  because 
[ ] into the nine squares and there is a homomorphism to this one [ ] see Figure 5b). 

 

Figure 5a.  is homomorphic to 
 

Figure 5b.  is homomorphic to 

Discussion and Implications 
We situate our findings within existing approaches for the teaching of abstract algebra and 

discuss how gesture, along with other embodiment types, supported shared classroom 
understandings and helped strengthen the classroom community. 

Early instructional design research in abstract algebra was based on actions, processes, 
objects, and schemas theory (Dubinsky et al., 2001) and the activities, classroom-discussions, 
and exercises cycle (Asiala et al., 1997). More recently, an inquiry-oriented curriculum was 
developed by the Teaching of Abstract Algebra for Understanding research program, which 
adheres to the principles of guided reinvention and realistic mathematics education (Gravemeijer 
& Doorman, 1999; Larsen, et al, 2013; Larsen & Lockwood, 2013). Similar to existing 
approaches on the teaching of abstract algebra, the instructor in this research study facilitated 
informal activities before presenting formal definitions, theorems, and proofs. Her approach is 
novel because she integrated all four types of embodiments described by 
framework, which also appeared to support student learning in the four ways Nathan described.  

Alibali, et al. (2019) drew from a compilation of their research to describe three cases 
illustrating how teacher gestures can create  
In the first case, students sat at their desks so that they were 
of their utterances, while the middle school 
The teacher regestured  by pointing at symbolic 
referents to ensure their interpretation was consistent with the student s intentions before moving 
on. In the second case, Alibali et al. (2019) identified a variation of gesture by a high school 
geometry teacher who silently gestured over inscriptions located at the board as a student spoke 
from the third case, both the college teacher 
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and student  (an electrical breadboard). Here, the teacher 
pointed to connect the the electrical breadboard to symbols in a 
truth table. The instructor from our research study used gesture to establish common ground and 

in ways that overlap with and extend Alibali et al.  (2019) three 
cases. Specifically, the instructor used various types of gesture (besides pointing), she combined 
gesture with simulation, and her gestures supported student participation.   

gestures that 
to the left, right, and center in relation to each other differed from the three cases described in 

 (2019) work on establishing common ground. Compared to the teachers from 
Alibali et al., this instructor did not sole use pointing gestures; she also used representational 
gestures, while describing conjugation. Alibali and Nathan (2012) refer to the merging of iconic 
and metaphorical gestures as representational gestures. McNeill (2005) categorized metaphoric 
gestures as those which indicate images of an abstract concept such as holding a function in 

 a
. The instructors  gestures along with simulation closed the distance between 

students and referents because students were the res. Students 
responded to her gestural description of conjugation by creating a sign: physically standing to the 
sides of one another. representational gestures, thus, created common ground 
because students responded with the physical action of standing beside each other and the 
instructor could ensure that her students understood what she meant by checking that their 
embodied sign aligned with her knowledge of the conjugation operation.  

Nathan (2022) believes communities are helpful for learning because they leverage cultural 
tools and practices as a means of collaboration. The way that students followed the 
descriptive gesture of conjugation by developing their own tool (the sign of standing beside each 
other to conjugate) is an example of how gesture can strengthen a classroom community and, 
thus, establish common ground. Through creating and implementing their own sign, studen
ideas were positioned as significant and actively used by each other to communicate and work as 
a team. The entanglement of gesture and simulation illustrates how gesture along with other 
embodiment types can help establish common ground because the entire class adopted a shared 
sign, which naturally prompted and reinforced shared understandings.  

After the simulation ended, the whole class sat at their desks and 
cases described in Alibali et. al.  (2019) findings on how 

gesture is implicitly used by teachers to create common ground, this instructor explicitly stated 
that establishing common ground was her purpose for regesturing. This made the 
intentions clear to her class. The instructor used both pointing and representational gestures to 
review the significance of the simulation. During her recap, students asked why the order of the 
kernel divides the order of the group. Student questions suggest that when the instructor 
explicitly stated that her goal in gesturing was to review, she invited students to engage in 
reflective practices and students felt that they could ask for help establishing common ground.   

Our study provides examples of how embodiment could be integrated in abstract algebra 
classrooms. In response to Johnson et al. (2020), we believe incorporating embodiment can 

contributions are supported. Future research may entail creating an embodied curriculum (Wang 
& Zheng, 2018) and developing embodied simulation activities for abstract algebra using 
unrefined human experiences, genuine relationships and collaborations, adjustments tailored to 
the  expertise, and scenarios that embody real-life experiences.  
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8&A8-()!eaE!a#*!)8&(!-&A8)Q,0.((!G#%-0L!)8-!G&'&G+G!.>-*.A-!0.)-')!,0.((!1#()-*&#*!1*#M.M&0&)?!&(!
UE^iUL!$-00!.M#>-!)8-!G&'&G.0!)8*-(8#0%\!-')*#1?!$.(!UE^fL!$-00!.M#>-!)8-!E]U!().'%.*%!,+)!#NN\!
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!"#$%&'(&)*"$+",-./&0$"11&12$+,-2.1(&
!"#$%& ''& ()*& +)*& ,!& -!& +.&
/& 012345671& 35892633& 39/8:645& 1/85/63& 464$;19& 86888&
7& 0139::659& 37/8/6/5& 39319684& 1425:6/4& 167$;19& 86888&
5& 013771652& 37145647& 3914761/& 12:82644& 36:$;17& 86888&
9& 0132:/627& 3/523651& !"#$%&'!& 1225867:& (&')*$+& ,,$+&##&
:& 013391627& 3/733652& 391:269/- 1214365& 962$;15- 86888-
18& .$!#''&'%& !+($$&(+& 3917967:& $!%$(&(!& 1617$;1/& 00&
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*.,-QA-'%-*!A*#+1(\!)8.)!&(L!)8-!,#'%&)&#'.0!1*#M.M&0&)?!#N!.!1.*)&,&1.')!(-0-,)&'A!*-(1#'(-(!A&>-'!
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!"#$%&3(&45-617+"8%9&,%1,1&
& <!& #=& :&>#?& *"@ABCD6&
"&;2&<2+=&28&>2+$9&<2+=&1+::28,&??61,<$%&:2$-0-%1&-.@&

EAF#$@A&>#GCHHC"@H& 11365& 14& I&86881& 1J&2J&4J&5&
.>KF%AL&MCBC@N& 1236/& 14& I&86881& 1J&4J&5J&9&

"&;2&<2+=&28&>2+$9&<2+=&1+::28,&;)A&1,",%B%.,1&#<@&
O$P>BAG$@AH& 12462& 14& I&86881& 1J&4J&5J&9&
)@HACAFAC"@H& 12/64& 14& I&86881& 1J&4J&5J&9&
QB"=$HHC"@>%&H"KC$AC$H& 17362& 14& I&86881& 1J&4J&5&

#&R=="BAH&A"&C@KB$>H$&#CS$BHCAL&>B$&TUV&="B&GL&=C$%#& 19561& 14& I&86881& 1J&2J&4J&5J&9&
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Introduction 
Dreyfus (1999), Selden and Selden (2015), and other researchers have argued that many 

aspects of proof remain implicit in undergraduate teaching and learning. Consistently
share of proof research can be reframed as students grappling with new mathematical rules that 
are not as explicit as they could be (e.g., Balacheff, 2008; Harel & Sowder, 2007; Moore, 1994; 
Selden & Selden, 1987; Weber, 2002). Overall, the shift to proof-based mathematics requires a 
fundamental change in the rules of argumentation and justification. Kjeldsen and Blomhøj 
(2011) maintain that developing appropriate rules for activities of this sort is indispensable for 
mathematics learning. In the context of proof, such rules can be associated with deductive 
reasoning, propositional calculus, logic, and generally accepted proof-writing conventions. 
Accordingly, we propose that a direct engagement with the rules of proving (RoP hereafter) is of 
didactical value to newcomers to proof-based mathematics. This study comes from a larger 
project that explores how newcomers articulate, apply, and make sense of RoP while making 
their first proving steps. 

Background 

by means of one or several examples to support general statements, [and] this phenomenon is 
persistent in the sense that many students continue to do so even after explicit instruction about 

 Another occasionally reported issue 
pertains to logical circularity. In abstract algebra, Selden and Selden (1987) found that some 
students use one version of the conclusion of the assigned statement to prove an equivalent 
version of the same conclusion. Additional findings of a similar type have been reported in the 
literature (e.g., Weber, 2002).  

Emerging from cognitive studies, these findings are often framed  errors 
and misconceptions since they have to do with proof validity. We adhere to the social 
perspective on proof (Stylianides et al., 2017). Within this perspective, the findings can be 
viewed as deviations from the rules that are broadly accepted in professional 
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mathematics communities. And while it is not rare for mathematicians to disagree on proof-
related issues (e.g., Lew & Mejía-Ramos, 2020), abiding by such rules as modus ponens and 
propositional calculus is likely to be expected in all communities that practise proof. 

Generating proofs that abide by these rules requires additional rules that are less universal. 
For instance, Stylianides (2007) argues that in a classroom, a proof uses accepted statements and 
employs forms of reasoning and expression that are known to, or are within, the conceptual reach 
of the students. Accordingly, proofs can vary depending on what each classroom renders 

, , . Furthermore, guidelines are needed to 
compile mathematical statements, forms of reasoning and expressions into a proof that the 
classroom community will endorse. In terms of Yackel and Cobb (1996), RoP of this kind are 
not very different from 
mathematical explanation and justificatio  While using different terms, Dreyfus 
(1999) discusses instances where students grapple with such community-specific rules in the 
context of Calculus and Linear Algebra. The instances contain explanations and proofs that 
Dreyfus describes as insufficient: they present computations without accompanying 
explanations, draw on theorems without spelling them 
and  

The findings overviewed in this section come from research where students did not follow 
RoP that the researchers viewed as conventional. This study endorses an anti-deficit approach 
that foregrounds productive resources that all students bring to mathematics learning. The 
approach takes time and imperfect articulations of mathematical 

p. 416
deviations from conventional rules as a marker of their ongoing transition to proof-based 
mathematics. We also see value in encouraging students to notice and reflect on such deviations 
as a stepping-stone towards the conventional RoP (e.g., CUPS, 2004). This study aims to 
delineate RoP that newcomers to proof-based mathematics find challenging.     

Commognitive Framework 
We follow in the footsteps of previous studies that mobilized the conceptual and analytical 

potential of commognition to study university engagement with proof (e.g., Brown, 
2018 Kontorovich, 2021, Kontorovich & Greenwood, 2022; Kontorovich et al., 2023). 
Commognition construes mathematics as a discourse. Discourses are defined 
of communication, set apart by their objects, the kinds of mediators used, and the rules followed 
by participants and thus defining different 
p. 93). Then, learning is a process through which  communication starts abiding by the 
rules of the target discourse.   

Proof and proving concern endorsable narratives narratives that can be rendered as true 
-

being dependent on what participants find convincing, routines 
of substantiation are probably the least uniform aspect of mathematical discourses. The very term 

p. 231 232). Indeed, the 
mathematics community has been revising these interpretations of what constitutes endorsement 
throughout history (e.g., Kleiner, 1991)

This manipulation unfolds as a 
sequence of utterances (or proof components ,
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according to some generally accepted rules (e.g., modus ponens). In this way, we associate RoP 
with intradiscursive principles for endorsing true mathematical statements and rejecting false 
ones. Colloquially speaking, these rules pertain to 
(Bauersfeld, 1993, p. 4). 

Commognition distinguishes between object-level rules and meta-discursive rules (or 
metarules for short). The former rules attest to the properties of mathematical objects and take 
the form of narratives on these objects (e.g., the product of rational numbers is rational ). 
Metarules focus on how discourse participants formulate and substantiate object-level rules. 
Thus, RoP are meta-discursive by definition. Metarules are often enacted tacitly. Once a rule has 
been captured in words (i.e. when a rule-narrative is generated), commognition refers to it as 
endorsed by the interlocutor (Sfard, 2008). In this study, we scrutinize RoP that newcomers to 
the discourse of proof-based mathematics endorse.  

The Study 
Our participants were 

ly 
motivated and academically inclined students (usually 17-year-olds) in their final year of high 
school. As part of this program, the students take a special semester-long mathematics course 
that gives ematics or engineering. 

Proofs play a marginal role in New Zealand school mathematics (Knox & Kontorovich, 
2022). The first part of the course ushers students into proving, while leveraging their familiarity 
with different kinds of numbers. In the first two lectures of the course that we studied, the 
instructor 
true. -class discussion 

.  In the following three lectures, he introduced 
selected properties of real numbers (e.g., distributivity) and illustrated how these could be used 
to derive additional properties (e.g., ); the illustrations were discussed as instances 

.  In these lessons, the instructor shared many proof-related insights and 
guidelines, including: examples do not prove universal statements, avoid circularity, start with 
true things, delineate the statement to be proved before proving it, the scope of the introduced 
variables should be defined, use words to explain the proof (not just formulas), avoid proofs that 
prove without explaining. In the last section, we draw on these insights and guidelines to reflect 
on RoP that students endorsed. 

A scriptwriting task was designed to pursue the aim of this study. In tasks of this sort, 
students are provided with a thought-provoking prompt and asked to offer a resolution by 
scripting a fictional dialogue between made-up characters (Zazkis et al., 2013). Research has 
used scriptwriting (e.g., Gholamazad, 2007). Brown (2018) 
argued tha
affords students a way to make their thinking visible and fosters reflection. In turn, researchers 
get access to proof-related aspects that students render important.  

The course instructor and the first author collaboratively developed a scriptwriting task to 
provide students with opportunities to engage with RoP and collect data (Kontorovich & Bartlett, 
2021). Figure 1 presents the task eventually developed. It was embedded in an individual 
homework assignment together with proof-requiring problems that are typical to transition-to-
proof courses. 

The second author  (Liu, 2018). The 
analysis started with an overview of the 74 scripts that were collected to develop a general 
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impression of whether they pertain to RoP. This process converged into 61 submissions, which 
underwent a thematic analysis (e.g., Braun & Clarke, 2006). The initial themes were iteratively 
separated and merged to develop general categories and descriptions of rule-narratives that the 
students generated through the voices of characters that represented them in their scripts 
(Student-characters, hereafter). This process combined deductive and inductive techniques as the 
initial 

-narratives, we distinguished between the restricting and the guiding 
version of a rule: the former posited that something should not be done, while the latter offered 
guidance for how proving should be pursued. 

 
Figure 1. A scriptwriting task1 

Findings 
This section presents six categories of the most common rules that emerged from analyzing 

. We use rule-like formulations for the first five kinds due to the high 
consistency of the rule-  Next, we elaborate on each kind 
and illustrate it with representative examples cripts. 

Examples are insufficient to prove a universal statement 
This type of rule featured in 16 scripts. -narratives stressed the 

insufficiency of drawing on specific examples to prove a universal statement that pertains to 
infinitely many cases. For example, one script revolved around the statement that the product of 
two rational numbers is rational. To prove it, multiplied the rational  and 

 to obtain , which he identified as a rational number. The Student-character did not disagree 
with the rationality of the product, but he did not accept that this substantiation can be endorsed 
as a proof. Specifically, the Student-character generated a rule-

other 
scripts, the Student-characters explicated the insufficiency of supporting examples by stressing 
that Some rule-narratives highlighted that 

claim i  Guiding rule-
 

 
1 The task refers to a famous tiling chessboard problem   
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Failures to produce an example are insufficient to prove a non-existence statement 
Six scripts highlighted the insufficiency of failing attempts to exemplify a non-existence 

statement to be considered as a proof. Consider an excerpt: 
Friend- character: When I was attempting the chessboard problem, I tried to manually place 

rectangles onto the box and 
unsolvable. 

Student-character: When you tried to place rectangles on the board, it only proves the 
But there are many different arrangements which can 

be attempted, and the result of one cannot be assumed to be the same as all the others.  
In this exchange, we see the Student-character generating a rule-narrative, positing that the 

 in covering the board does not account for all possible arrangements. Then, 
her attempts cannot be viewed as a valid proof that the board cannot be covered. In the first part 
of her submission, the same student wrote specific arrangements] showed 
that they could not fit, but it did not prove the problem is Another Student-character 
argued that . In 
this way, other Student-characters also stressed that specific attempts to generate examples for a 
non-existence statement does not extrapolate to other possibilities. Contradiction-based guiding 
rules-narratives appeared in three scripts in this category. 

Deriving a true claim from a statement does not prove it 
This type of rule emerged from seven scripts where manipulated the 

assigned statement until the obtainment of a true claim. Then, it was interpreted as a warrant that 
the initial statement has been proved. For instance,  drew on her deriving 

(and never explicated statement) was true. But the 
Student-character and ] you definitely cannot say 

 In what appears as an attempt to replicate this approach, the Student-
character wrote This move 
illustrated that a deviation from the focal rule opened the door to the endorsement of false 
statements. Similar rule-narratives featured in other scripts, arguing that 
the claim and manipulating it to reach a true conclusion does not prove that it is true.  Instead, 
four scripts contained guiding rules, suggesting one should  what you know is truth.  

A proof must contain no invalid moves nor false claims 
This type of rule grew from 12 scripts where conducted a 

mathematically invalid move to prove a statement. These moves included multiplying both parts 
of the equation by zero, manipulating with infinity and  like these were real numbers, and 
building on false assumptions that steered proving towards a problematic course. 

To diversify the scope of illustrations, we refer to a script where this rule was enacted silently 

without being endorsed.  
by first showing that the exponent is irrational, and then proving that a rational number raised to 
an irrational power is irrational. The Student-character -
exemplifying the second step. In this way, the scriptwriter implicitly suggested that building on a 
false assumption disqualifies the proof. Other students were more explicit regarding this rule. In 
one script, the Student-character 

another submission, a student 
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which tacitly foregrounds the focal rule. A guiding rule-narrative featured 
in a single script, and it suggested  

A proof should not include circularity 
This type of rules emerged from six scripts where a drew on the 

assigned mathematical statement or some variation of it within the proof itself. Then, the 
Student-character called out this circularity, arguing that it disqualified the proof. For instance, in 
one script, friend  attempted to prove that the sum of irrational numbers is irrational. As part 
of it, they defined the irrational  and , and sequentially relied on the irrationality of 

 the Student-character responded with a rule-
you cannot make assumptions based on the claim [since you] are proving 

rule-narratives that the students generated included 
 

you are trying to prove that the product of two rational numbers is also rational. So how can you 
say that  is rational, since this is the fact you are trying to prove [  and  were previously 
assumed to be rational]?  Only in one script, a Student-character proposed a guiding rule, calling 

  

The rules of proof layout 
This category emerged from 18 scripts. The rule-narratives that the students generated in 

these scripts were diverse, and we sub-divided them into four types: (i) the statement to be 
proved should be explicated, (ii) the numeric sets of the introduced variables should be specified, 
(iii) the proof moves need to be explained, and (iv) sub-narratives constituting a proof should be 

regard the layout of different proof components. Note that all these rules are guiding.   
Table 1. Rules of proof layout 

Sub-categories of the rules  
(i) The statement to be 
proved should be 
explicated 

that other 
readers and markers can understand what you are trying to 
do. Plus your conclusion may not make much sense without 

 
(ii) The numeric sets of the 
introduced variables 
should be specified 

 something is rational, you say it 
 where  you say  

(iii) The proof steps need 
to be explained 

-by-step 
 

(iv) Sub-components of a 
proof should be proved 

We cannot just assume that  is irrational. You must prove 
 

We notice the categorical tone of the rule-narratives in this category, implying that the rules 
are unambiguous and can be enacted straightforwardly. This appears to be the case for (i) and 
(ii). Regarding (iii), in some scripts, Student-characters  and 

s. This afforded students to maintain that a proof that 
discussing how wordy  a proof should be. 

The issue of ambiguity is also relevant to rule (iv): what mathematical claims can be used 
without any substantiation, and what claims need to be proved separately? Indeed, one script 
revolved around the rejection of the sum of rational numbers is rational.  There, the Student-
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character criticized a counter-example where  was treated as an irrational number without 
explicit proof. Then, the same character suggested using  
irrational number and What makes this script interesting is that in the course, 
neither the irrationality of  nor the rationality of  were proven, but the student still 
endorsed these numbers as such. 

Summary and Discussion 
Building on the literature and the commognitive framework, we argued that direct 

engagement with RoP is of didactical value to students in transition to proof-based mathematics. 
To trigger this engagement, we asked students to script a fictional dialogue about a proof-related 
mistake that they experienced. We used the  scripts to explore the metarules that 
newcomers to proof can find challenging.   

The analysis resulted in six kinds of rules, none of which are foreign to the mathematics 
education literature. The innovation is in their epistemological status: while in most studies, the 

 Selden & Selden, 1987; Weber, 
2002), in our case, the students were the ones to position these rules as something that a 
mathematical proof must avoid or abide by. Many students went beyond the rule formulation to 
illustrate, elaborate, and substantiate these rules. Accordingly, a key contribution of our study is 
in showing that newcomers can not only struggle with proof, but also communicate about it on a 
meta-level after a relatively short acquaintance period. That said, we acknowledge that our 
findings come from a special cohort that is hardly representative of a broader student population. 
Thus, we call for further anti-deficit research into how students learn RoP.  

Sceptics as 
they could  be drawing on what the course instructor demonstrated. Indeed, the overlap 
between the instructor  rules cannot be ignored. However, even if the sceptics are 
correct and this is how came about, we argue that it is legitimate and even 
expected. Indeed, Sfard (2008) maintains that transitioning to a new discourse is impossible 
without a ritual phase, where learners imitate the discourse oldtimers. To do so, the students still 
needed to craft relevant proof attempts, generate their versions of rule-narratives, and apply them 
in a different context. Currently, we are developing an analytical framework to distinguish 
between cases of rigid imitation and agentive application of RoP. Overall, the identified overlap 
draws attention to the impact of proof instruction on  communication about proof.      

Each RoP can be captured in a guiding or in a restricting form. However, most of our 
participants adhered to the latter rather than the former. This result may be a side-effect of the 
assigned task: asking about a mistake may have nudged students to emphasize what is not 
supposed to happen in a proof. Alternatively, many guiding rules are based on deductive 
reasoning, communication about which requires a special vocabulary that the students may not 
yet possess. Accordingly, it could be interesting to ies to 
generate guiding and restricting rules develop in parallel. 

We must be cautious when offering implications based on this exploratory study. Yet, we 
hope that its findings will encourage instructors to consider locating RoP at the center of their 
proof teaching. Furthermore, 
emerging RoP: a carefully designed task can mirror the rules that students find challenging or 
ambigous, and can also point at the rules that currently   
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!"#$%&"'(learn about function composition, , in secondary school. From two given 
equations, one might identify the composite function algebraically via substitution, . But 
what about when functions are given as graphs? This study aims to explore how students were 
able to reason geometrically about composing functions. We identify common types of resultant 
graphs participants generated in trying to sketch the composition of various graphically-
depicted functions, and the common types of reasoning we infer those participants engaged in 
while doing so. The results generate both questions, and hypotheses, about how best to support 

 and diverse  meanings for composing functions.(

)%*+,-$'.!"#$%&'($!%()*(+'&'($,!-./*0+,!-1()1&.'%!.1/+($'$-!

Students are exposed to function composition in secondary school (cf., CCSSM, 2010). 
Primarily, they are taught that   meaning, for two functions defined by 
equations, one can procedurally determine the composite function via algebraic substitution. 
Additionally, in the context of inverse functions, secondary school students are taught that 

. Yet, such algebraic approaches are limited in their ability to 
develop sufficiently deep mathematical understandings of function composition. In this study, 

functions. 

Background and Framework 
In this study, we seek to answer the following research question: In what ways do students 

graphically respond to function composition tasks? 

Function and Function Composition in Extant Literature 
Much literature in mathematics education has been devoted to the function concept. This has 

included characterizing its essential abstract features (e.g., Freudenthal, 1983) and debating them 
(Mirin et al., 2021), considering its place in the school curriculum (e.g., McCallum, 2019; 
Paoletti & Moore, 2018), the notation we use for it (e.g., Paoletti et al., 2018; Thompson & 
Milner, 2019; Zazkis & Kontorovich, 2016), and studying how students and teachers understand 
and conceptualize it  including inverse functions (e.g., Breidenbach et al., 1992; Even, 1990; 
1992). -valued functions (from  to 

) through the notion of covariational reasoning (e.g., Paoletti & Moore, 2017). In this context, a 
deep understanding of function demands students understand how quantities co-vary together  
meaning, how changes in one quantity correspond to changes in the other quantity. However, 
studies have shown that students have difficulties in understanding the relationship between co-
varying quantities and their graphs (e.g., Carlson et al., 2002; Schoenfeld, 1985). It can be 
concluded that there is a rich literature base for functions  including inverse functions. 

Yet when it comes to function composition, very little exists. Much of the literature about 
composition of functions is in relation to calculating derivatives via the chain rule (e.g., Clark et 
al., 1997). In terms of covariational reasoning, function composition requires students understand 
how the quantity represented by the variable  covaries with the doubly-transformed output 
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, but this has been a minimal focus in terms of research (e.g., Moore & Bowling, 2008). 
Perhaps the study most closely related to function composition, on its own, was Ayers et al.
(1988) exploration of using computer programming to help students develop the notion of 
function composition. In sum, there is a dearth of literature on function composition (especially 
in comparison to that about the function concept)  and none of it has considered it through a 
geometric lens. The study in this report aims to address this gap in the literature. 

Geometric and Algebraic reasoning 
A key premise underlying this research is that algebraic and geometric reasonings are 

different, where each provide distinct conceptions that are complementary for developing deep 
mathematical meanings. Broadly speaking, algebra is a mathematical field that examines 
particular structures, based on a set of objects (e.g., ), and a binary operation(s) defined on 
them (e.g., ). Whereas geometry explores spaces that are related with distance, shape, and size 
(e.g., the Euclidean plane). To highlight this difference, a function, algebraically, is often 
characterized by its equation, e.g.,  (i.e., the structure of the set of points included 
in the relation); whereas, geometrically, we depict a function as its graph (typically in the 
Euclidean plane), e.g.,  is a line. Moreover, not only do these fields explore different things, 
but key ways of reasoning differ between them. Driscoll et al. (1999; 2007), for example, 

 In our context, for simplistic 
purposes, we use geometric reasoning to mean reasoning that relies on figures and shapes in the 
plane and their properties; algebraic reasoning, by contrast, would rely on equations. 

Beyond just the ways we might think about functions from school algebra, abstract algebra 
provides yet another point of connection to function composition. A primary connection for 
prospective teachers between abstract algebra and school mathematics is recognizing how 
functions and inverse functions are situated within their group structure (Wasserman, 2016). 
Notably, this structure is related through an operation on functions  namely, function 
composition. That is to say, in order for teachers to genuinely understand this mathematical 
connection between their university studies and the mathematics they will teach, they need to 

as an operation. They need intuitions, tools, ways of reasoning, and so forth, in order to be able 
to consider 
functions  even if those functions are given as graphs. Dreyfus and Eisenberg (1983) pointed 
out that without a formula, the graphical representation of function has very little meaning for 
most students entering calculus. This can be challenging, even for the mathematically adept.  

Methodology and Data Sources 
As a way to explore how students reason geometrically about function composition, we had 

(n = 143) university students in two mathematics and mathematics education programs 
(primarily from precalculus classes) sketch what they thought the composite function  
would look like, primarily based on two given graphs of functions.  

Task Design 
On Desmos, participants were asked to sketch, using digital tools and within a limited 

timeframe (30 seconds, to capture their intuitions and reasonings), the composite function 
 for six pairs of functions. The majority of these pairs were represented only graphically 

(Figure 1 displays an example Desmos page; Figure 2 displays the other 5 tasks). The purpose in 
providing participants with somewhat unusual, and non-algebraic forms of the functions, was to 
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deter them from immediately converting to an algebraic equation to complete the composition. 
Doing so increased the likelihood that students would have to try to reason about function 
composition geometrically based on the shapes of the graphs. In the last two tasks, functions 
were given as an equation, and as a table, as a point of comparison. In the complete study, 
participants: i) give an initial sketch within 30 seconds; ii) provide a written explanation for how, 
and why, they sketched the composite function the way they did; and iii) had a final opportunity 
to go back and modify any of their original sketches. In this paper, we analyze just their initial 
sketches.  for the tasks in this paper, in part 
because it was uncommon for participants to sketch the correct graph but also to point out the 
genuine challenges of reasoning geometrically about function composition to the reader.  

 
Figure 1. Task 2 in Desmos 

Task 1 

 

Task 3 

 

Task 4 

 

Task 5 
 
 

 
 

 
 

   

Task 6 
(Presented in Table form) 

 

 

 
Figure 2. Given functions for Tasks 1, 3, 4, 5, 6 

Analysis and Coding 
Our analysis identified normative types of graphs, and processes for sketching those graphs, 

that were shared across participants. Notably, we aimed to create categories that could be applied 
across the entire set of tasks, although a few categories were specific to particular tasks. We 
anticipated these to include both incorrect and correct resultant graphs of composite functions, 
and a diverse range of reasoning students may have used to approach this sketching. We 
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generated and refined all categories of coding as a group; when there were uncertainties in how 
to code a graph, we resolved such cases together and made refinements to categories as needed. 
As a rule of thumb, given that these were sketches, using a digital tool, we were reasonably 
lenient in trying to give students appropriate credit for their resultant graphs. 

Due to space constraints, we do not include all codes used in our analysis. However, Table 1 
provides codes and definitions for the majority of codes  and, in particular, those we report on 
in this paper. Clarifying examples are given in the results section. 

Table 1. Codes for analyzing data 

Code Description of the composite function  sketched 
BLANK No graph 
DOUBLE Both graphs on top of each other 
ONE One of the graphs 
ONE-T One of the graphs, but with some basic transformation 
MIXED HALF Half of one graph put together with half of other graph 
MIXED PROP One graph put together with property of other graph 
INVERTED Correct graph of  
CORRECT Correct graph of  
Y=X Graphed the line  
OTHER Some other graph 

Results 
Table 2 provides an 

sketching the composite function on the six tasks. Notably, we only report on the codes given in 
Table 1, so most, but not all (n = 143), of  Then, we look more 
carefully at results from the three types of tasks: (i) given graphs (Tasks 1-4), (ii) given equations 
(Task 5), and (iii) given tables (Task 6). 

Table 2. Summary of data on Tasks 1-6 

Code Task 1 Task 2 Task 3 Task 4 Task 5 Task 6 
BLANK 20 24 26 25 24 33 
DOUBLE 26 22 31 34 19 26 
ONE 10 12 10 15 10 26 
ONE-T 31 16 17 19 5 0 
MIXED HALF 2 6 12 8 4 1 
MIXED PROP 9 26 12 12 0 0 
INVERTED 1 0 0 2 3 0 
CORRECT 7 5 1 4 27 3 
Y=X 0 0 0 0 25 0 
OTHER 27 27 30 20 24 48 

Given Graphs 
In Tasks 1-4, students were given graphs of  and  and asked to sketch the 

composite function. Although there are some differences between the four tasks, for the most 
part, we observed consistent themes in the different ways students approached these tasks. As a 
primary, overall result, students had very limited success in reasoning geometrically to produce a 
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correct composite function. Only 3% of the responses (17 of 572) were correct, whereas roughly 
35% were left blank  or given some other  unusual response. (All percentages given in this 
section are across all responses to Tasks 1-4.)  

More interesting are the results for the different ways students appeared to reason 
geometrically about the result of composing two given graphs. Although we saw both DOUBLE 
and ONE codes on the tasks with given equations and tables, these were prominent ways of 
reasoning geometrically as well; and the transformation of one (ONE-T), and the mixing of both 
graphs (MIXED HALF, and MIXED PROP) were almost entirely observed in the graphical 
context. 

The DOUBLE category was reasonably common (20% of responses)  meaning, participants 
frequently understood to be simply 

Participants also opted to just graph ONE of the graphs in about 
10% of responses. Figure 3 gives a characteristic image for both of these from Task 2.  

(a) DOUBLE 

 

(b) ONE 

 
Figure 3 ,  

Other common responses  and, in this case, ones there were mostly particular to the 
functions being given as graphs (Tasks 1-4)  had to do with modifying one or both functions in 
some way based on graphical features. This sort of geometric reasoning was how students 

 For the ONE-T code 
(15% of responses), some students took one function as the base and then applied some 
transformation to it. Figure 4a shows one example, from Task 2, where a student took the initial 

 function (approximately square root) and then translated it by a vector of approximately 
, likely inspired by the step function going over one and up one. Although this is one 

example, there was quite a variety of different sorts of transformations included in this category 
 sometimes reflections, rotations, etc. For the MIXED HALF code (5% of responses), rather 

than graphing both functions at once, some students took half of one and combined it with half of 
the other to create a function   Figure 4b shows an example 
(also from Task 2). The MIXED PROP code (10% of responses) was one in which students 
applied a property of one function to the other function. As an example (from Task 2), Figure 4c 
shows one student who took , and 
applied it to the  function (approximately square root), to create a dashed square root graph. 
Again, there was a lot of diversity in the property being applied within this category  e.g., the 
domain of one was applied to the other, the pointiness of an absolute value function applied to 
the curves of the other, and so forth.  
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(a) ONE-T 

 

(b) MIXED HALF 

 

(c) MIXED PROP 

 
Figure 4 -

reasoning 

Given Equations 
For Task 5, with two given equations, we point out two major results. Participants had the 

most success correctly plotting the composition of two functions given their equations (19%), 
which was significantly more than on any other task. One of the unique aspects of Task 5 was 
that the two functions would also have been known to be inverse functions. This may have 
simplified the task somewhat, as the output should be the function . But a particular 
nuance of this task is that the correct answer for the composite function is   it is 

 only on a restricted domain ( ), and then with the reflective symmetry of the squaring 
function applied to it. Hence, these participants likely did more than just algebraic substitution to 
come up with their sketch. Another 18% of responses just graphed the line , likely drawing 
on just their algebraic sensibilities. (This Y=X code was unique to this Task, as inverse functions 
were not given in any of the other tasks.) 

Given Tables 
We initially hypothesized that giving two functions in table form (Task 6) might facilitate 

doubly-transforming it through  and then  can be readily accomplished with tables of values. 
This did not bear out in the data. Students struggled to find the composition, with about 33% of 

almost twice as many of this category as on each of 
the other five tasks. 

Conclusions and Implications 
In this section, we summarize some of the important conclusions and discussion points based 

on the data. We highlight three important takeaways for the reader. 
First, as an answer to the research question about the ways in which students reason 

geometrically about function composition, the data suggest students had significant difficulties 
sketching the correct composite function. We reiterate, on tasks where participants were given 
graphs (and tables), almost no students were able to give correct sketches. More were successful 
given equations, but even still, roughly the same number of participants gave correct responses 
as left it blank. This finding suggests that students are not being provided sufficient opportunities 
to learn about sketching composite functions overall, and especially from graphs and tables. 
Moreover, in the results, we described the five primary ways students tried to reason 
geometrically about 
both graphs (DOUBLE), one graph (ONE), transforming one graph (ONE-T), half of one and 
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half of the other (MIXED HALF), and applying a property of one to the other (MIXED PROP). 
Combined, these forms of reasoning accounted for approximately 70% of non-blank responses 
(58% of total responses). 

Second, and perhaps unsurprisingly, students seem to be most familiar with composing 
functions in the context of two given equations  in particular, familiar functions, and whose 
composition they knew how to graph. This is the task in which students had the most success. 
Even still, we saw some of the challenges and limitations of algebraic reasoning in terms of 
producing a completely correct composite function  i.e., simplifying  to be . This suggests 
the importance of having other ways to reason about function composition, specifically including 
geometric ways of reasoning from the graphs and their properties, which might be a useful way 
to avoid such oversimplifications. Although the input-output nature of functions may be on full 
display with tables, it was interesting to observe that students struggled with composing 
functions when given two tables. This generated some possible hypotheses as to why students 
struggled to make sense of the composite function being given tables: i) students experiences 
learning about composition were so strongly grounded in algebraic equations that they do not 
maintain ways of reasoning for composition in other contexts; ii) the discrete nature of the tables 
posed difficulties  because the collections of points, and their composition, would be 
disconnected (or possibly even undefined) on a graph; and iii) the quantified nature of the 
variable  in functions, where, unlike substituting the expression  into  once, the table 
form requires that students complete multiple substitutions  for each  in the domain of , each 
of the  values needs to be substituted into  to obtain the composite collection of points.  

Third, as a final point, we elaborate on why we think these particular findings are important. 
One reason is that the study data collected here document the genuine challenges students face in 
sketching the composition of two functions  in almost any form they are given, but especially 
graphically and tabularly. This finding provides a basis upon which to build future work. It 
suggests students have not been provided opportunities to develop the intuitions, ways of 
reasoning, and tools needed to develop a robust concept of function composition; in particular, a 
way to understand function composition as an operation  something that, in some way, 

A second reason these findings are important is because they 
document the various ways that students might try to reason geometrically about function 
composition. Although most of these are non-normative, and would not result in a graph of the 
actual composite function, they provide a launching point on which instructors can build more 
normative conceptions. Notably, composite functions often do resemble their initial parent 
functions  taking, in some form, some aspect of the shape or properties of those initial 
functions. Third, the findings here point to both the challenges, as well as the unexplored 

s of function 
composition. More work is needed to identify productive intuitions and way of reasoning that 
might be helpful to build on, and to explore representations and digital tools that might afford 
learners an opportunity to develop a rich conception of function composition. In the same way 
that students develop meaningful ways to think about arithmetic operations like addition and 
multiplication, developing ways to recognize function composition as an operation  in a similar 
manner is an important aim in mathematics education  in large part because of the universality 
of the function concept, and the utility of this operation of composing them. 
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Introduction 

Numerous studies show that active, engaging, and collaborative classrooms help students 
learn and persist in college, but adoption of new teaching practices has been slow (American 
Association for the Advancement of Science, 2013; Laursen et al., 2019; Matz et al., 2018). In a 
recent study, observations of 2008 STEM classes at 24 institutions found that most courses were 
primarily lecture-based, with only a small proportion of classes incorporating significant 
amounts of student-centered learning (Stains et al., 2018). Professional development programs 
are one tool intended to help instructors implement new teaching methods and change the status 
quo in STEM undergraduate teaching (Laursen et al., 2019; Manduca et al., 2017). But learning 
whether or not these programs change teaching practices is challenging because typical means of 
measurement, such as surveys, student testing, and classroom observations, all have 
methodological shortcomings and may be difficult to implement (AAAS, 2013; Ebert-May et al., 
2011; Weston et al., 2021).  

While observation data are often perceived as more objective than self-report data from 
surveys or interviews (AAAS, 2013), data derived from observational studies pose particular 
challenges when used in statistical tests, thus complicating the ability to make claims about the 
efficacy of professional development and other interventions (Bell et al., 2012). Some 
observational systems also may lack clarity in their descriptions of teacher and student activities, 
making it difficult to learn how instruction has changed over time and what exactly changed in 
the teaching practices of participants (Lund et al., 2015). Because observation is resource-
intensive, investigators often observe only a small number of sessions, which may not provide a 
representative sample of teaching practices across an entire course (Weston et al., 2021).  

Shortcomings of Segmented Observational Protocols as Dependent Measures 
Segmented observational protocols such as the COPUS and TDOP are employed in 

comparative research designs but pose measurement challenges. Typically, these instruments 
code each 2-minute segment of class time for instructor and student behaviors such as lecture or 
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group work. Difficulties arise in using segmented observational protocols in research studies for 
several reasons. First, the use of single observation codes (such as the proportion of class time 
devoted to lecture) can result in poor and incomplete representation of the complex underlying 
instructional styles occurring in the classroom (Bell et al., 2012). In effect, this can oversimplify 
what is occurring the classroom. Data drawn from a segmented protocol may also have unwieldy 
distributional characteristics. The distributions of many relatively low-frequency codes are 
dramatically skewed, with high numbers of zero observations for any given classroom, and 
skewed distributions are also common when aggregated over multiple classrooms and instructors 
(Tomkin et al., 2019). The distributional properties of segmented observational data may 
necessitate the use of non-parametric tests, which in turn cause possible loss of statistical power 
(Dwivedi et al., 2017). Another concern is the high number of codes generated by segmented 
protocol -scale scores. When 
multiple hypothesis tests (e.g., multiple t-tests) are made in the same study, the true probability 
of making Type-I errors (saying there is a difference when one does
substantially (Abdi, 2007), which can lead to false claims about the efficacy of an intervention.   
 
Shortcomings of Holistic Observational Protocols as Dependent Measures 

Many studies that employ observational data to assess change use the Research Teaching 
Observation Protocol (RTOP), a holistic observational measure (Sawada et al., 2002). Holistic 
instruments ask observers to rate elements of a class such as The lesson promoted strongly 
coherent conceptual understanding. s of instruments often ask for more expert 
judgments of teaching quality versus observations of behaviors (Hora& Ferrare, 2013). While the 
measures derived from the RTOP have high internal reliability and some criterion validity, the 
measure seemed to lack structural score validity in that its proposed sub-scales did not form 
separate factors in the original validity study (Piburn et al., 2000). Those using the measure also 
seem limited in their ability to extrapolate from scores to more concrete descriptions of teaching. 
This is partly caused by the somewhat vague wording of some score range categories that are 
presented in early RTOP validity documents (Sawada et al., 2003) and studies using the RTOP 
for outcome comparisons (Ebert-May et al., 2011). An example would be the score range 

-60 Significant student engagement with some minds-on as well as hands-on 
involvement,  which provides little guidance on what instructors and students are doing in the 
classroom.  This lack of descriptive utility for the RTOP was discussed by Lund et al. (2015), 
who noted that the same score ranges can describe classes with very different instructional 
practices, and teaching descriptions varied even more widely from study to study.  

 
Rationale for Study & Research Questions 

In the current study, we consider two protocols, TAMI-OP and RTOP, evaluating their 
characteristics as measures on their own merits while also recognizing them as typical examples 
of segmented and holistic protocols. These protocols are also distinguished by their descriptive 
and evaluative approaches. In our current study, we worked from a large dataset that included 
observations scored with both the TAMI-OP and the RTOP. We asked if a simplified measure 
formed from a segmented observational protocol, TAMI-OP, could be used with common 
statistical tests and avoid multiple comparisons while maintaining score validity. Research 
questions include: 

1) What are the characteristics of profile groups for classes that can be derived from our 
TAMI-OP observational dataset of mathematics instructors? 
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2) What dependent measures can be derived from the TAMI-OP? 
3) How do the RTOP aggregate dependent measure and the segmented TAMI-OP dependent 

measure function with statistical tests? 
4) How can the segmented TAMI-OP dependent measure be extrapolated to provide 

descriptions of teaching and teaching change? 
 

Methods 
Instruments 

We developed segmented observational protocol called the Toolkit for Assessing 
Mathematics Instruction-Observation Protocol (TAMI-OP) (Hayward et al., 2018). At two-
minute intervals during the class, observers coded for the presence (yes/no) of 11 student 
behaviors and 9 instructor behaviors. We called these categories activity codes or more 
generally, observation items, including codes for Lecture, Student Questions, Group Work and 
Student Presentation among other activities. We also completed the RTOP for a subset of 484 of 
the same classes observed with the TAMI-OP. Both the TAMI-OP and RTOP had adequate 
interrater reliability, generalizability and internal reliability. 
Sample 

Our full dataset contained 790 observations of full classes by 74 teachers, gathered from 
three different research studies related to professional development in mathematics teaching. The 
observation sample from this study includes 15 instructors who taught 278 classes, some pre- 
and some post-intervention. The results for these instructors are used as an example of how these 
measures characterize teaching change but are not meant to offer a formal assessment of that 
program. All data were collected with human subjects approval. 
     The instructors in the combined data set taught a range of mathematics courses at different 
undergraduate levels. Classes included Calculus 1 and 2, Geometry, general education 
mathematics, statistics, and upper division courses for math majors (see Table 3 for full 
description). Class sizes ranged from 30 or less (65%), 31 to 75 (25%) to over 100 (10%). The 
instructors included women and men, experienced and early-career instructors; they taught at a 
variety of types of institutions distributed across the US and used a variety of teaching practices. 
Latent Profile Analysis 

Latent Profile Analysis (LPA) is a statistical classification technique that identifies 
subpopulations or groups within a population based on a set of continuous variables (Spurk et al., 
2020). LPA is similar but preferable to traditional cluster analysis because it offers the ability to 
assess the ideal number of groups in a solution and generate probabilities of group membership, 
which provide estimates of how close any given case is to a profile exemplar (Ferguson et al., 
2020).  

The software R-Studio 3.5.0 was used to conduct a Latent Profile Analysis of the 790 classes 
in our database. The component variables for analysis all used class-level proportions of activity 
codes. While these variables are continuous, most did not form normal univariate distributions. 
We used a Maximum Likelihood (ME) estimation, and tested models with different constraints 
on variance and covariance. Best fitting models used estimation with equal variances and 
covariance equal to zero. No outliers were found or removed from the data, and there were no 
missing data.  
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Results 
We found four reliable profiles that characterized the 790 mathematics classes in our sample. 

We determined the ideal number of profiles through a balance of quantitative fit indexes and the 
logical coherence of the resulting groupings.  We named profiles for the variables that best 
differentiated between groups, resulting in profiles named Didactic Lecture, Student 
Presentation and Review, Interactive Lecture, and Group Work. Figure 1 presents the individual 
averages for each observation code for each profile. 
 

 
    

Figure 1. Individual averages for each observation code for each profile. 

 
We first attempted to derive outcome measures based on the TAMI-OP with factor analysis 

but found resulting dependent measures were not reliable enough to use in analyses. A viable 
outcome measure derived from the LPA was the simple proportion of non-didactic lecture 
classes used by each teacher: Proportion Non-Didactic Lecture (PND). This is a teacher level 
measure that is the number of Non-Didactic classes divided by total class observed for the each 
instructor. For example, the observation data set for a particular teacher may have six out of eight 
classes that fit the profile for the Didactic Lecture profile and two that do not, resulting in a 
proportion of non-didactic classes of PND = 0.25.  

We also examined some of the psychometric qualities of the RTOP-Sum, the dependent 
measure derived from a total of 25 RTOP numerical ratings. The resulting measure showed high 
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internal reliability ( != 0.97), and the RTOP-Sum and the PND had a very high correlation at 
r=0.81. Attempted Exploratory and Confirmatory Factor Analyses did not find that proposed 
RTOP subscales presented as item blocks in the instrument formed separate factors. 
The relationship between the four latent profiles found with LPA and RTOP-Sum scores can be 
seen in figure 2.  
 

 
Note: Numbers in parentheses correspond to RTOP categories: (1) straight lecture, (2) lecture with some 
demonstration and minor student participation, (3) significant student engagement with some minds-on as well as 
hands-on involvement, (4) active student participation in the critique as well as carrying out of experiments, (5) 
active student involvement in open-ended inquiry, resulting in alternative hypotheses and critical reflection.  
Boxplot lines mark the mean RTOP score for each profile.  

 
Figure 2. individual averages for each observation code for each profile. 

 
We applied these measures to a sample data set of 15 teachers and 278 classes that included 

both pre and post observations for the same group of teachers, each of whom provided data from 
the same or similar courses taught before and after a professional development intervention. To 
learn how the PND functioned with basic statistical tests, we conducted a parametric Paired 
Sample t-test and a non-parametric Marginal Homogeneity test comparing pre and post values 
for the PND and RTOP-Sum. We also calculated effect sizes for pre/post gains. The results 
presented in Table 1 show statistically significant results for change in both the RTOP and PND 
measures. While both measures detect significant differences in a pre/post comparison study, the 
RTOP-Sum has a bigger effect size and lower p-value than the PND, indicating that the RTOP-
Sum has greater statistical power in this study. 
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Table 1: Test statistics for the RTOP-Sum and PND measures for pre/post comparison 

Test RTOP-Sum 
(Scale 0  100) 

PND 
(Scale 0  1) 

Paired t-test (one-
sided) 
 
 

Mean difference = 17 
SD = 14.5 
Correlation pre/post = 0.63 
Standard error = 3.76 
t = 4.56, df = 14,  
p <0.001*** 

Mean difference = 0.22 
SD = 0.27 
Correlation pre/post = 0.58 
Standard error = 0.07 
t = 3.1, df = 14,  
p <0.004*** 

Related samples 
Wilcoxon Signed 
Rank Test (two-sided) 

Test statistic = 119 
N = 15 
Standard error = 17.6 
t-statistic = 3.35 
Asymptotic Sig < 0.001*** 

Test statistic = 82 
N = 15 
Standard error = 14.3 
t-statistic = 2.5 
Asymptotic Sig = 0.01* 

Effect size   

Note: significance levels are indicated by p< 0.05*, p< 0.01 **, p< 0.001*** 
 
The descriptive utility of the PND is linked to its derivation from component Latent Profile 

Analysis groups. The separate activity codes and global variables used to form groups were also 
graphed to learn which activities changed from pre to post (not shown here due to space 
considerations). Most codes changed in ways consistent with the goals of the professional 
development in which they participated, with lecture and teacher writing decreasing, and group 
work and student presentation increasing. The average number of activities and balance among 
activities also increased. 
 

Discussion 
Profiles of classes created from Latent Profile Analysis provided four groups, which we 

labeled Didactic Lecture, Interactive Lecture and Review, Student Presentation and Group Work. 
The grouping method was reliable, and we believe these groups represent different underlying 
styles of teaching and learning present in our observations of 790 mathematics classrooms. In the 
Didactic Lecture group, instructors averaged 80% of their time lecturing, usually with little 
question and answer. This contrasted with the three non-lecture groups where students 
participated in more interactive activities such as group work (usually working though problem 
sets), presenting problems on the board, or participating in more back-and-forth dialogue with 
the instructor during lecture and review. Instructors for classes in the three non-didactic lecture 
groups also engaged in more activities in their classrooms and tended to have more balance in 
time devoted to each activity.   
      From the LPA results we created a measure called the Proportion of Non-Didactic Lecture 
(PND) that represented the proportion of more interactive classes, contrasted to didactic lecture 
classes, for each instructor. The value of a measure lies in its ability to summarize data from 
multiple activity codes and other variables into one measure while avoiding the pitfalls of poor 
construct representation, strict reliance on non-parametric tests, and multiple comparisons found 
in many studies that use segmented data (Tomkin et al., 2019). We found that the PND measure 
had some shortcomings caused by its reliance on proportional frequency data. In our wider 
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effects and lacked distributional normality. While most statistical tests are robust to non-
normality (Glass and Hopkins, 1996), comparisons made with small numbers like ours (i.e., the 
pre/post subset of 15 instructors) have less statistical power. In fact, the pre/post statistical 
comparison conducted with the measure showed less statistical power than did comparison with 
the RTOP-Sum, but in our case provided similar statistical inferences as the RTOP about pre-
post change.   

There are several other critical caveats to the use of a measure based on LPA or any other 
clustering technique. The final categorization of classes is dependent on both the sample used 
and the variables included in the model. The ultimate category where classes end up can vary 
given the characteristics of the initial pool of classes and the specification of the model 
(Williams and Kibowski, 2016). Any project also needs a relatively large pool of classes to make 
cluster or profile methods viable. In their overview of LPA studies, Spurk and coauthors (2020) 
found a median sample size near 500; in our study we were fortunate to have a collection of 
nearly 800 classes. It is possible to leverage the earlier work of others; those using the COPUS 
can take advantage of the COPUS Analyzer (Harshman and Stains, 2020) an online method for 
profiling observational data. We also can categorize new classes based on the original clustering 
algorithm. While it may seem obvious, pre and post or participant/comparison groupings (for any 
clustering technique) must be made at the same time and from the same model. Also, the creation 
of an LPA model should be done independently from, and before any type of statistical 
comparison is made. Shopping for the model that creates the largest effect for a comparison 
would constitute a breach of research ethics. 
     Deriving a proportional measure from segmented observational data is also limited by several 
important assumptions. First, there must be enough classes observed for each teacher to form a 
reliable measure, a number that is usually higher than is found in most research studies (Weston 
et al., 2021), and observing enough classes for a reliable measure is resource intensive. Related 
to this are possible interactions between the number of classes sampled for each instructor and 
the probability that rarer classes will show up in the classes sampled. If greater or fewer classes 
for each teacher are sampled from pre to post this can create bias in estimates of teaching change. 
Unequal sampling occurred in our small study because of logistical concerns, ideally pre and 
post samples should be balanced. Second, profiling or clustering solutions must conform to a 
continuum from didactic to interactive instruction. This seems to be a common finding for 
profile studies where a large proportion of classes are didactic lecture (Denaro et al., 2021; Lund 
et al., 2015; Stains et al., 2018). The main limiting factor for some studies may be the small 
number of truly interactive classes observed; in Stains et al. (2018) approximately 25% of classes 
were student-centered, although mathematics classes had the highest percentage of these courses 
(~35%). 
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Animations and Applets 
 

Franklin Yu 
Arizona State University 

 
In this report, I discuss one potential role an applet plays in the context of a teaching experiment. 
Mathematics students are constantly tasked with understanding mathematical notation, which is 
often context-dependent or sometimes loosely defined. While the purpose of mathematical 
symbolization is to help mathematicians communicate concisely, researchers have indicated that 
students have difficulties understanding and utilizing mathematical notation to represent quantities. 
Therefore, examining the mechanisms by which students can refine their understandings into more 
conventional ones can be of value to the field of mathematics education. This study provides an 
example of using applets to help students engage in reflective discourse. The findings of this study 
indicate that giving students a medium to visualize their mathematics can support them in 
understanding what their mathematical symbolization actually represents. 
 
Keywords: Symbolization, Applets, Desmos, Teaching Experiment, Average Rate of Change 
 

Symbolization is an integral part in mathematics to represent quantities and operations. As 
mathematicians, we utilize numbers and symbols to encapsulate information (Pimm, 1991), such 
as  to mean the (instantaneous) rate at which the value of the variable, , changes with respect 
to changes in the value of the variable  Comprehending and utilizing numbers and symbols is 
an essential skill in learning mathematics. However, researchers have indicated that students 
have difficulties interpreting and using mathematical notation to represent quantities (Tall & 
Vinner, 1981; Torigoe & Gladding, 2007; Chin & Pierce, 2019; Begg & Pierce, 2021). 
Therefore, investigating how students develop understandings of mathematical notation is an 
important area of research in mathematics education. Fonger et al. s (2016) study is an example 
of the benefits of examining student learning with a focus on students  representational fluency. 
Their study found that leveraging students  ways of thinking supported their ability to reason 
quantitatively and utilize appropriate symbolization. 
 

Theoretical Background 
When a student engages in symbolizing or interpreting mathematical notation, they have an 

expectation of the calculations they envision and that the parts that compose an expression or 
formula represent a process of quantifying or representing quantities within a situation. This is 
what O Bryan (2018) terms emergent symbol meaning. This perspective is important because 
symbols do not inherently carry meaning; instead, an individual interprets the notation based on 
their conception of the mathematical problem. For example, consider a situation involving an 
arithmetic sum of adding up the numbers 1 through 10 (inclusive). One student might utilize the 
expression  [This would be of the form )] to represent the process of 

adding up the first and last numbers and repeating this process  times (i.e., 1 + 10, 2 + 9, 3 + 8, 

other student might write , to represent their conception that the 
average of this set of numbers is 5.5 (this holds true due to it being an arithmetic sequence), and 
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they can imagine replacing all the numbers with 5.5 and adding those up 10 times (5.5  10). 
Despite using the same numbers and symbols, these students had different ways of conceiving 
the situation. Another student might incorrectly write  because 10 is the highest number of 

the sequence, and they want to find the middle number of the sequence (and thus write ) and 
then add that up 10 times. In this last case, the student can check that their result is incorrect but 
might not have the means to determine why their symbolization of the situation was incorrect 
(and how they might make refinements). This last case highlights the importance of determining 
how we can support students in reflecting on their symbolization and how we might assist 
students in making adjustments when they have an incorrect response. 

One method of helping students reflect on their mathematics is the usage of animations and 
applets. According to researchers, animations can have an enabling function to help reduce the 
cognitive load (Mayer, 2001) and support reflective discourse by focusing the conversation on 
students  understanding (Cobb et al., 1997). One way to enable reflective discourse involves 
having students anticipate what they will see before the animation plays and then explain what 
they see in the animation (Schnotz & Rasch, 2005; Thompson, 2019). 

In this study, I report on a teaching experiment that leveraged Desmos animations and 
applets. Th  is What role does an animation or applet play in the 
context of reflective discourse?  

 
Methodology 

This study was conducted by engaging 2 students in individual teaching experiments on the 
idea of rate of change. The teaching experiment involved six sessions that focused on 
characterizing and advancing students  ways of thinking about rate of change. In this paper, I 
discuss one of the sessions and how the students interacted with a Desmos applet. 

Teaching experiment methodology (Steffe & Thompson, 2000) involves a sequence of 
teaching sessions that include a student, a teacher, a witness, and a camera to record each 
episode. A teaching experiment s purpose is to identify a start and ending point of student 
progress and how students construct knowledge as they progress through each teaching episode. 
The goal of a teaching experiment then is to hypothesize and test models of student thinking. 
The Desmos Activity (a summary of the activity can be seen here: Desmos Activity)  

In the teaching session, students were presented with a situation where a runner traveled 100 
meters in 32 seconds at a varying speed (a non-constant speed). Students were tasked with 

Figure 1: The Desmos Applet for the Runner Task 
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programming a function on Desmos to model the distance of a hypothetical runner that would 
run at the average speeds of the first runner in prespecified time intervals. On the Desmos applet 
(Figure 1) is a slider to vary the amount of time elapsed since the first runner started running 
(denoted by the variable, ). As students vary the value of , the applet shows the value of , the 
distance in meters that the first runner has traveled after traveling for  seconds. 

Students are asked to program a second runner that runs at the average speed of the first 
runner over pre-defined time intervals. Initially, students are guided to split the 32-second 
interval (the total time the first runner took to travel 100 meters) into two equally sized time 

in each time interval as their 
session 

preceding this one, students developed a meaning for average rate of change as the constant rate 
of change that would achieve the same net change in the dependent quantity over the same 
change in the independent quantity. In this session, one goal was to support students in utilizing 
the value of a rate of change to determine how the related quantities of distance and time would 
covary. In this task, students were asked to define a function, , where ( ) represented the 
distance traveled by the programmed runner after traveling for  seconds. Some of the syntax 
needed to define a piece-wise function in Desmos was pre-made for the students to allow them to 
focus on defining a distance function by reducing the cognitive load (Mayer, 2001). As students 
progress through the activity, they are asked to program the runner using smaller and smaller 
time intervals with the eventual goal of making their programmed runner run at the same speed 
as the original runner (the goal is to form a basis for the idea instantaneous rate of change). 

 
Results 

This section discusses how the 2 students in the teaching experiment interacted with building 
the two-interval portion of the task and the role the Desmos applet played in supporting their 
ability to represent quantities with appropriate mathematical notation. 
Scott 

Scott was a first-year computer science major and had no trouble determining the appropriate 
average speeds for each interval. He used the time slider to determine the distance the first 
runner traveled by 16 seconds (67.098) and used this in his average rate of change expression, 

. However, for the next time interval, he wrote  (Figure 2). The 
interviewer then asked Scott what he attempted to represent with his expression. Scott replied 
that  was the first runner s average speed in the second half of the race, and the 
expression  represented an amount of time and together that would give you distance. 
He clarified that he wrote  because we have to worry about this interval and so total 

Figure 2: Scott's Initial Attempt at the Runner Task 
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time, , that means we are taking away the first interval of time.  His explanation suggested that 
he was using  to represent a number of seconds and that he conceptualized  to 
represent a new quantity, the number of seconds elapsed after the first 16 seconds of the race. 

However, what was absent from Scott s second expression was the amount of distance 
traveled by the runner during the first 16 seconds of the race. The interviewer decided to press 
play on the animation to demonstrate what Scott s expression represented in this situation. When 
the time elapsed hit the 16-second mark, his runner jumped back to the starting position. Scott 
was surprised , and he paused to look at his expression, 

 The interviewer then asked him what he attempted to represent and let the 
animation rerun. After watching the animation a second time, Scott remarked that he was 
missing the distance the runner had already traveled and proceeded to add 67.098 to his 
expression. He stated that he realized that his current expression only represented how his 
runner s distance would change, instead of his total distance traveled as time elapsed. 

Throughout the rest of the teaching session, the Desmos applet played a pivotal role in 
supporting Scott in connecting his mathematical expressions with how he imagined distance 
accruing. The Desmos animation provided a visual representation of his mathematical 
expressions, and when the runner jumped back to the start of the race, Scott was perturbed by 
what he saw. Since Scott s expectation of what would happen did not align with what he 
observed, this prompted Scott to reconsider what quantities his symbols represented and then 
refined his function definition to accurately represent the quantitative relationships he intended. 
Having the Desmos animation display the runner s movement and distance from the starting line 
provided Scott with immediate feedback by displaying the quantities being represented by his 
expression. Seeing his programmed runner make an instantaneous jump back to the starting point 
prompted Scott to reconsider how to represent the distance he wanted to model (the distance of 
the programmed runner from the starting line as a function of time elapsed since the start of the 
race); in particular, he recognized that he needed both an expression to represent how that 
runner s distance would vary as time varied, , and the initial distance already 
accrued (67.098 meters) after 16 seconds since the start of the race. 
Hans 

Hans was a first-year aerospace engineering major and in the previous teaching sessions, he 
struggled with associating quantities with a mathematical representation. Initially, during the 2-
interval portion of the task, Hans only wrote the average speed, , and then verbalized that 
he did not know what he needed to write to represent time passing. The interviewer used the time 
slider to show the first runner moving as time passed and asked Hans about how long the first 
runner had traveled for. Hans noted that it was whatever the value of the independent variable 
and then proceeded to add time  to his previous expression by multiplying  to his . He 

repeated this for the second interval by typing in , but he did not attend to  as 
representing the total amount of time elapsed; he also failed to include the distance the runner 
had traveled during the first 16 seconds (Figure 3a). 

For the first issue, the interviewer hypothesized that Hans was thinking rate multiplied with 
time equals distance  and was not yet distinguishing between total distance and distance varying 
within an interval (similar with total time and the amount of time elapsed in the interval). Before 
playing the animation, the interviewer asked Hans to explain what each portion of his expression 
represented. Hans identified the average speed for each interval and the amount of time elapsed 
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and then noted that all together, it represented a change in distance  (Figure 3b). Afterwards, 
the interviewer asked what the value would represent for specific values of time. Hans then 
noticed that he needed to change his second expression because we need  to account 
for the first 16 seconds of our race  and that  is our change in time from 16 seconds.  
Even though talking through what he was trying to represent helped Hans in making 
adjustments, he had not yet noticed his other error. 

To aid Hans in conceptualizing the distance traveled in the first 16 seconds, the interviewer 
played the animation, and the runner jumped back to the starting line after the runner had 
traveled for 16 seconds. Unlike Scott, Hans initial reaction was to add the expression  

to . He appeared to conceptualize the expression  as a completed distance 
traveled that could be determined by multiplying a rate times a time (Table 1). The interviewer 
then prompted Hans to talk about the quantities he conceptualized and attempted to represent 
[Lines 4-6] while probing the conception of the starting point for a quantity s measurement 
[Lines 7-9]. Eventually, he noted that we still needed the first distance  and proceeded to add 
67.098 to his expression [Line 11]. Hans  statement that he needed the first distance  suggested 
that he shifted to making a distinction between different distances in the situation since he chose 
to label the distance accrued in the first 16 seconds as the first distance.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
The Desmos animation supported Hans in developing fluency in applying an average rate of 

change in a context and connecting his mathematical expressions with the quantities he 
attempted to represent. Similar to Scott, Hans was perturbed when the runner instantly jumped 

Table 1: Hans working through the Runner Task 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 

Hans: 
Int: 

Hans: 
Int: 

 
 

Hans: 
Int: 

Hans: 
Int: 

Hans: 

 
So you want to add this? *Highlights * 
Yeah 
Remember  is going to vary (Hans: oh yeah) so what quantity do you want to add? 
So think about what you re trying to represent. This over here *highlights 

*, what is this again? 
Um that s my change in distance. 
From what? 
From  
Okay so what part are we missing? 

 

Figure 3a: Hans' mathematical expressions 
for the average speed runner Figure 3b: Hans explaining his 

symbolization for specific time 
values 
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back to the starting line, which prompted him to reflect on what quantities his symbols 
represented. Upon seeing the runner jump back to the starting point, Hans realized that he needed 
the distance traveled by the runner during the first 16 seconds of the race, and this led to a 
conversation (Table 1) that supported Hans in making adjustments to accurately represent the 
quantitative relationships he conceptualized. Additionally, the Desmos applet s slider 
functionality aided Hans in understanding the role of a variable as representing the value of a 
varying quantity (Figure 3). 

 
Discussion 

Both students made similar errors in failing to distinguish between a change in distance 
versus total distance traveled. Additionally, before playing the animation, neither student 
indicated any uncertainty about what their mathematical expression would represent in the 
situation. In their mind, these students thought that what they symbolized would match what they 
expected (Figure 4a). However, when what they saw in the animation did not align with what 
they imagined, they experienced a perturbation that allowed the interviewer to facilitate a 
conversation to aid the students in reasoning about quantities and how they would represent 
them. This discussion led students to reconsider what they had symbolized and how to make 
refinements to represent the quantities they had in mind (Figure 4b).  

While the interviewer could have intervened and pointed out the errors in each student s 
notation, the Desmos animation provided a visualization of what their mathematics would 
represent and created opportunities for the students to experience perturbations in order to 
engage in self-reflection. This result suggests that students should have opportunities to explore 
and engage with what their mathematical symbolization might represent in a particular context.  

 
Limitations and Future Directions 

While the results of this study can only be known to be true for these 2 students, the findings 
of this study provide insight into how we may address the issue of students  difficulties with 
mathematical notation. Additionally, the tasks in this study utilized kinematic situations, but 
researchers have indicated that students often struggle to apply their understanding of 
mathematical ideas outside of kinematic situations (Rasmussen & King, 2000; Marrongelle, 
2004). 

Future research can further examine the role of applets and animations in a quantitative 
capacity through classroom studies. Further, more research on the usage of applets and 
animations should be conducted in non-kinematic situations. 

 

Figure 4a:A student anticipates what they might see Figure 4b:Students reflect on what they initially symbolized 
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The University of Tennessee s Master of Mathematics program targets current U.S. high 
school math teachers interested in transitioning to postsecondary teaching. Some are interested in 
full-time employment as a lecturer/instructor. Others are interested in continuing their full-time 
high school careers with additional part-time teaching at a postsecondary institution, including 
dual-enrollment teaching. In both cases, we consider them as part of a pool of prospective 
VITAL faculty, which is the  acronym for Visitors, Instructors, Teaching assistants, 
Adjuncts, and Lecturers, a growing teaching force in the US (Blair et al., 2018; Levy, 2019). 

These prospective VITAL faculty are taking a nontraditional route to becoming 
postsecondary educators. Rather than enrolling in courses that form foundational knowledge for 
research, they enroll in courses emphasizing applications to teaching. Due to their current high 
school employment, these educators cannot also work as Graduate Teaching Assistants (GTAs) 
to gain college teaching experience. Even if they had the time, a traditional GTA role often caters 
to novice instructors (Speer, et al., 2005) and is arguably inappropriate for these educators who 
have more experience and knowledge of pedagogy. As a group, they are understudied in 
research. One reason is that many are associated with two-year colleges, and the literature on 
two-year math instruction is already sparse in comparison to K-12 or university education (Mesa 
et al., 2014; Mesa, 2017). A second reason is that dual-enrollment literature tends to focus on 
policy and students 
Stamm, 2010; Gonzalez, 2018; Johnson, 2018; Karp et al., 2004; Mokher and McLendon, 2009). 

To better understand and eventually support these educators, our research team started by 
considering the views of similar faculty. In our qualitative study, we surveyed educators with 
experience in both high school and college math teaching. Because these educators work 
between institutional boundaries, they have a unique perspective and can directly compare high 
school versus college teaching in a way that other math educators cannot. For this first phase, we 
focus on the research question: What are the perceptions of math teaching for educators with 
experience in both high school and college? 
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Framework: Pedagogical Content Knowledge 
As identified by Shulman (1986), an instructor should be proficient both in the material they 

teach and in pedagogy. Although he identified these two types of knowledge for teaching in 
separation, Shulman claimed that instructors employ both types of knowledge in conjunction and 
that research should reflect this. Furthermore, he proposed the existence of PCK, the idea that 
instructors must possess knowledge of the subject they are teaching which other experts of that 
subject do not require. Stemming from in
formalized an empirically supported and practice-based framework of MKT. Two overarching 
domains compose the framework: Subject Matter Knowledge and PCK, the latter of which we 
focus on in our work bec
defined for secondary and post-secondary teaching (Speer et al., 2015). In addition to Shulman
Knowledge of Content and Curriculum (KCC), Ball et al. identified two empirically 
differentiable subdomains of PCK: Knowledge of Content and Students (KCS) and Knowledge 
of Content and Teaching (KCT). 

In more detail, KCC refers to instructors being familiar with the materials and resources 
available to them to teach their topic, as well as the contexts when they should be used, such as 
horizontal/lateral and vertical curriculum knowledge (Shulman, 1986). KCS refers to teachers 

instructors knowing how best to teach their subject with illuminating examples and appropriate 
scaffolding. We used PCK as our framework to study teachers with experience in both high 
school and college math teaching; we describe implementation details in the next section. 

Methods 

Survey and Cognitive Interviews 
We developed open-ended survey questions relevant to each subdomain to explore various 

facets of teaching. We asked two versions of each question: the first being a version about high 
school math teaching, and the second being about college. We asked participants to describe 

-based approach. 
We first conducted semi-structured cognitive interviews (Karabenick et al., 2007) with five 

participants using video meetings (Zoom), and we made slight adjustments to our questions for 
clarity before we collected data from our target population. 

As an example of our questions aligning to KCT, we asked instructors how they choose class 
activities to help their high school students learn, and then we followed with a question about 
how they choose class activities to help their college students learn. We developed each question 
with one specific subdomain of PCK in mind (see Table 1), but during the cognitive interviews, 

(2008) as some of our interviewees blurred the line between subdomains of PCK. As Ball et al. 
discern where one of our categories divides 

rather than attempting a perfect one-to-one mapping of our survey questions with subdomains of 
PCK, we take the stance that this boundary problem is inherent to the subject. 

We further recognize that we, ourselves, are components to our instruments in our research 
(Maxwell, 2012). We acknowledge that our research team consists of individuals who have been 
in or are currently in a traditional research-focused math graduate program and have thereby not 
taken the same career path as the individuals in our study. One of our research team members has 
completed a teacher education program and has taught in a secondary classroom in the UK 
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(instead of in the US). Four of us were GTAs for most of the first phase of this project. 
Currently, two of us are full-time lecturers at a large, public, and research-focused university.  

Table 1. A classification of survey questions according to the subdomains of pedagogical content knowledge. 

Question Pairs Intended PCK 
Subdomain 

  

Q4/5: Describe how you choose class activities to help your high 
school/college students learn. 
Q6/7: Describe how you make decisions about which topics to teach in 
a high school/college class session. 
Q8/9: Do you use technology to support high school/college student 
understanding of particular topics? If so, how? 
Q10/11: Describe how you scaffold content for a class of high 
school/college students with a range of backgrounds. 
Q12/13: Describe how you support high school/college students in 
communicating and justifying their mathematical thinking. 
Q14/15: What do you think is the relationship between high 

 

KCT 
 

KCC 
 

KCT 
 

KCS 
 

KCS 
 

KCC 

  

Data Collection 
We sent the online qualitative survey instrument via relevant email and professional society 

message boards. The first question asked participants if they had taught both high school and 
college math courses in the U.S. Participants in the target population self-reported their 
experience in further detail with information about the types of institutions they worked at, 
courses they taught, and years of experience. In this first dataset, we have 26 responses. If we 

ing college math as starting from graduate math 
coursework and ending in a tenured professor role, then our participants presented a range of 
nontraditional pathways to college teaching. For instance, Participant 5 started as a tutor and 
adjunct at a community college, moved to a full-time two-year college role, went back to math 
graduate school, and then ended up teaching at a private high school while continuing to adjunct 
at a college. Most of the participants started in high school and added on college teaching later, 
but we also have people like Participant 11 who started college teaching as a GTA in a math 
graduate program, taught full-time at a college, and then switched to full-time high school 
teaching. Most of our participants did not disclose their tenure-track or non-tenure-track status, 
but many discussed experiences in temporary (n = 11) or adjunct (n = 7) college teaching roles, 
and the average number of years of teaching is 17 (including part-time and full-time teaching). 

Coding and Analysis 
We analyzed our data with thematic analysis (Braun and Clarke, 2006). Our initial phase was 

familiarizing ourselves with the data by reviewing it in totality, which included typed responses 
and transcriptions from audio recordings our survey was developed on the Phonic platform, 
which allowed participants to choose between typing written responses and recording audio 
responses (Phonic). We employed an inductive approach to search for potential patterns and to 
compile our initial codebook. Next, we organized an updated, condensed codebook with clearer 
definitions for a total of sixteen codes. We re-coded each question independently with two 

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' "*!



 

researchers per question. Finally, we computed percent agreement for interrater reliability, 
discussed discrepancies, and re-coded one last time. 

Our codes emerged from our reading of the data, but we also find clear relationships between 
our codes and facets of PCK. For instance, we have three codes on the reasons behind an 

typically coded as using Technology for Scaffolding, using Technology for Understanding 
(including visualization of content), or thinking that Technology is Distracting. We primarily 
used these codes on our pair of questions about instructor use of technology. Interestingly, we 
also found that these codes emerged in other pairs of questions. For instance, when we asked 
participants about choosing class activities, Participant 19 
activities that have a strong visual representation and, when possible, a dynamic piece of 

Technology for Understanding). On the other hand, some participants merely listed technologies 
that they use when we explicitly asked about technology usage. For example, Participant 12 

ogy but 
does not present any information past that, so we left this response uncoded. 

As with the technology codes, we had other codes that we expected to see in certain pairs of 
questions. In one pair 

than focusing on the frequencies of our Justification code here, we considered the times that it 
showed up in other questions unprompted. We focus on the details of the unprompted codes in 
the next section. 

Findings 

Instructors Have Student-Centered Intentions 
Student Interests. One of our most common codes involves descriptions of practices that 

cater to Student Interests (including career goals, motivating examples, applications, other 
courses, and explicit mention of student engagement), and we saw this code across all questions 
in the survey. The Student Interests code emerged most frequently in Q14/15 when we asked, 

 college teaching practices 
based on student career goals. For non- in the end what I want the 
student to remember 5 years down the road is not the properties of logarithms but rather how I 
might engage with critical thinking and reasoning to work my way through solving a problem 
that arises I need my STEM students to understand 
how they are going to be using the math we are currently doing later in their studies and in their 
possible future careers. They still need those critical thinking and problem-solving skills, BUT 
they also need to [be] able to think more mathematically and quantitatively When asked about 
topics in specific college class sessions, Participant 1 consistently centered on Student Interests 
as they stated

student interests across questions, and we applied this code seventy-six times across all twelve 
content questions in our survey, which was one of the most frequent of the codes we used. 

Interestingly, when comparing pairs of questions, we saw more mention of Student Interests 
for high school students than for college students in Q4/5 and Q6/7. Participant 15 is one of the 
instructors who mentioned student interests in their response about high school but not in their 
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response about college. For high school teaching, they said that they must consider topics on the 
s differs from 
their practice when teaching college-level math, for which they said
students can start in class but finish at home, since many students work at different speeds and 
college class time is quite limited. I favor online activities that can be automatically graded.
college, the time pressure to cover content is so great that this instructor changed their teaching 
practice, and they opted for the ease of automatically graded problem sets. 

Social and Emotional Needs. Another relevant code is that of the instructor attention to 

attitudes, confidence, and comfort). We also saw this code emerge in every pair of questions that 
we asked, though it showed up more frequently in our questions about student justification and 

nts in 
14 simply described 

what the peer-to-
their answers. Students think about other approaches to a pr

-pair-share 
17

18). For college teaching, 
(Participant 17 24). Furthermore, it was also important 
to some instructors ng the 

 (Participant 8). Participant 
11 also emphasized the creation of a we found 
that nication and justification skills were 
inextricably linked to their social and emotional needs. 

Instructors are Influenced by Test and Time Pressures 
Test Pressures. As expected, we saw our Test Pressures code appear in all questions, 

although it did not explicitly show up as frequently as other codes. In Q14, many teachers 
discussed foundational knowledge, but Participant 25 talked about the practical side of college 

s tested on [the] SAT and a basis for college 

Participant 22 also reported test pressures but in reference to Advanced Placement (AP) tests. In 

AP curriculum (for better or worse). So the topics for the course were fairl  
For college teaching, local expectations for exams also influence instructor choices. In the 

case of Participant 17, test pressure came up in the question about utilizing technology in the 
nology as much in my college classes because they 

For their high school teaching, this instructor used graphing calculators and Desmos, but they 
change their teaching practice in college when it  align with the expectations for the high-
stakes exams. Participant 8 -

 
Time Pressure. For college teaching, our participants also felt that the lack of class time 

(when compared to high school) affected their classroom decisions. Notably, our code of Time 
came up more frequently in the question about choosing class activities for college classes when 
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compared to the parallel high school question. As we saw earlier, Participant 15 was attuned to 
Student Interests but was pressured by the lack of time and so they chose online activities with 
automated grading. Participant 20 also thought college class sessions were too short, and 
although they reported a mix of lecture and group activities in their high school classes, they 

ue to the limit of a 55-
echoed by Participant 18. Additionally, Participant 22 described how they heavily utilized 
Inquiry-Based Learning (IBL) in their high school teaching and tried to incorporate it in college, 

the students were not used to this type of learning, and because I had 

ed more active learning methods in their high school 
teaching, some felt so much time pressure in college teaching that they used lectures more or 
active learning methods less. 

Instructors Provide Commentary on Their Working Environment 
Predetermined Content. One of our codes is about Predetermined Content, meaning the 

content was determined by someone other than the instructor themselves. We expected to see 
this when asking teachers about high school course content decisions as we assumed that state 
standards would frequently be discussed. Unexpectedly, we saw that this code came up more in 
the college teaching answers than for the high school ones in fact, 64% of the responses for Q7 
were coded as Predetermined compared to 30% of the responses for Q6. Perhaps Participant 7 
explained this by My understanding is there is a lot more leeway with the topics that are 
taught at the college level. However, I believe there should be a bit of a consensus if you are 
teaching a class that is a prerequisite for another class. We also expected there to be more 
flexibility in college courses overall, but our participants reported that they primarily taught 
introductory non-major courses, and so they were more likely to be working with a course 
coordinator or a preset list of topics. For Q7, Participant 9 
topics to teach are again completely set by the [department] syllabus

When reflecting on their lack of autonomy, many instructors maintained a 
matter-of-fact tone without a positive or negative connotation; those like Participant 20 simply 
stated
high school and college teaching, some instructors had negative associations with their lack of 
choice. For example, Participant 21 

in, topics are already decided. In general, I will avoid teaching content that I know is 
not on the test. For example, even though I may find some underlying concepts in the complex 
numbers rather interesting, I avoid teaching them because students generally only need to know 

-driven, this 
instructor actively avoided teaching concepts and topics that they find interesting.  

Commentary on the System. Another notable code is the one regarding Commentary on the 
System. This is a code that cuts across and outside multiple dimensions of PCK, but we saw it 
appear in every question of our survey. In most cases, teachers were providing commentary on 
barriers. Some of these barriers related to prerequisite student knowledge, such as when 
Participant 9 
consequences of prior instruction. Students have typically automated all kinds of procedures 

Participant 4, commented on the lack It 
was a poor school district. The extent of technology in my classroom was a very old computer, 
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an overhead projector, and 5 TI- , such as 
Participants 25 and 26, mentioned as well. 

Finally, multiple instructors commented on math classes themselves being barriers to 

gatekeeper for college. Students who come to the university with poor math understanding get 
stuck taking remedial courses - often more than once, which can lead to setting back graduation 

8 described the ideal role of math versus the perceived reality: 
Ideally, high school courses would help students construct foundational knowledge and 
develop skills in reasoning and problem solving that would support further study. In 
practice, high school math courses often lead to well-practiced but poorly understood 
procedures (and sometimes poorly recalled procedures) for technical tasks, and lead 
students not to trust their own reasoning and not to trust instructors to treat that reasoning 
as valuable or respected. 

For Q15, Participant 26 
Lastly, Participant 17 

 

Conclusion 
As far as the research team knows, this dataset and analysis provide the first direct 

comparison between the teaching practices for high school and college math classes in the US by 
instructors with personal classroom experience in both. We primarily examined these with a lens 
focused on subdomains of PCK, and we began to answer the question: What are the perceptions 
of math teaching for educators with experience in both high school and college? 

program to provide relevant perspectives from teachers in a more similar career trajectory to 
those of our prospective VITAL faculty. Additionally, we will next consider the specific views 
of dual-enrollment instructors, such as full-time high school teachers with an adjunct 
appointment at a college, full-time college instructors who teach high school students, or other 
arrangements that complicate the traditional secondary and post-secondary divisions.  

Although readers of this article are more likely to be engaged in research and less likely to 
have taken the same career path as those in our study, we suggest that their responses provide a 
means of reflection for our own practices and policies as college educators, course coordinators, 
administrators, and leaders of professional development sessions. These educators who work 
between institutional boundaries have a unique means of direct comparison for high school and 
college math teaching. Thus, we end with a series of questions prompted by our engagement 
with our dataset: When faced with pressures and local policies, why do some instructors change 
their instructional practices from active learning to lecture while others maintain their course? 

existing PCK? What are the reasons that instructors think their own math courses are merely 
gatekeepers, and how can we make changes to better align the reality that these instructors 
describe to the ideals of their student-centered practices? 
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Exploring Fitness Trackers as a Research Method for
Developing Personas of Stress during Classroom Problem Solving

Melinda Lanius
Auburn University

In this report, I examine the capacity of fitness trackers to assist in differentiating students’ expe-
riences of stress during classroom problem solving. I cluster N = 26 students’ heart rate vari-
ability plots based on categories of description created using a phenomenographic analysis of
their reported emotional experiences during a scripted lesson on roots of polynomial functions.
My results reveal that fitness tracker data can be a valuable indicator of when a student will re-
port classroom distress. However, the tracker data can give both “false-positive” and “false-
negative” indications a student will report distress, reinforcing that biometric data cannot be
treated as a proxy for students reported experiences of stress. Nonetheless, my results do support
the use of fitness tracker data to guide deeper inquiry into student experiences. For example, fit-
ness tracker data can assist in identifying classroom moments to discuss in a video stimulated
recall interview.

Keywords: math anxiety, academic distress, problem solving, fitness trackers, heart rate

Although active learning may generally have a positive impact on students’ performances in
science and mathematics courses (Freeman et al., 2014), not all groups have equal access to these
benefits; for example, because student participation is essential to most styles of active learn-
ing, there is a higher frequency of peer-peer interaction, creating more opportunities for students
with minoritized social identities to experience a marginalizing event (Reinholz et al., 2022).
Classroom stressors can foster academic distress, or anxiety caused by university course envi-
ronments. Academic distress has other known correlates: coursework demands, assessment pres-
sures, instructor teaching style, and a student’s sense of belonging (Larcombe et al., 2022). Ad-
ditionally considering the high prevalence of math anxiety among undergraduate students in the
United States (Lanius et al., 2022; Lanius, 2022; Hopko et al., 2003; Hopko, Crittendon, Grant,
& Wilson, 2005; Hopko, Hunt, & Armento, 2005; Isiksal et al., 2009; Rancer et al., 2013), stud-
ies concerning psychological stress during classroom problem solving are particularly timely and
important. Wearable technologies capable of collecting heart rate data, more succinctly called
fitness trackers, provide an alluring prospective tool for in situ indication of student anxiety or
distress during classroom problem solving (Singh et al., 2018; Kim et al., 2018). To explore the
research potential and pitfalls of fitness trackers, this report compares clusters of student’s fitness-
tracker data plots to categories of description created using a phenomenographic analysis of their
reported emotional experiences during a lesson on roots of polynomial functions.

Heart Rate Fitness Trackers & Distress Indication

A meta-analysis of 37 studies concluded that current evidence supports the use of Heart rate
variability (HRV) for the indication of psychological stress in a particular situation (Kim et al.,
2018)—for example, job-strain (De Bacquer et al., 2011) or computer-work stress (Hjortskov
et al., 2004). Additionally, HRV has been shown to be a statistically significant indicator of ju-
nior high students reporting math anxiety while performing an arithmetic task such as 7 + 2
(Tang et al., 2021). Heart rate variability (HRV) is a summative measurement of the variation
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in length of time between heart beats during a window of time. Slight variations in length of time
between heart beats is normal in healthy individuals and is caused by the autonomic nervous sys-
tem receiving conflicting feedback from the parasympathetic nervous system (informally, the
rest-and-digest-system) and the sympathetic nervous system (or the fight-or-flight-system) (Singh
et al., 2018). When the sympathetic and parasympathetic nervous systems are in balance, there
is greater variation in the length of time between heart beats. On the other hand, when the body
needs to react to an external stimulus, such as stress, messages from the sympathetic nervous sys-
tem overpower messages from the parasympathetic nervous system, and there is less variation
in the length of time between heart beats. Ultra short term HRV, which uses heart rate data from
a couple of minutes, can be reliably computed for monitoring mental stress (Salahuddin et al.,
2007), thus allowing us to synchronize changes in a student’s HRV to tasks and stimuli they ex-
perience in their undergraduate math course.

Research Questions

What are the stress-related emotional experiences of undergraduate students during class-
room problem solving? How does an undergraduate student’s heart rate variability change if
they report experiencing math anxiety or academic distress during classroom problem solving?

Theoretical Perspectives

Concerning Methodology. I utilized phenomenography (Marton, 1986). To clarify how
phenomenography differs from the more familiar phenomenology, in a phenomenological study
the phenomenon itself is investigated; in a phenomenographic study the variation in how people
experience the phenomenon is investigated (Larsson & Holmström, 2007). Phenomenographic
research is an iterative process where the researcher familiarizes themselves with the descriptions
of experience, identifies distinctive or structurally significant characteristics, groups and classifies
similar answers, and builds named categories; see Table 1 of Han & Ellis (2019). The final prod-
uct of my analysis is categories of description that explain the variations of experience present
in the data. Phenomenography can then be used to build personas, lifelike characters to assist in
student-centered design in educational contexts (Huynh et al., 2021).

Concerning Fitness Tracker Data. I must avoid data-essentialism, or the position that stu-
dents can be reduced to their biometric data or that the data collected by fitness trackers is “objec-
tive” reality (Svensson & Poveda Guillen, 2020). Research data are produced through a laborious
and time-intensive process involving the decisions of a variety of people. Further, fitness tracker
data is limited by the capacity of our locations and technologies (Ribes & Jackson, 2013). Conse-
quently, I view biometric data as a human artifact that must be situated in its context.

Methods

Fitness Trackers & Heart Rate Variability

Photoplethysmography (PPG) uses light-emitting diodes (LED) and photodiodes to detect
blood volume changes directly under the surface of the skin, with each peak in blood volume
corresponding to a beat of the heart (Singh et al., 2018); see Figure 1. The PPG sensor records
the length of time between successive peaks of blood volume, providing an accurate approxi-
mation of the length of time between heart beats. To process the collected heart rate data, I par-
titioned each students PP interval data into 3 time windows and utilized the HRV variable root
mean square of successive differences (RMSSD) to compute an HRV value for each student in
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each time window of the lesson; see Figure 1 for the RMSSD formula. The most common cause
of inaccuracy with PPG measurement is motion artifacts (Fine et al., 2021), for example rapid
arm movement, which occurs during certain types of intense physical exercise, where the opti-
cal sensor loses contact with the skin. Although I used a procedure for detecting and cleaning
optical-coupling-based errors within the heart rate data, I sought to avoid the issue entirely and
encouraged research participants to secure the watch snugly to the forearm of their non-dominant
hand. Further, participants remained sitting during the experiment, which minimized the amount
of arm movement.

RMSSD =

������

N−1�

i=1

(PPi − PPi+1)
2

N − 1

Figure 1. Photoplethysmography (PPG) sensor data to compute heart rate variability (HRV)

Scripted Math Lesson & Reflection Survey

After securing institutional review board approval from Auburn University’s Office of Re-
search Compliance, I invited undergraduate students enrolled in a lower-level math course to par-
ticipate in my study. Students wore a fitness tracker during a 15 minute scripted math lesson. The
lesson has a purposefully placed stressor called Cardano’s formula (Harris & Stocker, 1998): Any
cubic polynomial of the form s(x) = x3 + ax+ b such that 4a3 + 27b2 > 0 has real root
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Lesson Window 0. The lesson began with an instructor introducing the topic Section 3.1
Roots of Polynomials on a chalkboard. After seeing a notation-heavy definition of polynomial
function, the instructor presented an example of a linear and a quadratic polynomial. The stu-
dents were then assigned Problem 1. True or False: The function s(x) = 4 is a polynomial to
complete on a provided handout. Window 0 will be treated as an acclimation period for the study
and will not be included within participant’s heart rate variability plots below.
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Lesson Window 1. After waiting for visual cues that all students had completed problem
1, the instructor provided the correct answer and reviewed the definition of root and provided an
example. Students were then instructed to complete Problem 2. Find the root of p(x) = 3x+ 1.

Lesson Window 2. Again, after the instructor received visual cues that it was time to con-
tinue the lesson, they provided the answer to problem 2 and presented the quadratic formula, us-
ing it to find the roots of an example.

Lesson Window 3. Following a presentation of Cardano’s formula, the instructor assigned
Problem 3. Use Cardano’s formula to find a root of p(x) = x3 − 1 stating “Don’t forget to check
that Cardano’s formula applies by verifying 4a3 + 27b2 > 0.” After waiting 2 - 3 minutes, the
instructor revealed that the correct answer was x = 1 and concluded the lesson.

Note that the partition of events into windows 0 - 4 is done to guarantee each window has
sufficient time for an accurate and reliable HRV computation and is not based on the composi-
tion of events. Immediately following the lesson, students completed a reflection survey to report
when they had experienced anxiety and to describe their experience in their own words. Many
students also chose to contemporaneously report their emotional experience by writing on the
provided lesson handout.

Results

The 29 participants included 18 women and 11 men. Five students were enrolled in College
Algebra, Finite Math, or Pre-Calculus. Twelve students were enrolled in Calculus I or Calculus
II. Eight were enrolled in Calculus III, Differential Equations, or Linear Algebra. One student
was enrolled in an elementary math content course for pre-service teachers and three participants
did not specify a current math course.

Clusters of Fitness-Tracker Data Plots

I clustered participants HRV plots together based on the categories of description created
from my phenomenographic analysis of students’ reflection data and lesson handouts. Note that
there is great individual variation in the typical ranges one might see for HRV-RMSSD values,
which can be as low as 21 ms and as great as 103 ms (Umetani et al., 1998). To make the HRV
plots comparable between individuals, I normalized every plot by dividing a student’s three RMSSD
values by their maximum RMSSD value. Within each normalized HRV plot, a dashed line is
given as a visual indicator of values that suggest the student will report feeling distressed while
attempting an assigned problem. The placement of this dashed line was determined using a logis-
tic regression model that estimates the probability a student will report distress given their HRV
value is below this line is greater than 50%, with the odds increasing the further the value moves
below the line. This statistical analysis is not the focus of this report and thus is omitted here, but
will appear in other work. I provide the line here as a visual aid to assist readers in interpreting
the plots. For each cluster of plots, I constructed an average normalized HRV plot by averaging
the normalized HRV values of students in that cluster. Of the N = 29 profiles to analyze, there
were 5 categories of description that were common to at least 3 students. Categories with fewer
than 3 participants will be excluded from this discussion because there were too few data points
to meaningfully cluster the normalized HRV plots and take an average.

Categories of Description

Labels. I utilize the word distressed in labeling the categories to signify disruptive unpleas-
ant feelings or emotions that interrupted or inhibited the student’s ability to adapt or cope with a
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lesson stressor. The other key label is abstaining, which indicates that these students chose not to
attempt an assigned problem.

Category 1: Distressed. These 5 students first reported distress in Lesson Window 3 where
Cardano’s formula was introduced and they were instructed to use the formula to find the root of
a cubic polynomial. One participant wrote that they felt overwhelmed “by the sudden barrage of
variables and unfamiliar terms” with another explaining, “Not having enough examples before
having to try by myself gave anxiety.” One participant experienced academic distress because
they were not able to finish the problem before the instructor moved on; they wanted to be sure
that they could get the right answer on their own. The normalized HRV plots of the five students
in this cluster can be found in Figure 2. All but one students normalized HRV values remained
above the distress indicator line until the third window, where all HRV values lie below.
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Figure 2. Clustered normalized HRV plots for Category 1 and Category 2

Category 2: More Distressed. For the 7 students in this cluster, the source of distress in
Lesson Window 1 was the instructor announcing that problem 1 was true. Six students expressed
that they felt bad or disappointed that they had gotten the answer wrong, with one student writing
“I felt like it was a trick question and felt badly that I didn’t know it”. Several students indicated
that they did not understand why their answer was wrong, with one student explaining that their
source of distress was that they thought the instructor lied or misspoke and that problem 1 was
in fact false. Note that the lesson script does provide a brief explanation as to why problem 1 is
true, but students were not given the opportunity to ask any questions of clarification during the
lesson. None of these students reported distress during Lesson Window 2, which started with
them receiving feedback that they answered problem 2 correctly. This group reported distress in
Lesson Window 3, conveying feelings similar to those reported by the Category 1 group: anxiety,
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panic, overload, and “blanking out”. The normalized HRV plots of the 7 students can be found in
Figure 2. Note although one students plot makes the same inverted V shape as the majority of the
other plots, their window 1 and window 2 values do not lie below the distress indicator line. Also
note one participant’s HRV lies well above the distress indicator line in window 3.

Category 3: Distressed & Abstaining. These 3 students first reported distress in Lesson
Window 3, however - unlike the participants in the previous two categories - they chose not to
attempt problem 3. One participant, rather than copying the problem from the board onto their
handout, wrote “I genuinely don’t know how to do this one at all” and another reflected after the
lesson “I simply did not know how to solve it.” Their 3 plots can be found in Figure 3.

1 2 3
0.5

0.6

0.7

0.8

0.9

1

Window

N
or

m
al

iz
ed

H
RV

Category 3: Distressed

& Abstaining

Distress
Indicator

Line

1 2 3
0.5

0.6

0.7

0.8

0.9

1

Window

N
or

m
al

iz
ed

H
RV

Category 4: More Distressed

& Abstaining

Distress
Indicator

Line

Figure 3. Clustered normalized HRV plots for Category 3 and Category 4

Category 4: More Distressed & Abstaining. For the 5 students in this cluster, Lesson Win-
dow 1 caused distress when the instructor provided the solution to Problem 1. One student wrote,
“I got it wrong, wasn’t sure about my answer in the first place.” This group felt less stressed dur-
ing Lesson Window 2, with one student explaining “during the second problem I regained my
confidence because I knew what to do”. In Lesson Window 3, these students reported distress and
chose not to attempt problem 3. One student wrote “I literally would not know where to start” in
the space provided to copy the problem and do scratch work. Their normalized HRV plots are in
Figure 3.

Category 5: Undistressed. The final category contains the 6 students who did not report
feeling distressed during the lesson. Their normalized HRV plots appear in Figure 4. Note that at
various times, participants normalized HRV values dropped below the distress indicator line.
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Category Averages. The cluster average for each category of description appears in Figure
4. Note that, on average, student’s normalized HRV values dropped below the distress indicator
line if and only if they reported feeling distressed while actively attempting an assigned problem.

Discussion & Implications

Within the normalized HRV plots, there are 4 instances of a “false-negative”, where the
HRV plot suggests the student will not report feeling distressed while attempting to solve a prob-
lem and the student did report distress. There are 6 instances of a “false positive”, or instance
where the HRV plot suggests the student will report feeling distressed while attempting to solve a
problem and the student did not report distress. Thus, the overall alignment rate across these 26
profiles was 87%. These results suggest that fitness tracker data can be valuable to guide deeper
inquiry into the student experience; however, low HRV does not guarantee a student is distressed
and high HRV does not guarantee a student is undistressed. Further, HRV cannot provide a direct
measure of the amount of distress or give an instantaneous indication a person is experiencing
distress.

1 2 3
0.5

0.6

0.7

0.8

0.9

1

Window

N
or

m
al

iz
ed

H
RV

Category 5: Undistressed

Distress
Indicator

Line

1 2 3
0.5

0.6

0.7

0.8

0.9

1

Window

N
or

m
al

iz
ed

H
RV

Category Averages

Cat 1: Distressed
Cat 2: More Distressed

Cat 3: Distressed & Abstaining
Cat 4: More Distressed & Abstaining

Cat 5: Undistressed

Distress
Indicator

Line

Figure 4. Clustered normalized HRV plots for Category 5 and Category Average plots

The role of HRV in Education Research

In Figure 4, we see that the plot average for Category 3: Distressed & Abstaining has the
same overall shape and structure as the plot average for Category 5: Undistressed. This suggests
that HRV can only discern when a student may report feeling distressed if the student is actively
problem solving. I recommend that fitness tracker data primarily be used for triangulation, as a
way to identify moments during classroom problem solving for video stimulated recall interview
with research participants. With deliberate and careful use, fitness trackers provide an innovative
research design tool that can integrate qualitative and quantitative measures in the study of psy-
chological stress during classroom problem solving.
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Authors of this proposal are members of an inter-institutional working group focused on the 
teaching and learning of transformations in college geometry courses taken by prospective 
secondary teachers. After exploring axioms and definitions for transformational geometry in our 
courses, we decided to shift to identifying not just what, but how students were learning about 
transformations in our courses. To explore this, we began a lesson study (Boyce et al., 2021). In 
this report, we discuss our engagement in the lesson study, its outcomes, and new directions.  

Keywords: Geometry, Lesson Study, Professional Development, Transformations 
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Secondary teachers and college instructors are required to take several graduate-level 
mathematics courses to advance in their careers. However, there is a common disconnect 
between graduate mathematics courses and the teaching of secondary mathematics. We 
developed a graduate-level mathematics for teachers course that was designed to help teachers 
connect abstract algebra, real analysis, and statistics to the content and teaching of secondary/ 
early college mathematics. In this study, we examined changes in graduate students’ confidence 
and perceptions of the relevance of advanced mathematics to teaching secondary and college 
mathematics. Students attributed changes in their perceptions of the connections between 
advanced and secondary mathematics to the course’s implementation of pedagogical scenario 
tasks. We provide implications for the mathematical preparation of teachers. 

Keywords: Graduate Courses, Mathematic Knowledge for Teaching, Perceptions of Relevance of 
Advanced Mathematics, Confidence 
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In Proving Attempts that Generate Stuck Points, What Characterizes  
Overall Proving Process? 
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S
research has also shown that many undergraduate students struggle to learn to prove, including 
those who major in mathematics (Moore, 1994; Selden, 2012). Within the proof literature that 

(such as written work or exams). However, such products cannot reveal the sequence of mental 
and/or physical actions that resulted in the final proof that students present in their written work 
(Selden & Selden, 2009). In particular, the proving process might entail several places where 
students get stuck, only some of which ultimately contribute to the final proof.  

While the idea of struggle has been examined in problem solving in the middle grades (e.g., 
Warshauer, 2011), there has been sparse research on this idea in proving at the collegiate level. 
With a focus on impasses in the proving processes and the research questions In proving 
attempts that generate stuck points, what characterizes  overall proving 
process? , this study provides a more fine-grained account by characterizing both undergraduate 

students face in higher-level math courses, understanding the ways in which they struggle is 
important for building more inclusive classroom environments.  

Literature Review and Theoretical Framework 
View Proving as Problem Solving 

A number of authors have remarked on the close relationship between problem solving and 
proving (e.g., Furinghetti & Morselli, 2009; Moore, 1994). In fact, Weber (2005) suggested 
focusing on problem-
themes that other perspectives on proving do not address, including the heuristics that 

Thus, in this study, I regard proving as 
problem solving and used -Solving 
Framework to inform my research design. Expanding from 1985) framework, 
Carlson and Bloom (2005) developed four phases for problem-solving processes (Orienting, 
Planning, Executing, and Checking), each phase with the same four associated problem-solving 
attributes from Schoenfeld (resources, heuristics, affect, and monitoring). However, the original 
context of the work of Carlson and Bloom (2005) considered only how experts (like 
mathematicians) behave to successfully solve problems. Thus, their Multidimensional Problem-
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Solving Framework does not characterize where a novice prover may seem to get stuck and how 
they may behave if they get stuck.  
Immersion, Stuck Point and Productive Struggles 

Wallas (1926) argued that creative problem-solving begins by first, immersing oneself in the 
problem to better understand it and exhaust conventional ideas. After a period of immersion, one 
likely reaches an impasse, or a mental block. The immersion phase of creativity shares some 
commonalities with productive struggle (Hiebert & Grouws, 2007), productive failure (Kapur, 
2014) and other constructivist approaches to teaching in math education in which a student 
expends great effort during an initial period to explore and try to solve a math problem before 
receiving direct instruction. Involving in productive struggle in problem-solving is an invaluable 
mathematical practice which can help learners overcome uncertain obstacles to make sense of 
mathematics (Middleton et al., 2015). This is essential as students make meaning through 
productive struggle, or as they grapple with mathematical ideas that are within reach, but not yet 
well formed (Hiebert & Grouws, 2007; Kapur, 2008; Warshauer, 2014). From the student point 
of view, these stuck points have been described as perceived impasses, or moments when a 
student feels substantially stuck and unsure how to continue (VanLehn et al., 2003).  

To date, research on stuck point in proving in the mathematics education literature has been 
sparse. g observable behaviors to 

 Savic (2012) conducted a study of how 
mathematicians recover from proving impasses. In his study, all of the mathematicians were able 
to recover from the impasses, thus his focus was on their Incubation Period: where they 
temporarily shift their attention away from the problem and do something else. 
Methodologically, Savic used Livescribe pens that were given to the mathematicians for days to 
gather real-time data. Although a mathematician may have had a key insight while walking 
around (for example) that allowed them to get unstuck, from this study, we still know little about 
the actual cognitive process of getting unstuck. Thus, Savic (2016) had called for future study of 
proving processes involved several impasses (stuck points) with participants that are less skilled 
in math (different from mathematicians), since their incubation period might not help them to 
move forward. In this study, I thus began by characterizing the major actions that were evident in 

 
 

Method 
My study of undergraduate students drew participants from the Introduction to Proof course 

at a large research university in the Midwest. The Introduction to Proof (ITP) course is required 
for undergraduates majoring in STEM and mathematics education. The course focuses on 
developing mathematical argumentation techniques and proof strategies. The data for this study 
consisted of semi-structured task-based interviews with 10 undergraduates enrolled in a 
transition-to-proof course. Each participant was asked to prove or disprove two mathematical 
statements. The majority of the interviews took around 70 minutes, which provided enough time 
for the participants to have at least 30 minutes to engage with each task. In order to capture 

-aloud protocol was 
used (Schoenfeld, 1985). Interviews were video-recorded -time proof work 
was captured using a Livescribe  pen. 

As I have discussed in the literature review, in order to account for the proving processes of 
undergraduate students, the existing problem-solving frameworks need to be expanded. In 
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more about what students do when they get stuck. To do that, I utilize a combination of my own 
ification of 

phases and 
developed from the flowing three steps: 

Step 1: Operationalizing and Identifying tuck Points Like I have pointed out, 
i

more important in telling whether a person has gotten stuck. For my purposes, stuck meant a 
period of time during the proving process when a prover felt or recognized that their argument 
had not been progressing fruitfully and that they had no new ideas. Whether the participant 
discovered an error 
progressing, but they were hesitant about what to do next was the key focus for me. For the 

he 
proving processes that was initiated by a student struggle that was in some way visible, whether 
voiced, gestured, or written. An impasse ended when the student overcame a stuck point and 
continued attempting or finishing the task, or the student gave a sign of no resolution and 
indicated wanting to switch to a different task or end the interview. In total, there were 41 

and majority of them are in the last four phases according to 
Boero (1999): Exploring of the Content (identify appropriate argumentations and envisage 
possible links), Selecting of arguments into deductive chain, Organizing the chain of argument 
into proof, and finally Write a Formal Proof.  

Step 2: Categorizing Major Actions Around Stuck Points. I used the existing Warshauer 
(2011)
a process, uncertainty in explaining and sense-making, and expressing misconceptions and 
errors) to enhance my initial coding scheme by developing sub-
actions. Different from Warshauer (2011)  that mainly aim to examine the categories of 

-12 problem-
focuses more on undergr  

processes were captured in three major categories initially: their arguments, their stuck point, and 
their actions. After identifying those bigger categories, smaller categories were then identified 

actions around their stuck points, I refined categories related to proving activity to the following 
four: initial argument, stuck points, navigating actions, and related outcomes. Once the initial 
coding scheme with those themes was developed, I completed the first round of data analysis to 
test and refine those themes. Particularly, 

identified by the students, their actions for attempting to resolve those stuck points, monitoring, 
and persistent actions were also classified and captured.  

Step  Proving Process with Map. 

processes with their major navigating actions. I split the proving process map into two 
dimensions. Vertically, the process map captured the four categories as described in Step 2. 
Horizontally, the map captured the order of each individual argument and action. The arrows in 
between indicate the directions of the movements and the relationship between the arguments 
and the actions. Instead of capturing only arguments, I also added a category that captures 
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as described above. In Figure 1 below

points, navigating actions, and outcomes related to those actions, as well as how one moved from 
one to the o -eye view of the proving process for 
each task for each individual student. 

 
Figure 1.  
 

Result and Discussion 

with map. In this proposal, I turn to focusing on the qualities of navigating actions students used, 
situated in the context of their entire proving attempts. My analysis resulted in three major types 

the major categories of my analytical framework. F
process was characterized by their process map based on shifts between (1) initial argumentation 
(Argument), (2) major stuck points (Stuck Points), (3) actions they took to try to navigate out of 
being stuck (Navigating Actions), and (4) related results (Related Outcome). If they are able to 
use the related outcomes (i.e., new insight, useful calculation, or new connection) that they 
generated in a given cycle, then the proving process progresses, either to completion or until they 
reach a new impasse. In the next sections, I will describe the three major types of proving 
process around stuck points based on these shifts in the order of increasing complexity. Because 
of the limited space for this proposal, I will only discuss one student for each type for Task 2 
(Prove or disprove: An integer is divisible by 9 if the sum of its digits is divisible by 9).  
Type 1: No Related Outcome Produced 
Trajectory: Arguments  Stuck Points Navigating Actions  

For this process type (as in all the types I consider), the student started with some sort of 
argument and got stuck when trying to construct a proof. The student then took several actions or 
attempts to try to navigate out of the stuck point but did not produce any related results, thus 
going back to their navigating actions. In summary, this type can be characterized as going back 
and forth between stuck points and navigating actions without any related outcome to help one 
move forward (see Figure 2). I w  

                            
Figure 2. Process Flow for Type 1 Process Around Stuck Point 

!"#$%&'( )($*+,-./'( 012/#1(/'#,
!*(/.'3

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' #'!



As soon as Nikki saw the task, she remembered that she had done a similar problem before. 
She quickly wrote down the pro

equals 9, then the number n 
stuck after 

double- then 

then thought about what happened if the sum was 9 or the sum of a multiple of 9 (like 18). But 
 

Nikki then tried to look for the general equation for expressing the sum of the digits. She found 
the expression on the formula sheet and tried to understand the expression again by computing 
some examples and by rewriting 27 as . But she was soon stuck again with the kth 

k here mean in the expression of ? Is k the number of digits or something 
 (Nikki, Task 2). She told me this general form she found (on the provided formula sheet) 

e any related outcome from her navigating actions, and she 
remained stuck in the end of the episode.  

As I have noticed from Nikki
of related outcomes from navigating actions. Students with this process tend to go back and forth 
between stuck points and navigating actions since no significant related outcome is produced to 

point and they are unable to make progress on their argument. 
Type 2: Related Outcome Produced but Not Link to the Argument 
Trajectory: Arguments Stuck Point 1 Navigating Actions Related Outcomes Stuck 
Point 2 ( Navigating Actions) 

process type, like before, a student starts with some sort of argument and gets stuck when trying 
to prove the argument. The student then takes several actions or attempts to try to navigate out of 
the stuck point (so far, as in Type 1). However, the student successfully overcomes one stuck 

But they soon run into 
another stuck point when they try to expand the related outcome into an argument. This process 
may also include some navigating actions to try to overcome the second stuck point, but the 
student is unsuccessful in doing so (see Figure 3).  

                                     
Figure 3. Process Flow for Type 2 Process Around Stuck Point 

In Task 2, Devin conjectured the statement works for all multiples of 9 after trying examples 
like 9, 18, 27. But he then got stuck with how to show the statement in general. He tried to 
represent a given number in terms of the sum of its digits in a general form and assumed  
where  is a number such that d  are the place 
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values of each of the digits. Thus, any number can be represented as 
But with this generalized formula in hand, how to use this to prove the statement 

became her new problem. He then thought about whether a number that is a multiple of 9 could 
be factored differently. Devin took the examples of 36 and 135 to try to factor them out and see 
whether he can have some insights. He rewrote them as 

his new question, a question he still had in the end.  
The examples of Devin illustrate what Type 2 processes look like and how they differ from 

Type 1 processes in terms of the role of related outcomes. Devin had several related outcomes 
produced by overcoming some of their stuck points. This helped them to move forward, and, in 
fact, they were just a few steps away from fully overcoming all the stuck points and successfully 
proving the statement. Thus, at this point, it will be insightful to compare their processes with at 
least one related outcome linked with argument. 
Type 3: At Least One Related Outcome Linked with Argument 
Trajectory: Arguments Stuck Points Navigating Actions Related Outcomes 

Arguments  
Similar to the previous two types, for this type of process, a student also starts out with an 

initial argument, but they also get stuck. The student then takes several actions or attempts to try 
to navigate out of the stuck point (as in Types 1 and 2 process flows). However, the Type 3 
process advances to proving the statement using the related outcomes generated in the process 
and ultimately results in having at least one related outcome linked with the argument. Since 
there could be multiple stuck points resulting in multiple processes, the student will be 
categorized in this type as long as at least one productive cycle is complete. The cycle can repeat 
if a second or third stuck point is encountered. To summarize, this type of process always 
involves a related outcome each time and the participant is able to leverage these related 
outcomes to move forward with developing their argument (see Figure 4). Note here that 
students are considered as making productive progress (Type 3) as long as at least one 
productive c
order to be considered as making productive progress.            

                
Figure 4. Process Flow for Type 3 Process Around a Stuck Point 

Soni successfully overcame several stuck points in both Task 1 and Task 2. For Task 2, Soni 
started with outlining some of his ideas for finding the differences between counting by 9s and 
counting by 10s and rewrote 10 as . Having this general goal in mind about what he would 
do, he felt the need for a generalized formula to represent any integer with its sum of the digits. 
Soni looked into the formula sheet and found the formula that any integer can be represented as 

 But then how to use the general formula to prove the 
statement became his problem. Soni then thought about induction to help him achieve his goal. 
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about representing 10 as  and substituting all 10s in the formula as . However, he got 
stuck again on how to expand . Soni then 
decided to try a specific example (Figure 5) to show it could be factor out by 9, then follow the 
same way to show the generalized cases. Following this way of thinking, he successfully 
navigated out of his stuck points and proved the statement in the end.  

 
Figure 5.  

From Soni, we see what could be described as a more productive struggle engaged in their 
proving processes since they completed at least one cycle of link back to the argument. Looking 
at see that he was clear about the goals for each of his navigating actions 
and had a clear understanding about where he got stuck. He also successfully produced several 
related outcomes from his navigating actions to help him move forward.  

 
Conclusions and Implication 

As I discussed in the literature review, 
practices have been examined in several ways, there are still important aspects that have not been 
examined in the existing literature. Previous proof construction research, building largely upon 
the work of Toulmin (1958), focused only on the structure of the argument but not the actual 
action and the actor (e.g., Pedemonte, 2007). To address those issues and characterize 

, through our analytical process (conceptualizing stuck 
point, characterizing actions, and capturing general processes using map), I classified three 
different types of overall processes when undergraduate students face several stuck points and 
try to navigate out. 
actions might look similar (e.g., look for a generalized formula to represent digits), students in 
Type 3 seems to make more productive progress compared to the other types. The reason could 
vary between students, but in general, students in Type 3 are able to clearly identify their stuck 
points, have a goal for each of their attempts, and able to produce related outcome from their 
attempt and then link that back to their initial goal/argument.  

To conclude, students need to engage in a way that they can make some progress in order to 
be productive. In general, most of the students interviewed in this study had their process maps 
and actions categorized as Type 2. If we know where students get stuck in their overall proving 
process when trying to navigate out stuck points, we will be able to better support their 
productive struggles and help them to move to Type 3. In the subsequent study, I will describe 
individual cases in detail to discuss the relative productivity of different possible navigating 
actions students may take as they are engaging in proving. The different proving processes and 
navigation actions characterized in this study can help instructors to have a better understanding 
of  and to be more explicit in their 
own modeling of their own actions for their students.  
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Contextuality in Reasoning about the Exponential Function: A Microgenetic Learning Analysis 

 
Elahe Allahyari 

Western Michigan University 

This paper explores how two undergraduate students come to perceive exponential structure in a 
series of word problems. This study investigates whether features of task situations can create 
opportunities for supporting students in recognizing situations as appropriate for using 
exponential models. The analysis is guided by coordination classes theory (diSessa & Sherin, 
1998) and Transfer-in-Pieces perspective (Wagner, 2006; 2010), which emphasizes the role of 
multiple instantiations of a concept across multiple contexts as learners construct their 
understanding. The results suggest that contexts that embody the notion of recursive dependency 
may help students activate and use appropriate knowledge resources related to exponential 
models. 
 
Keywords: Exponential models, Context-dependence, Knowledge in Pieces  
  

Introduction and Purpose of the Study 
There is an essential need to explore students' understanding of different topics at the 

college level, especially those topics that students find difficult. Exponential functions are a 
difficult, yet essential, mathematical concept that plays an important role in the study of 
advanced mathematics (Ellis et al. 2016; Weber 2002). Several researchers illuminated the 
importance of deep understanding of exponential function as an important topic in the 
mathematics education field (Brendefur, Bunning, Secada, 2014).  Weber (2002) focused on 

work was that although all students could compute exponents in simple questions, only few 
students could reason about the process of exponentiation. The result stimulates some essential 
questions regarding understanding the exponential function: What features of contextual tasks do 
students notice and how does this impact their reasoning patterns? In particular, what features of 
tasks meant to cue the use of exponential models are salient to students? 
reasoning patterns shift as they engage with a sequence of tasks designed to help them link their 
prior experience with linear modeling to exponential modeling?  

  
Theoretical Framework 

This work requires a perspective that brings into focus on the role of contextuality of a 

addressed the role of knowledge in transfer processes. Wagner (2006) demonst -
in-
framed his analysis using the construct of coordination classes 
(1993) Knowledge-in-Pieces (KiP) heuristic epistemological framework. Coordination classes 
give a model for conceptual understanding that involves how individuals extract concept relevant 
information from a context. These constructs can help to explain how learners initially interact 
with mathematics content in a wide range of contextual tasks. In describing the knowledge that 
emerged in this study, the coordination class theory construct of concept projection proved to be 
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useful. A concept projection erations that are 
used by an individual in applying his or her concept (coordination class) in a particular 

 
Wagner (2010) provided an extension of transfer- in-pieces in which the alignment with 

the Piagetian frame is explicitly pointed out to create a framework for transfer either in similar 

assimilatory and interpretive knowledge elements associated with some concept, and the 
construction of new concept projections reflects a process of conceptual accommodation to new 

explored how learners can build new knowledge elements exponential understanding which 
is the result of passing through multiple disequilibrium and accommodating particular context. In 
this work, another goal is to investigate the affordance of context for such accommodations. In 
other words, I seek to explore fro
exponential understanding can be accommodated to? The affordances of a context are a 

the structure perceived in a new situation be matched or closely matched to the structure 
major difficulty is the 

explanation of contextual situation which can be matched to the ultimate, desired abstraction 
(Wagner, 2006).  

In this work, I investigate the affordances of recursive dependency implicit in very 
common exponential contexts for instigating productive conceptual conflict. I define recursive 
dependency as a feature of a context task in which reasoning about each step depends on the 
previous step. As an example, the molding process of the population of a city, increasing by a 
particular rate every year, needs learners to realize that the number of people of the city in each 
year depend on the previous year, rather than the initial year. I argue that the recursive 
dependency is the heart of, specifically, identification of exponential function as it is shown in 

 
 

Data Collection 
Data for this study were taken from semi-structured task-based interviews of four 

undergraduate students who enrolled in a developmental math course Algebra II at a large, 
public, Midwestern university. The interviews were conducted in an online format consisting of 
60-100 minutes of problem solving. The interview involved screen sharing a specially designed 
set of slides I created through Desmos Activity Builder (DAB). Participants agreed to meet with 
me for 60-90 minutes one-on-one in an online private session. They worked in DAB and their 
thoughts as he described as they worked on a contextual problem involving exponential function 
was audio and video recorded. Screenshots of all written work in DAB were saved and some are 
represented in appendix A. All 60-100 minutes of the interviews were transcribed for detailed 
analysis.  

reasoning appeared to be in transition or if it appeared that they came to notice a conceptual 
conflict. Among four participants there was one student, Leia, who understood the context 
qualitatively in City A problem and calculated the population after 10 days and 20 days, 
however, introduced a linear model and stuck with a linear model. Another student, Nick, who 
already knew exponentiation in different contexts and models exponentially. Two students, Tom, 
and Andrew, who underwent conceptual change and came to discern exponential function in 
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different contexts. This study focuses on how Tom and Andrew underwent some conceptual 
change to understand exponential function. 

Among the problems presented to students were sets of common contexts for exponential 
situations, like population growth and the amount of a drug remaining in a patient's body. 
However, there is a special effort for raising the possibility of more engagement from each 
student. For example, city A and City B problems, presented in Table 1, is an explanation of the 
population of people who are infected by Covid 19. This study happened during the peak of the 
pandemic, when checking the number of Covid 19 outbreaks was a concern.  the set of problems 
that students attempted to solve in the 60-100 minutes interview. I sometimes asked probing 
questions, however, I avoided taking an evaluative role and emphasized my appreciation for 
valuable sharing of their thinking with me. An analysis of explanatory language that Tom and 
Andrew used during the interviews enabled me to recognize the importance of well-matched 
recursive dependency in the exponential context to generate productive disequilibrium and 
support transfer. 

 
Table 1. Exponential problems that participants worked on in the 60-100 minutes interviews. 
Exponential problems 
Baseline problem 
What does the function mean to you? What do you think of when you see this 
function? 
 

People Diagnosed with Covid-19 in City A 
In City A the number of people who have Covid-19 increases by 11% every 10 days. The initial 
population of people who are diagnosed with Covid-19 in City A is 1500. Create an equation 
that models this situation. 
 

People Diagnosed with Covid-19 in City B 
In City B the number of people who have Covid-19 decreases by 11% every 10 days. The initial 
population of people who are diagnosed with Covid-19 in City B is 1500. Create an equation 
that models this situation. 
 
Drug Remaining in the Body 
Imagine that a patient is taking 100 milligrams of a drug. Suppose only 27% of the drug remains 
in the patient's body after an hour. How long does it take before only 10% remains? 

 
Analysis 

        Microgenetic Learning Analysis (MLA) is an analytic methodology for progressing from 
observations in video data of moment-by-moment reasoning processes to systematically 
describing the nature and form of knowledge growth and change. (Parnafes & diSessa, 2013). 

reasoning, coming to understand and discern the appropriateness of contexts for modeling 
exponentially. In this work, the MLA process includes transcribing the episodes, enriching them 
with details about what was written and pointed to in Desmos by participants, and then 
summarizing the work on each task and the discu
reaction for a modeling system and how they both modeled linearly; then playing genuinely just 
with context helped them to go through an assimilatory activation and, ultimately, accommodate 
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a new reality which was concept projection of exponential function. I defined this process of, 
first, reacting proportionally to, eventually, accommodating exponentiation as the process of 

in City 

productive conceptual conflicts in which a well-imbedded recursive dependency appeared as a 
highly influential factor for change. 
 

g 
        City A problem: Facing conceptual conflicts (disequilibrium). Coming to solve the 
problem of city A is the heart of this study, in which we can see the prominent pattern of logical 
readout of the situation, coordinating the context and his pattern of reasoning, experiencing a 
productive disequilibrium, accommodating new understanding of the situation, and finally, 
generalizing the problem to make an abstract model. To me, the key observation across the 
session was the moment that Tom in the middle of making sense of the structure leaves all his 
findings (including the population of Covid 19 after 20 days: getting 11% of 1665 and adding to 
1665, not 1500, which had the result of 1848) and faces a huge disequilibrium with satisfying a 
systematic and already established proportional perspective.  
 
Interviewer: How did you find that number? 
Tom: I divided 1848 by 1500 and found 1.321 which does not make any sense 
Interviewer: what about first 10 days 
Tom: That works really well. 1665/1500 is 1.11 which makes a lot of sense. I thought
 1848.15/1500 should be 1.22 because it increases 11% every 10 days  
 

The recursive dependency, well-imbedded in the context task, appeared to help Tom to 
prefer working with his understanding of context rather than sticking with his proportional 
expectation. He eventually could coordinate his perception of the situation with his strategy for 
calculating an increasing Covid19 population in each step and to resolve an apparent 
contradiction in his thinking. 

 
Tom: Ok! So, oh! Wo
 and then plus 1500 which is 1.11  1500 and then in the second step we
 do  and in the third step it should be   right? Is that it? 
Tom: SO! f (x)  would be: Right? Cool. 
Interviewer: Do you want to calculate what you find in the second step? I guess it would be
 interesting for you 
Tom: Sure! It is 1.321! What? What is that? Is it magic?  
 

City B Problem: Testing Near Transfer. 
showed transfer more explicitly in a similar context. I asked him to calculate the population of 
people who have covid 19 after 10 days. While he was calculating it seemed that he already had 
the exponential model in his mind. 

 
Tom: Ok! I found it! If I take this (1.11 from the previous model), because it is one point eleven!
  89 percent? If
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 I do 0.89 (More confidently and surely say the last words) that gives me the model
 here, the 11 percent decrease (laughing happily!) 
Interviewer: Do you want to write the model? 
Tom: Yes, sure! I think it should be f (x) , right? 

 
Remaining Drug Problem: Fidelity to Proportional Modeling when Context Lacking 

Recursive Dependency. After 73 minutes of productive challenge to understand exponential 
function, Tom confidently initiates reasoning proportionally. In the end, he modeled this problem 
with a linear and solved a linear equation to figure out how long it would take for 10% of the 

problem solving on the WebEx. I tried to have a conversation to see why the first reaction to this 
question involves linear thinking. I asked him why he thinks that a linear model can work in this 

I could 
? Why can the body not work with different rates of the drug?) However, it 

did come to my mind as I was experiencing the first observation of how learning is highly 
contextual. In the interviews with Andrew which were conducted after 
more insight.  
  

 
City A Problem: Appropriate Use of Exponential Model. Andrew found a strategy to 

calculate the population of Covid19 immediately, however, just like Tom, after seeing some 
steps in the exponential model, he checked himself with a proportional model. Facing a 
contradiction between understanding of the problem and the linear model, I asked him what his 
decision is. 

 
Interviewer: If I want you to calculate after 30 days, how do you go, are you plugging 3 in your
 linear model or you are calculating from the first strategy and why? 
Andrew: I would probably do the first one, because the way that I understand the increases, it is
 not that taking the old percentage and taking 330, it is taking the 11% from the new
 number.  
 

I observed that a well-matched recursive dependency emerged to help Andrew to decide 
his strategy and confidently leave proportional thinking. Like Tom, Andrew eventually modeled 
exponentially this problem. 

City B Problem:  Facing a Multi-dimensional Disequilibrium. Andrew recognized 
what decreased means as he could see for the first set of 10 days and 

 for the second set of 10 days. I thought he was ready to make the model, 
just easily in a similar context; however, he was still in disrepair with the linear model. 

 
Andrew: I think I could! it would be 1500 times (X-0.11)? so for the second step it would be
 1500 times 2-0.11, but no! that would be an increase! No?! It cannot be correct, because
 it is two thousand and something which is not even a decrease.  
Interviewer
 about after 20 days? 
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similarity of City A and City B problem should have resulted in the transfer for abstraction more 

hesitating to connect a decreasing process to an exponential model. I think there was an intuition 
that if a number comes to the power of something, it should be an increasing process. Andrew 

-dimensional 
in the City B problem. Eventually, he could see the 

model after working on the population after 30 days.  
Remaining drug problem: Fidelity to Proportional Modeling when Context Lacking 

Recursive Dependency. Like Tom, after 63 minutes of productive struggle for understanding 
the exponential model, Andrew returned to proportional thinking very confidently. He made the 

 
 

Andrew: I was assuming a consistent rate 
Interviewer: Why do you think it has a consistent rate? 
Andrew: Based on kind of information that I get 
Interviewer: So, imagine in the question we have this assumption that the drug is working
 exponentially in the body, how would your answer change? 
Andrew: Exponentially cannot work here, because it just says this much left, or this much
 remains after the one hour. 
Interviewer: What do you expect from a problem for model exponentially 
Andrew: I think, special kind of increase or decrease 
 

It turns out that special kind of increase and decrease  is related to dependency to the 
previous step that I defined as recursive dependency.  
 

Discussion 
The analysis of Tom and Andrew revealed prominent patterns of logical readouts in the 

situation, coordinating context to reasoning, experiencing productive disequilibrium, 
accommodating new understanding of the situation, and finally, generalizing problems to make 
abstract models. During their reasoning about the contextual problems, both learners attempted 
to create a coordination between the context he perceived and a strategic pattern of thinking to 
solve the problem.  

In the city A problem, there was a moment, in the first interview, when Tom could have 
made a generalization, but instead he faced a huge conceptual conflict (disequilibrium) with a 
previous normative and settled way of thinking:  proportional reasoning. Andrew, however, 
experienced this productive disequilibrium majorly in the city B problem. Eventually, playing 
genuinely just with context helped Andrew to face a multiple disequilibrium to go through an 
assimilatory activation and, ultimately, accommodate a new reality which was concept 
projection of exponential function. Here, the strength of the context can be illuminated as the 
most important key, which can shadow the importance of similarity.   

I conjecture based on the results of both interviews that if the context could have 
provided enough support for exponential thinking, perhaps students also could have moved 
through a possible conceptual conflict and accommodate the desired model to the context. 
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However, when the context was weak in establishing a recursive dependency, learners strongly 
coordinated the proportional reasoning and modeled the situation linearly. 

To elaborate, the l ted a natural product of 
amplified understanding in the analysis, which is the core of transfer. Understanding a concept 
is, indeed, inseparable from developing logical readout strategies and coordination of 
knowledge resources

-in-Pieces, where readout strategies and 
coordination of knowledge resources were matched with affordances of the contexts. After 
analyzing the interviews, I argue that the Remaining-Drug problem failed to afford recursive 

-
each hour depending 

on the amount of the remaining drug in the previous hour. However, in contrast, the growing 
population of City A demonstrated a well-imbedded recursive dependency and afforded a 
dependence of the increased population to the previous increased population. 
 

Implications 
Such revelations about the interplay between contexts and the knowledge resources 

participants activate and use, is an important line of work that has practical relevance with 
respect to teaching and learning. Such analyses underscore the need for more epistemological 

perceptions and inferences.  
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This report contributes novel insights into how undergraduate students think and reason about 
the number of tiles within a given tiling of the plane. We juxtapose two theoretical perspectives—
units coordination and spatial-temporal-enactive (or S*-) structuring—to provide an analytic 
account of how two undergraduate students reasoned about the tiling. In particular, this work 
suggests potential qualitative differences in how undergraduate students might engage in 
multiplicative reasoning in an unfamiliar spatial context.  
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Students use symbolic manipulations when performing cancellation as they solve equations. 
Rather than performing rote manipulation of symbols, we want students to understand the 
meanings that these symbols convey. In this paper, we examine three pre-service mathematics 
teachers’ symbolic forms for additive, multiplicative, and compositional cancellation. Students 
used symbol templates where they either wrote both the identity and inverses, one but not the 
other, or neither. We further explore students’ varied conceptual schemas associated with these 
templates, as well as the relationships that exist among these symbolic forms. 

Keywords: Abstract Algebra, Cancellation, Symbolic Forms, Prospective Teachers 
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We discuss two Dynamic Geometry Software applets designed as part of an Inquiry-Oriented 
instructional unit on determinants and share students' generalizations based on using the applet. 
Using the instructional design theory of Realistic Mathematics Education, our team developed a 
task sequence supporting students' guided reinvention of determinants. This unit leverages 
students' understanding of matrix transformations as distortion of space to meaningfully connect 
determinants to the transformation as the signed multiplicative change in area that objects in the 
domain undergo from the linear transformation. The applets are intended to provide students 
with feedback to help connect changes in the matrix to changes in the visualization of the linear 
transformation and, so, to changes in the determinant. Critically, the materials ask students to 
make generalizations while reflecting on their experiences using the applets. We discuss patterns 
among these generalizations and implications they have on the applets' design.     
 
Keywords: Determinants, dynamic geometry software, inquiry, student reasoning 
 

Matrix determinants are often taught formulaically, obscuring geometric connections 
between determinants and linear transformations. The Inquiry-Oriented Linear Algebra (IOLA) 
curricular materials (Wawro et al., 2013) build from experientially real task settings that allow 
for active student engagement in the guided reinvention of mathematics through student and 
instructor inquiry (Gravemeijer, 1999). The IOLA determinants task sequence uses distortion of 
space as an experientially real starting point  development of determinant as a 
measure of (signed) multiplicative change in the area. The sequence uses GeoGebra applets that 
allow students to actively explore the geometric effects of changing 2x2 and 3x3 matrix 
transformations and note their effect on the determinant. Through exploration of the applet, 
students observe links between the determinant and concepts such as linear (in)dependence, 
span, and invertibility, as well as how changes in matrix entries impact the determinant. In this 
study, we investigate the research question: Based on interacting with our curriculum's dynamic 
geometry applets, what relationships do students observe between matrices, determinants, and 
geometric objects transformed by the associated linear transformation?  
 

Theoretical Background and Literature Review 
According to Axler -intuitive, and often defined 

identifying what happens to the determinant when switching rows, multiplying a column by k, 
row-reducing a matrix, and performing column operations. This might be because of difficulties 
relating the numeric, algebraic, and geometric aspects of the determinant (Durkaya et al., 2011) 
or the reliance of the determinant on bilinearity (Donevska-Todorova, 2016). These difficulties 
would be mitigated by connecting to existing reasoning and understanding, as is 
consistent with the curriculum design theory of Realistic Mathematics Education (RME; 
Freudenthal, 1991). Adopting this theoretical framing for our curriculum design, we identified 
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starting point for developing notions of determinant. We sought to design an activity that could 
support students in establishing an understanding of determinants as a measure of how matrix 
transformations distort space and then leverage these connections toward more general properties 

design research (NSF DUE 
1915156, 1914841, 1914793), referred to as a Design Research Spiral, in which the design team 
iteratively drafts, implements, reflects, and refines the task sequence as guided by multiple 
design research theories at each cycle of refinement (Wawro et al., 2022). This paper presents 
materials and results from the penultimate cycle of refinement for this unit.  

In order to support students  generalizing from their situated activity, we turned to Dynamic 
Geometric Software (DGS), which synchronously display dynamic representations of numeric, 
geometric, and algebraic aspects of the determinant. This makes DGS a suitable tool for 
supporting students' exploration of determinants and connecting this to geometric and algebraic 
knowledge. research has shown that DGS applets allow students to investigate, visualize, make 
predictions, calculate, simulate, and generalize certain situations, all of which are critical 
practices for inquiry (Gol Tabaghi & Sinclair, 2013; Gol Tabaghi, 2014; Greefrath et al., 2018; 
Hollenbrands, 2007; Paoletti et al., 2020; Zandieh et al., 2018). In linear algebra, applets, games, 
and simulations have been used to explore key topics such as linear combinations (Mauntel et al., 
2021), eigentheory (Gol Tabaghi & Sinclair, 2013; Gol Tabaghi, 2014), and determinants 
(Donevska-Todorova, 2012, 2016; Donevska-Todorova & Turgut, 2022). 

Donevska-Todorova (2012) used DGS to support students' exploration of determinants in a 
teaching experiment setting and found that DGS can help build meaningful connections between 
the determinant and conceptions of area in 2D. The author attributes the DGS's ability to 
simultaneously display numeric and geometric feedback as important for connecting to 
prior geometric understanding. However, Donevska-Todorova's setting is more focused on direct 
instruction and approaches the determinant as a way to calculate the area of a parallelogram at 
the origin whose sides correspond to the column vectors of the matrix, rather than connecting the 
geometry to the linear transformation defined by the matrix. In our materials, and consistent with 
the above cited literature, we designed the materials so that students contextualize the DGS 
relative to their existing notions of linear transformations. The goal is that this additional context 
will provide students with a foundation for the connections they make while using our applet. 

 
The Determinants Task Sequence 

The main goal of this unit is to build from students' knowledge of matrices as representations 
of linear transformations towards a conceptualization of the determinant of a 2x2 or 3x3 matrix 
as a measure of (signed) multiplicative change in area or volume, respectively. Task 1 is 
designed to support students toward suggesting change in area as a way of quantifying distortion 
that objects undergo from specific matrix transformations. In Task 2, students reinvent the 2x2 
determinant formula so that by the end of Task 2, when the term determinant is introduced, the 
class has developed the notion of the determinant of a 2x2 matrix  as: (1) the signed area 
scaling factor of the linear transformation defined by  [i.e., the multiplicative change in area]; 
(2) the signed area of the  image under ; (3) the signed area of the parallelogram 
created by the columns of ! ; and (4) , for . The main goal of Task 
3 is for students to reinvent  for invertible matrices by coordinating their 
knowledge of invertible linear transformations with their developing understanding of 
determinants as a measure of change in area. Tasks 1 and 3 provide space for students to use 
their understanding of composition of functions to reinvent ) for 
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matrices  and  and justify them via change in area lines of reasoning. 
In Task 4, students further explore the geometric interpretation of matrix transformations and 

their determinants via GeoGebra applets for 2x2 and 3x3 matrices, which can be found at 
https://www.geogebra.org/u/iolalinearalgebra. Each applet consists of a matrix, sliders to control 
each entry in the matrix, a real-time calculation of the matrix determinant, and a real-time 
dynamic parallelogram or parallelepiped showing the image of the unit square or cube under the 
matrix transformation. As shown in Figure 1, both applets have sliders (a) & (h) that students use 
to change the matrix entries. The applets also calculate the determinant of the matrix in real-time 
as the user changes the entries of the matrix (b) & (i). In the 2x2 applet, users can see (and alter) 
a geometric representation of a preimage object (c) composed of a yellow vector, blue vector, the 
parallelogram they form, and the inscribed ellipse (defaulted to the standard basis vectors, unit 
square, and its inscribed circle). Users can change this shape by moving the terminal endpoints 
of the yellow and blue vectors (d). These color-coded vectors correspond with their images under 
the transformation (e). In the 3x3 applet, the preimage is fixed as the unit cube (defined by the 
standard basis vectors) and is not shown or alterable because of the complexity of programming 
such an object in GeoGebra. In both applets, the image of the respective image is shown on the 
right side of the screen (f) & (j) and changes color from green to red when the matrix 
determinant is negative. Users can reset the applet (g) & (k), which will revert the matrix back to 
the identity matrix and, in the 2x2 applet, will reset the preimage to the unit square.  

 

  
Figure 1. Screenshots of the two determinant applets, with markers (a) - (k) to help explain the applet components. 

 
With the applet components, students are able to create any matrix within the constraints of the 
parameters (between -4 and 4, in increments of 0.1) and see how the changes affect the distortion 
of the image of the unit square or cube. Consistent with Rumack and Huinker (2019), Task 4 
explicitly champions the role of mathematical curiosity as students explore, observe, conjecture, 
and justify; this allows students' mathematics to be what is leveraged and furthered. Adopting the 
RME design heuristic of guided reinvention, the instructor  role includes facilitating students' 
open-ended activity toward more organized and focused statements or generalizations connecting 
changes in matrices to changes in the distortion of the space and how they relate to determinants.  
 

Methods  
The data for this study come from in an in-person introductory linear algebra class at a large, 

public, research university in the Mid-Atlantic region of the US. There were 27 students in the 
course, 13 of whom gave consent and completed the assignment analyzed here. In the university 

(pseudonym P1). Most were second-year students by credit hours and were general engineering 
majors. The prerequisite was a B or higher in Calculus I or a passing grade in Calculus II. 
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The data analyzed and present herein are student responses to a written reflection. After most 
class sessions, students were asked to complete a reflection by the end of the day and submit 
their work via an online learning management system. Students were asked to spend 5-10 
minutes on a reflection, for which full credit was awarded based on effort rather than correctness. 
The following is 
class today! Let's focus on the applets and what they helped you understand. Give at least two 
observations you made from using either/both applet(s). State it in words / mathematical symbols 
and illustrate with a snapshot from the applet(s) to help convey it. If you have started to think 

URLs for the applets and a reminder that the class slides were on the course cloud-based folder.  
To analyze the data in service of our research question, we aimed to understand what 

observations students made from their interactions with the determinant applets. Extending our 
previous preliminary analysis with a similar data set (Kerrigan et al., 2012), we first focused on 
three aspects of students' responses that align with features of the applets that users attend to: a 
user can notice (changes in) the entries of the matrix, (changes in) the value of the determinant of 
the matrix, or (changes in) the graphical appearance of the transformed object. For brevity, we 
label these as pertaining to the matrix [M], the determinant value [D], or the graphical imagery 
[G]. For each student response, we coded phra

by punctuation use. To establish viability of the coding scheme, two of the authors independently 
analyzed about half of the data according to these codes, and obtained a high level of agreement. 
These authors explained their codes and rationales to the third author and then all authors coded 
the remainder of the data set, again reaching near-total agreement. We expected and thought it 

the data for relationships between phrases, looking for any causality or logical structure in the 
relationships (e.g., the aforementioned example has an implied if-then structure, so it would be 
coded as [M D]). We referred to the phrases paired with their logical structure and additional 
supportive justifications (if they existed), as observations. Such an analysis is important to us as 
instructors and curriculum designers because the structure in these initial student observations is 
foundational in setting the stage for the co-  is 
a nxn matrix;  is not invertible  
the mathematics and the instructor inquiring into student reasoning (Rasmussen & Kwon, 2007).  

 
Results  

From the phrases within the 13 student responses, we found 43 phrases pertaining to the 
matrix [M], 41 phrases pertaining to the determinant [D], and 24 phrases pertaining to the 
graphical appearance of the transformed object [G]. Overall, we found there to be 42 
observations. We organize the remainder of this section according to summaries of each of the 
three main phrase categories and then a summary of the various student applet observations. 
 
Summary of results at the individual phrase level 

First, 43 of the phrases pertained to aspects that students noticed regarding the matrix [M] in 
the 2x2 or 3x3 applet. 16 of these phrases related to the columns of the matrix forming a linearly 
dependent set. Although only 5 of the phrases say linear dependence explicitly, the other phrases 
give specific examples of linear dependence: the matrix entries being the same number (2), at 
least two columns being scalar multiples (2), and the matrix containing a column of zeros (7). As 
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researchers, we grouped the latter three as types of linear dependence, but we cannot know if the 
students who wrote them were considering that concept as they wrote their phrases. The bulk of 
the remaining phrases coded with [M] had the common trait of focusing on changes in the matrix 
entry. Students wrote phrases about individual matrix entries or multiple entries (e.g., the values 
of the diagonal components), as well as about interchanging two columns, and multiplying 
row(s) or column(s) by a constant. As previously mentioned, the identity matrix is what first 
appears when opening or refreshing the applet, and the students are able to manipulate each 
individual matrix component. To reason about the ideas related to linear dependence and the 
ones related to multiplying a row, column, or the whole matrix by a constant, students had to set 

 
Second, 41 of the phrases pertained to observations the students made regarding the value of 

the determinant [D] that appeared in either the 2x2 or 3x3 applet or its computation. 15 of the 
phrases focused on a zero determinant value, 6 phrases focused on noticing a negative 
determinant value or a change in its sign, and 2 phrases highlighted an unchanging determinant 
value. Third, 24 phrases pertained to the graphical appearance of the transformed object [G] in 
either applet. Of these, 8 mention the resulting parallelepiped's volume (one also mentioned the 
resulting parallelogram's area in the 2x2 applet); more specifically, all but one mention a volume 
(or area) of zero. We group another 7 of the phrases together because they relate to the object 
losing dimension (e.g., the vectors are on the same line), and 5 phrases were other observations 
about the resulting image (such as flipping orientation). Finally, 2 students included snapshots of 
the 2x2 applet, 7 included snapshots of the 3x3 applet, and 4 did not include any snapshots. We 
did not code the images with [M], [D], or [G] unless a student explicitly referenced them in their 
written explanation. This occurred 4 times (twice for two students), all of which were coded [G].  

 
Summary of results at the observation level 

We referred to the phrases paired with their logical structure and any 
supportive justifications as observations. Consider student M1's response as an exemplar:  

"If a column has all zeros, the determinant is 0, and if the determinant is zero, the shape 
has no volume in the third dimension. Thinking about the determinant as (new 
volume)/(old volume), we can algebraically see that the numerator must be zero for the 
quotient to be zero. Also, if one of the column vectors is the zero vector, the shape does 
not span all three dimensions so it cannot possibly contain a volume"  

observations with these three phrases: [M D] and [D G]. The middle portion of his response, 
in which he brings in 

column 

M G] and [G G].  
Overall, our analysis shows that a vast majority of the observations that the students made 

began with a matrix statement [M]. In fact, only 5 of the 42 observations started with a statement 
about the graph [G] or the determinant [D] (see Figure 2). Relating back to the previous section, 
the [G] phrases mentioned were about the shape or the volume of the resulting parallelepiped. 
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Figure 2. The 5 observations that started with a graphical statement [G] or determinant statement [D]. 

 
The most common type of observation was what we refer to as [MDG], by which we mean 

He noticed when a certain matrix 
characteristic [M] occurred that a certain determinant value occurred [D], which he explained as 
sensible because of the corresponding graphical imagery [G]. We posit this likely corresponds to 
the nature of student activity while interacting with the applet: first manipulate the matrix, notice 
things about the determinant, and explain that in terms of what you see geometrically. Another 
example of an [MDG] is W4  observation (coding in 
that if the set is linearly dependent [M] or has two or more vectors that are scalar multiples [M], 
the determinant will be zero [D]. I found out after our discussion that this is because the vectors 

 
As stated above, some observations conveyed a dynamic character, meaning that the student 

was most likely actively changing something in the applet while noticing the associated impact 
of that dynamic action. For example, M3 stated, "When observing the 3x3 applet in class today, I 
noticed that entries a11, a22, and a33, as well as sometimes a13 and a31 were the only entries that 

didn't move, it just wobbled around G]. 
We hypothesize that, for instance, M3 was dragging the slide for entry a11 and noticing the 
simultaneous change in the parallelepiped's volume. Or that M9 was, for instance, dragging the 
slider for entry a13 c

time. As previously mentioned, 7 phrases were about a matrix with a column of zeros; each of 
these were part of an observation about the resulting determinant being zero. Because the default 
matrix in the applet is the identity matrix, it is likely that the observation was able to be made by 
only dragging one slider because each column of the identity matrix only has one nonzero entry.  

In comparison to the dynamically oriented observations, some required multiple changes in 
the matrix entries and thus may have required many separate actions within the applet before an 

the determinant flips sign. It works the same on the 2x2 applet. I think it's because it flips the 

you multiply one row by a constant the determine [sic] increases by that constant, and if you 
multiply the entire matrix by a constant, the determinant is multiplied by k to the power of n. For 

instances of [M  
switching one column with another and multiplying a matrix by a constant  require dragging 
multiple applet sliders and comparing an existing determinant with a resulting determinant. W6's 
first observation  multiplying a row by a constant increases the determinant by a factor of that 
constant  may have been made from only changing a row of the identity matrix or other 
diagonal matrix, in which only dragging one slider would have been needed for the observation.  
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Discussion 
As design researchers, part of our work involves reflecting on student observations with 

respect to our curriculum design goals. Within the design research spiral (Wawro et al., 2022), 
considering student reasoning during tasks in light of the overall learning goals informs revisions 
that we make to the task sequence and supplementary materials, such as the applets. The first 
overarching learning goal include of this task sequence is (1) having students deepen their 
understanding of the geometric interpretation of linear transformations in  and in  through 
observing the impact that varying the matrix entries has on the determinant and on the 
transformed image. The second overarching learning goal is (2) for students to actively engage in 
the guided reinvention of key properties of nxn matrices  and , such as: (2a)   
columns of  are linearly dependent, (2b) is positive or negative according to whether 
the linear transformation defined by  preserves or reverses the orientation of the transformed 
objects If  is obtained by interchanging two rows (or two columns) of , then 

, (2c) If  is obtained by multiplying a row (column) of  by scalar , then 
 and (2d) If  for a scalar , then . Through reflection on 

data collected through various parts of the design research cycle, including the data analyzed in 
this paper, we feel confident that the applets have strong potential in helping an instructor 
achieve (1) and (2a) with their students. In particular, the results here show (2a) as a strong 
connection students make while working with the applet. These results also indicate that, when 
students are provided specific ideas to explore in the applet (namely, switching two columns or 
rows, multiplying a row by a constant , or multiplying the whole matrix by a constant ), they 
can use the applet to make conjectures equivalent to (2b) - (2d). We would, however, like to 

2b) - (2d). For 
example, including features that can swap columns, swap rows, scale columns, or scale rows 
(rather than requiring individual entries to change one at a time), might help students develop 
(2b) - (2d) entirely on their own, rather than requiring targeted exploration prompts. 

Our results showed that most student observations began with statements about the matrix 
[M] in either the 2x2 or 3x3 applet. We believe this is sensible, given the current design of the 
applets. The current aspect that is the most interactive is adjusting the matrix component values. 
For instance, students can rotate or zoom in on the transformed parallelepiped in the 3x3 applet 
but cannot manipulate, for instance, the image of the basis vectors that define the parallelepiped; 
if they could, we posit there may be more instances of students making [G M] or [G D] 
observations. One reason this is important to us as curriculum designers is the biconditionality of 
determinant-related properties and theorems. This informs applet revisions to better facilitate 
student understanding of and role in reinventing the biconditionality of the generalizations. 

One limitation of the analysis presented here is that we analyzed post-hoc data of students
generalizations after interacting with the applet in class. We did not collect data of the students 
exploring the applet and conjecturing in real time. Analyzing real-time interactions would allow 
us to make stronger inferences about students  and the examples they explored to 
support them. We also had limited access to student thinking about why their observations were 
true because it was not required that they share justifications. Finally, students were informed all 
semester to spend 5-10 min on reflections and that they were graded on effort. Thus, we cannot 
know if students would have answered differently in a different setting. We look forward to our 
future work revising the applets, such as designing aspects to further facilitate specific learning 
goals. This work will also allow us to explore and theorize the alignment between specific 
aspects of RME, such as emergent models, and student exploration and engagement in DGS. 
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Professional development about teaching is an important lever for change toward evidence-
based instructional practices. Yet few studies in higher education offer robust evidence about 
whether and how instructors’ teaching practices actually change as a result of professional 
development. We studied instructors who attended a four-day intensive workshop on inquiry-
based learning (IBL) in college mathematics and who provided data about their teaching before 
and after. Of 293 instructors who attended, 136 provided complete survey data and 15 video-
recorded their teaching, which we coded using two observation protocols. Comparing pre-
workshop and follow-up teaching data, we find significant and well-corroborated changes 
toward IBL methods across all three methods, with effect sizes near 1, generally viewed as large 
in education research. The findings demonstrate that well-designed professional development 
can have a substantial impact on instruction even within the first year of implementation. 

Keywords: IBL, professional development, TAMI, RTOP, measurement of teaching 
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With an increased call to attend to diversity, more postsecondary mathematics instructors are 
interested in using equitable and inclusive teaching (EIT) practices. Yet, ambiguity persists on 
what EIT practices look like in mathematics classrooms. Our study investigates the 
characterizations of EIT from 13 participants, each involved in a year-long equity focused 
workshop, with the purpose of describing what topics arose in their characterizations. Our 
analysis shows characterizations of EIT included both the student and teacher role in EIT, and 

and teacher self-
each category and connect them to established EIT literature. These findings can help 
researchers and department leaders engaged in change for EIT see what topics in EIT are being 
consumed and what topics might need emphasis or introduction.  

Keywords: Equitable and inclusive teaching, instructor beliefs, postsecondary mathematics 

The past two decades have seen enhanced calls to promote diversity, equity, and inclusion 
(DEI) in postsecondary education broadly and mathematics specifically (e.g., Inniss et al., 2021.; 
MAA, n.d.; U.S. Department of Education, 2016). Such efforts are often tied to the increasing 

minorities (National Academy of Science, 2010; Riegle-Crumb, 2019; U.S. Department of 
Education, 2016). In particular, Black and Latina/o students who enter college as a STEM major 
are more likely than white students to switch to a non-STEM major or leave college altogether 
(Riegle- particularly 
significant role in shaping the opportunities for economic and social advancement afforded to 
students (Gutiérrez, 2012a, p.19), yet school mathematics traditionally excludes people of color, 
women, and individuals who have disabilities. Many educators agree students need opportunities 
to engage in mathematics that valorizes their own cultural experiences, and gives them a tool for 
challenging the status quo in mathematics and Western society broadly (Gutiérrez, 2012a). 
However, research has shown instructors may struggle to provide such opportunities for their 
students (Rubel, 2017), and more work is needed to better understand how instructors 
conceptualize equitable and inclusive practices. 

Postsecondary mathematics instructors play a key role in both determining the mathematics 
students are exposed to, as well as in shaping cultural norms around teaching within mathematics 
departments (Reinholz & Apkarian, 2018; Smith et al., 2021). Their beliefs and attitudes toward 
equitable and inclusive teaching (EIT) determine their decisions in the classroom, and further 
their ability to advance change in their departments (Johnson et al., 2022). There has been a shift 
in the field toward the use of active learning teaching methods as a way to address inequities in 
mathematics participation, but these methods do not automatically create an equitable classroom 
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(Brown, 2018; Johnson et al., 2020, Reinholz et al., 2022). Williams et. al (2022) analyzed 
ound that equity was rarely connected. 

Given the close tie between beliefs and practices (e.g., Speer, 2008), it is important to understand 

used in research articles from 2010 to 2016 shows this term is used as a single ideology and as a 

potential to be used and understood in many different ways, possibly diluting its intention and 
power. Therefore, it is necessary to monitor how postsecondary instructors are interpreting and 
influenced by these concepts. To this end, we studied how postsecondary mathematics 
instructors committed to active learning and teaching more equitably conceptualize EIT. Our 
overarching research question is:  What characteristics arise when mathematics instructors are 
asked to define EIT? We intentionally left our research question broad to capture the varied and 
rich responses shared by our participants; in our discussion we draw connections between our 
findings and the research literature.  

 
Theoretical Background 

Learning is a sociocultural experience involving a complex interaction among instructor, 
students, content, and the underlying social and cultural systems in which these components 
operate (Hawkins, 1974; Lampert, 2001). Mathematical knowledge is co-constructed in the 
classroom with students through a focus on establishing sociomathematical norms and the 
development of a mathematical identity (Brown, Collins, & Duguid, 1989; Cobb & Bowers, 
1999; Cobb, Yackel, & Wood, 1992; Lave & Wenger, 1991). Yet, Gutiérrez (2012b) argues even 
those who acknowledge a sociocultural perspective on learning and see knowledge as 
constructed in negotiation with others in a community of practice (Wenger, 1998; Cobb & 

 
Gutiérrez (2002) defines equity a

participation based solely on student characteristics such as race, class, ethnicity, sex, beliefs, 

include four dimensions: access, achievement, identity, and power (Gutiérrez, 2012a). Briefly, 
access refers to the resources students have access to for learning, and achievement references 
educational student outcomes. Both dimensions make up the dominant axis of equity, as they 

make up the critical axis. Gutiérrez uses a mirrors and windows metaphor to describe identity, 
which focuses on opportunities for students to see mathematics as meaningful in their everyday 
lives: there should be places in the mathematics curriculum both for students to see their identity 
reflected back at them (mirrors) as well as be given access to the broader world of mathematics 
(windows). Power refers to issues of social transformation, including which voices are 
highlighted in education, using mathematics for social justice, etc.  

There are several pedagogical traditions which prioritize inclusivity (e.g., culturally relevant 
pedagogy, critical pedagogy, humanizing pedagogy, reality pedagogy). While each tradition has 
different foci, collectively, inclusive pedagogies highlight the importance of empowering 

curriculum, 
providing students the tools to enact social and political change, positioning students as experts 
in the learning process, fostering caring and trusting relationships between instructors and 

periences (including their social, political, 
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psychological, and emotional selves) in the classroom (Carter, Andrews, & Castillo, 2016; 
Emdin, 2016; Howard, 2003; Macrine, 2009; Tuitt, Haines, & Stewert, 2018). 

 
Methods and Participants  

This qualitative study investigates how 13 undergraduate mathematics educators from eight 
institutions involved in SEMINAL  Smith et al., 2021 for more information) equity-
focused professional learning community (PLC) conceptualize EIT. Each participant was paid a 
$1,000 stipend to participate, which met every two weeks from September 2020 to May 2021. 
Participants were interviewed for approximately 60 minutes at the beginning, middle, and end of 
this timespan. They shared their racial and gender identities in the interview and names were 

color (Aadaya, Camila, and Cassandra), one man of color (Robert), five white women (Crystal, 
Emma, Kathleen, Lacy, and Shea), and four white men (Bill, Collin, Mark, and Thomas). 

interviews. We 
analyzed responses using rounds of first and second cycle coding (Miles et al., 2014). For the 
first cycle of analysis, we developed 13 participant summaries to identify key ideas within the 

lighted within the transcript, summarized 
below, then agreed upon by at least three of us. In pairs we then engaged in a second cycle of 
coding to sort the summarized key ideas for one-third of the 13 participants into different 
categories. Each pair looked at a different third of the participants. We then met to compare 
categories. The commonalities across groups led to a condensed structure that focused on 
awareness of students, student engagement, teacher reflection, and specific actions for EIT. The 
first three authors drafted a codebook (see Table 1) of these overall categories with defined 
subcategories, independently coded three participant responses (by coding each of the 
highlighted key ideas within the response) and met to reconcile and subsequently refined the 
codebook. Afterwards, they independently coded and reconciled the remaining 10 participants. 
 

Findings 
We generated three major codes of how participants characterize EIT: Awareness and 

Consideration of Students, Student Engagement, and Reflective Practice with relevant subcodes 
(see Table 1). 
Table 1 includes counts for each subcode. Below we describe each of these codes in detail using 

 responses. 
 

Table 1. Characterization of EIT and Number of Responses  

Code Description # of responses 
(n=13) 

Awareness and Consideration of Students
environments and lived experiences impacts their identity and capacity; this one is about the 
more general classroom environment 
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Background 
and Learning 
Experiences 

environment: prior academic/learning experiences, 
 

 

11 

Access to 
Material 
Resources  

Mention of student access to materials, finances, 
resources  

 

6 

Emotions disabilities, bringing whole self to the classroom) 
 

11 

Student Engagement: Emphasizes the student experiences and academic culture of the 
classroom; ensuring each student possesses a sense of academic belonging 

Participation Focus on student participation in the classroom 
S  

13 

Ownership/ 
Investment 

Focus on student investment and ownership of 
participation (ownership of their learning), usually more 
specific than general participation 

Students should  

3 

Reflective Practice: Acknowledges influence of pedagogical or personal views on the 
classroom environment as well as specific actions for EIT 

Self- 
reflection 

Acknowledging and/or reflecting on personal biases and 
teaching practices; may include broad statements of 
what an instructor should believe or do 

 

12 

Actions 

Specific actions or teaching practices teachers ascribe to 
themselves as beneficial for the individual student 
experience as well as the classroom as a whole 
E.g.,  

9 

Awareness and Consideration of Students 

these experiences connect with issues of equity and inclusivity in the classroom. Three subcodes 
emerged: Background and Learning Experiences, Access to Material Resources, and Emotions. 

The Background and Learning Experiences subcode refers to a broad consideration of 
haracteristics (e.g., race, culture, socioeconomic status, 

first generation status, marginalization, prior academic experiences, etc.). For example, 

have no control 
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quity in the classroom 

is necessary but not sufficient for EIT. 
students   not elaborate on what this means. 

Access to Material Resources captured explicit references to financial restraints or situations 
possibly impacting student access to the resources necessary to succeed in class. Responses 
ranged from minimizing financial strain on students (Thomas) to acknowledging the impact 
priorities outside the classroom (e.g., having to take care of siblings) have on student capacity to 
learn in and outside the classroom (Cassandra and Shea). There was significant overlap between 
the Access to Material Resources subcode and other subcodes under Awareness and 
Consideration of Students; five of the six participants whose excerpts were coded the former 
were double-coded with another subcode in this code. For example, Cassandra described how 

or an indicator that you do not belong because of your financial background, because of what 
you look like, because of any physical or emotional issues that you may be dealing with," which 

category ar
affect student access to materials.  

class. The following excerpts describe the major idea
be made to feel like [their] questions or answers or situation is somehow [their] fault or an 

and that when in the cl

their ideal classroom environment. In addition, several participants also made the distinction 

 

Student Engagement 
All participants mentioned providing student opportunities to engage and participate in the 

classroom as part of EIT, with a common theme of making sure certain groups of students were 

inclusive means that I'm not, you know, overlooking some students or kind of leaving them out 

working on their own. I want to make sure that the quiet ones, which is, I guess, how I 
characterize myself, are not overlooked." In addition, Camila described inclusive teaching as 

it's not dominated by one group versus another." Crystal also discussed giving students who are 
 

One aspect is like recognizing everybody that's in the room, like the people who are 
marginalized. I want to be able to recognize and give them a chance to participate and have 
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them feel valued and seen as well as the more confident students who sit in the front of the 
room and participate all the time. 

Some participants addressed wanting students to feel safe in the classroom, but excerpt 
 

The Engagement subcode shifts perspective to excerpts where participants described wanting 
to ensure student access to the mathematical content and 

whatever we're talking about through whichever entry point, but then also them feeling 
empowered and safe to speak up in class.

would say that they're not kind of feeling alienated from [the mathematical content], or that 
they're like trespassing somehow on a domain that the property belongs to someone else. That 

 

Reflective Practice 
All 13 participants mentioned something about the role of the teacher, specifically a self-

reflection and/or a specific teacher action for EIT. We use this section to discuss categories. 
-reflection. This subcode 

captured responses that indicated the importance of self-reflection to teach equitably and 
inclusively, as well as responses in which participants engaged in self-reflection about their own 
teaching practices. For example, Shea shared that as an instructor, she 

and teachers may experience the classroom differently. Other participants further discussed how 
reflections about student experiences should inform practice. Ryan shared the importance of 

this example, Ryan acknowledged that his practice of teaching should change even if he did not 
include a specific way to enact that change. Of note is the specificity of some reflections. Aadaya 
discussed her realization that despite self-

her definition of EIT. 
We used the subcode Actions when participants described something specific that a teacher 

ractice 
including pointing students (especially students with less access) to specific resources, 
purposefully including topics of racism or environmental change into the classroom, 
coordinating sections to be more comparable to one another, making sure th

identity-related questions (e.g., 
system aligns with letting students grow and be their whole selves, not reacting negatively to 
students who do not follow academic social norms because they might not have access to them 
(e.g., 
and learning and changing teaching practices to help with student needs and disabilities (e.g., try 
to not talk while facing the board for students who read lips). Most of these specific actions were 
described as EIT practices instructors should do.  
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7 

 
Discussion & Implications 

overarching codes: Awareness and Consideration of Students, Student Engagement, and 
Reflective Practice. This suggests participants view EIT in terms of who students are, how that 
impacts their engagement in the classroom, and what the instructor can do to affect that 

ion of equity, several participants 
expressed the belief that students should not be disadvantaged based on their backgrounds, 

material resources. This includes 
students are not disadvantaged, or feeling alienated, by the dominant, sociomathematical norms 

import  
Many participants also reflected on their actions as teachers, specifically on their personal 

biases and practices. In particular, responses indicate that identifying areas of growth, 
maintaining flexibility, and leaning into the discomfort of change are necessary to create 

resilient, as EIT involves a significant amount of discomfort and emotional labor. Additionally, 
this reflective practice (Schön, 1983) is central in all teaching, but in EIT this reflection involves 
thinking about how students experience the classroom differently than oneself and acting 
accordingly. Some participants mentioned efforts in their teaching to consider how students 
experienced their classrooms and recognize that experience differs from their own. 

the curriculum, or, as Tuitt et al. (2018) describe, opportunities for students to personalize 
content by seeing examples from their cultural or lived experiences, as well as the importance of 
including topics such as racism, most participants did not stress EIT as a tool for social and 
political change. This is unsurprising given how difficult instructors find it to create mirrors for 
their students in the classroom (e.g., Rubel, 2017). Yet, most participants view EIT as important 

th more humanizing pedagogies which 
encourage students to embrace their whole selves in the classroom, as well as desire to have 
students take ownership over their learning. 

Our findings can help researchers and department leaders engaged in change for EIT see 
what topics in EIT are being consumed and what topics might need emphasis or introduction. 
The participants were connecting EIT with being aware of a variety of aspects about students, 
but we did not see many responses explicitly mentioning how these aspects relate to power. Yet 
power is an integral part of EIT and needs to be better understood. Who has the power in EIT? 
How do you distribute power in EIT? What role do departments have in distributing power 
within and outside classrooms? Additionally, participants often connected student participation 
with EIT, but there is an opportunity for emphasizing how students are feeling when they are 
participating. How are teachers supposed to learn how to attend to student learning, student 
feelings, and their own learning about EIT? How can departments help support their teachers 
learning this level of attention?  
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Modeling -19 Vaccination and Infection Risks 
Using Benchmark Values 

 
 
 Mina Gong Dru Horne 
 University of Georgia University of Georgia 
 
 Hyunkyoung Yoon Cameron Byerley 
 Arizona State University University of Georgia 
 
During the COVID-19 pandemic, citizens have had to make new decisions about vaccination and 
social contact based on their personal risk estimates and the risk estimates of experts and 
governments. We analyzed survey data with 50 participants and interview data with three 
participants to model how South Korean citizens quantify risks associated with COVID-19 
vaccination and infection and the severity and level of concern they associated with these 

quantifications for COVID-19 risks and their meanings for 
their estimated risks are substantially different than experts. Participants used benchmarks such 
as 10% risk and 50% risk to estimate and reason about their COVID-19 risks. 
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Since the start of the COVID-19 pandemic, mathematics educators have been interested in 
contributing to the collective effort to reduce risk from COVID-19 using prior mathematics 
education research (Krause et al., 2021 erceptions of risk play an important part in 
their choices, and their choices impact personal and societal risk (Raiffa, 1982). Doctors and 
epidemiologists often communicate risks with percentages, and mathematics educators are well 
positioned to study how We know the 
concept of percentages (and the related concept of fractions) is difficult for many people, 
including those with undergraduate degrees and students taking advanced mathematics such as 
calculus (Byerley, 2019; Mullis et al., 1991; Wright, 2006). Specifically, the RUME community 
has an interest in preparing undergraduates to make sense of real-world mathematics as well as 
an interest in informal adult education about mathematics (SIGMAA on RUME, 2022). To 

risks associated with COVID-19 vaccination and infection. 
We focused on risk estimates related to both vaccination and infection because vaccine 

hesitancy is a top ten global health issue (World Health Organization, 2019; 2020). There is a 
statistically significant association between COVID-19 vaccination status and US citizens  
perception of the relative risk of vaccination and infection (Yoon et al., 2022). The study found 
that US citizens who thought COVID-19 infection was less risky or equally risky than 
vaccination were less likely to be vaccinated than those who thought COVID-19 infection was 
more risky than vaccination. Even though the risks due to COVID-19 infection are orders of 
magnitude higher than the risks due to COVID-19 vaccination (CDC COVID-19 Response Team 
& Food and Drug Administration, 2021), only 48% of a random sample of US citizens thought 
COVID-19 infection was more risky than vaccination (Yoon et al., 2022). 

In contrast to the previous study by Yoon and colleagues (2022), we used South Korean 
participants in this study. It is important to study real-world mathematical thinking in a variety of 
cultural contexts because much can be learned by investigating similar questions in contrasting 
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cultures (Stigler & Hiebert, 2009). The pandemic response, vaccination campaign, and 
mathematics education in South Korea are notably different from that in the United States. By 
early August 2022, more than 87% of the population in South Korea had been fully vaccinated 
and more than 65% had received booster shots (Korea Disease Control and Prevention Agency, 
2022). Many South Korean citizens complain about social pressures to get a COVID-19 vaccine 
and believe the vaccination mandate is not reasonable despite the high vaccination rates (Han, 
2022). 

vaccine hesitancy through a 
mathematics education lens, it is necessary to understand how citizens perceive the risks 
associated with COVID-19 infection and vaccination which are often expressed in percentages. 
Thus, this study investigates two research question: (1) How do South Korean citizens quantify 
their risk associated with COVID-19 infection and vaccination? and (2) What meanings do 
participants hold for their percentage estimates? 

Literature Review and Theoretical Framework 
Risk Perception 

Risk has been 
(Douglas, 2013) or a -

(Bernstein, 1996). Experts define risk based on relative frequency of occurrence, and while 
laypeople can assess frequency if asked, they tend to include other factors in their risk 
judgements (Covello et al., 1986, 1987; Slovic, 1987). These differences in the way the public 
and experts perceive risk can lead to miscommunication in which laypeople understand risk 
differently than experts or government agencies (Botterill & Mazur, 2004; Covello et al., 1986). 

imate of the risk of dying 
from COVID-19 if infected and unvaccinated was higher than 50% (Rothwell & Witters, 2021), 
which differs dramatically from estimates by epidemiologists. Because, on average, citizens are 
giving such different estimates of risk than epidemiologists, it follows that their meaning for 
these percentages is likely different than that of epidemiologists. For example, citizens who 
estimated the mean risk of dying from COVID-19 if infected is 50% might disagree with the 
mathematically sim -  

Risks in Frequency Formats and Percentage Formats 
Prior research has shown that risks described in frequency formats (e.g., 10 of 100) are 

perceived as more serious than those in percentage formats (e.g., 10%) (Gigerenzer, 2011; 
Hoffrage et al., 2000; Slovic et al., 2000). Slovic et al. (2000) found that when assessing whether 
a hospitalized patient with mental disorder would harm others, people perceived a risk described 
with the frequency format, serious than the same risk described 
in 
using a frequency format can frighten people because it is psychologically different from the 
same risk expressed as a percentage format (Purchase & Slovic, 1999). Another important aspect 
of understanding COVID-
and ability to understand and use numbers with concept of proportion, fractions, percentages, and 
probability (Dieckmann et al., 2009; Peters, 2012; Peters et al., 2006). Highly numerate people 
are more likely to be able to interpret the same risk presented in either frequency or percentage 
as equivalent (Peters, 2012; Peters et al., 2006). Exploring  frequency format and 
percentage format may provide insight into how citizens understand probabilities when 
estimating risks associated with COVID-19 infection and vaccination. 
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Using Benchmark Values to Estimate Probability 
Benchmarks are initial values that function as a point of reference to compare, assess, and 

adjust estimates of probabilities. We use the term benchmark value in this work to describe 

benchmark values as a point of reference, and they adjust estimates up or down from these 
values. Tversky (1974) suggests that when estimating the probability of an uncertain event, 
people tend to use a starting value and adjust it to produce the final estimates. Then, different 
initial values result in different estimates; if the starting point is too high or too low, the 
subsequent adjusting process yields a final answer that is close to the starting information, which 
may lead to overestimation or underestimation (Epley & Gilovich, 2006).  

For example, a prior study found that many US citizens used the benchmark values, 0%, 
50%, and 100% for their estimates of risks associated with COVID-19 infection and vaccination 
(Yoon et al., 2022). Konold (1989) 
probabilistic reasoning focus on outcomes of single trials of events by interpreting 0% as 

Yoon and colleagues 
(2022) used the outcome approach construct to  
benchmark values.  
on mathematical meaning (Thompson, 2015). We remained alert that two different people could 
have different meanings for the same percentage and used the outcome approach as a way to 
make sense of the different meanings participants might have. 

Methods 
We collected interview and survey data. Both asked South Korean citizens to quantify their 

risks associated with COVID-19 infection and vaccination and to discuss how they reason about 
the risks. First, we conducted a survey with a random sample of 50 South Korean adults on June 
13, 2022 using a Korean survey company, Survey Top (https://www.surveytop.co.kr/)1. In our 
sample, there were 23 male and 27 female participants.  
years (SD = 14.77). As the level of highest education, 22 citizens reported a high school diploma 

of the 46 participants who received at least one dose of COVID-19 vaccines, 13 citizens were 
fully vaccinated for COVID-19 (two-doses of Pfizer of Moderna or a single dose of J&J 
vaccine), 31 citizens were fully vaccinated for COVID-19 with one booster shot, and two 
citizens had received two booster shots. Four citizens responded that they had never received a 
COVID-19 vaccine. Survey questions were developed in prior research (Yoon et al., 2022) and 
included: 1) If you were infected with COVID-19, what do you think your percent risk of 
hospitalization from COVID-19 if infected. Why? 2) If you were infected with COVID-19, how 
concerned would you be about getting hospitalized? 3) If you receive a COVID-19 vaccine in the 
future, what do you think your percent risks of a serious adverse reaction would be? Why? Other 
questions are also asked such as demographic information, their reasons for vaccination, and 
general probabilistic questions. 

We also recruited three South Korean citizens for interviews. All participants were male, in 
their thirties, and held an undergraduate degree in non-mathematical fields. Both Chang-seob and 
Byung-soo (pseudonyms) were fully-vaccinated with a booster shot. Byung-soo was vaccine-
hesitant; he received COVID-19 vaccines because of social pressure. Sun-kyu (pseudonym) had 

 
1 The survey company provides information about the demographics of the panel and how to select a random sample from the panel 

(https://www.surveytop.co.kr/online-survey-panel). 

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' $'*

https://www.surveytop.co.kr/
https://www.surveytop.co.kr/online-survey-panel


not received any vaccines. Interviews were conducted through Zoom in Korean by the first 
author between June 19th, 2022 and July 4th, 2022. Each interview lasted approximately an hour 
and a half. During the interviews, the first author asked participants to quantify various risks 
associated with COVID-19 infection and vaccination, their opinions about COVID-19 
vaccination, and to interpret meanings of particular percentages in various contexts. The first and 
third authors, who are South Korean, translated the US survey and interview protocol into 
Korean. We coded the data using a priori and emergent codes and conducted a thematic analysis 
(Braun & Clarke, 2006). While conducting our study and analyzing data, we were alert to the 
possibility that South Korean citizens would use benchmark values to reason about risk and that 
their meanings for a particular percentage might differ from expe  

Results 
We found that risk perceptions and reasonings were complex, but they 

commonly used benchmark values as a starting point for estimating their COVID-19 infection 
and vaccination risks. In both the survey and interviews, we observed that many participants 
used certain values, 0%, 1%, 10%, and 50%, as benchmark values. In order to answer the 
research question, we focus on how South Korean citizens quantify risks using benchmark 
percentages and make sense of the severity of those percentages. 

-19 Infection and Vaccination Risk Estimates on Survey 
I estimates. In 

response to questions about risks related to both infection and vaccination, 10% was the most 
frequent estimate. When estimating their personal COVID-19 hospitalization risk if infected, 
24% of citizens (12 of 50) estimated 10%. Further, 16% of citizens (8 of 50) estimated their risks 
of serious adverse reactions to COVID-19 vaccination as 10%. The question about adverse 

An example of a serious adverse reaction is an allergic reaction requiring 
treatment in a hospital. Do not include your risk of common side effects such as fatigue.
Another frequent estimate was 50%. For their COVID-19 hospitalization risk if infected and 
COVID-19 vaccination risk, 18% of citizens (9 of 50) and 12% of citizen (6 of 50) estimated 
50%, respectively (Figure 1). 

We also 0% because there is a 
small cluster at 0% (6 of 50) in the estimates of COVID-19 hospitalization risk if infected, and 
0% is a value that appeared in our study of US citizens (Yoon et al., 2022). 
 

   

Figure 1 associated with COVID-19 infection and vaccination. 
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Use of Benchmarks in COVID-19 Infection and Vaccination Risk Estimates 
Because 0%, 10%, and 50% were common estimates in the survey and interview data, we 

decided to focus 
benchmarks for estimation. Additionally, we discuss 1% as a benchmark value which emerged in 
our interview data, and we relate interview data with short fill in the blank responses on the 
survey. 

50% as a Benchmark. During the interview, Byung-soo estimated his COVID-19 
hospitalization risk if infected and unvaccinated as 50%. When asked how he quantified the 
50%, Byung- as a 
probability. I have no reason for it . 
which may be explained by the outcome approach (Konold, 1989). Similarly, in the survey data, 
four of nine citizens who estimated their risk of COVID-19 hospitalization if infected as 50% 
and three of six citizens who estimated their risks of serious adverse reactions to COVID-19 
vaccination as 50%, gave the reason for their estimate Thus, 
many citizens used 50% as a benchmark if they were unsure of their risk. 

0% as a Benchmark. Chang-seob initially estimated his risk of dying from COVID-19 if 
infected and unvaccinated (in the case of the Omicron variant) as 0% since he thought that it 
would never happen to him. When asked to estimate his risk of dying from COVID-19 if 
infected and unvaccinated I think my COVID-19 death risk from Omicron is 0% 
because I think I will not die if I were treated  Chang-seob used 0% as a benchmark to estimate 
his COVID-19 death risk if infected and unvaccinated given various treatments. Sun-kyu, who 
also thought that he would not die from COVID-19 if infected and unvaccinated, said risk 
would be convergent to 0%   

Similarly, in the survey, all six citizens who estimated their risk of hospitalization from 
COVID-19 if infected as 0% explained that they are unlikely to be hospitalized from COVID-19 
if infected. An outcome approach explains that a benchmark of 
(Konold, 1989). Therefore, 0% is associated with an event that is impossible or unlikely to occur.  

10% as a Benchmark. Sun-kyu used a benchmark of 10% for estimating his risks associated 
with COVID-19 infection and vaccination. Sun-kyu estimated his risk of COVID-19 
hospitalization if infected and unvaccinated and his risk of a serious adverse reaction from 
COVID-19 vaccination as more than 10%. On the other hand, he gave estimates less than 10% 
for his risk of COVID-19 hospitalization if infected and vaccinated (Table 1).   

 
Table 1. Sun-  estimates of risks associated with COVID-19 infection and vaccination. 

Risk of 

COVID-19 Hospitalization,  
if infected and unvaccinated 

COVID-19 Hospitalization, 
if infected and vaccinated 

a serious adverse reaction to 
COVID-19 vaccine 

10~20% 5~10% 30~40% 
 

I 
that 10% risk associated with COVID-19 infection is high. But, one or two out of 10 people is 

risk of serious adverse reactions from COVID-19 vaccination 
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related to vaccine side effects, I could be the one who had severe vaccine reactions, so I would 
-kyu considered 30-40% as risky because it is more than one or two 

out of ten people, and so he used 10% as a benchmark and adjusted from a low risk of 10% to a 
higher risk of 30-40%. 

In the survey, we found that all 12 citizens who estimated their COVID-19 hospitalization 
risk if infected as 10% tended to think that 10% is not very risky on a multiple choice follow up 
question. Of the 12 citizens, three responded that they were not concerned, five responded that 
they were slightly concerned, and four responded they were somewhat concerned about getting 
hospitalized if they were infected with COVID-19. Thus, participants from both the survey and 
interviews may use a benchmark as 10% to estimate a risk of an event that seem not very risky.  

1% as a Benchmark. During the interviews, we observed 1% was used as a benchmark to 
estimate risk and participants adjusted the 1% upward or downward to reach their final estimates. 
We also found that participants thought 1% was a small risk and that risks with less than a 1% 
chance were unlikely to occur. Two interview participants thought COVID-19 risks less than or 
equal to 1% are not worth worrying about. For example, Chang-seob used 1% as a benchmark 
for all estimates of his risk associated with COVID-19 infection and vaccination (Table 2). 
 

Table 2. Chang-  estimates of risks associated with COVID-19 infection and vaccination. 

 COVID-19 Risk of  

Hospitalization,  
if infected (unvaccinated) 

Hospitalization, 
if infected (vaccinated) 

Dying, if infected 
(vaccinated) 

A serious adverse 
reaction to vaccine 

1% 0.1% 0.001% 0.001~0.0001% 
 

When the first author asked Change-seob to estimate his risk of hospitalization and dying 
from COVID-19 if infected and unvaccinated, he said: 

I estimate 1%, at most, that I would be hospitalized from COVID-19 if infected and 
unvaccinated. I think my risk of dying from COVID-19 if infected and unvaccinated 
would be from 0.01% to 0.1%. Assuming I am treated, I multiplied 0.01 to the 1% risk of 
hospitalization from COVID-19 and multiplied 0.1 to the 1% if not treated. Similarly, 
when vaccinated, I multiplied 0.1 to the 1% and got 0.1% risk of hospitalization from 
COVID-19 if infected. Also, I multiplied 0.1 to 0.01% risk of dying from COVID-19 if 
infected and unvaccinated and got 0.001% for my risk of dying from COVID-19 if 
infected and vaccinated. 

Chang-seob started from 1% as his estimated risk of COVID-19 hospitalization risk if infected 
and unvaccinated. Then, he adjusted the 1% to 0.1% and 0.01% to estimate his risks associated 
with COVID-19 infection if infected and vaccinated. He thought every other risk in Table 2 was 
less likely than hospitalization if infected and unvaccinated. He adjusted his 1% estimate 
downward by multiplying 1% by 0.1, 0.01 and 0.001 to estimate other risks. Thus, Chang-seob 
used a benchmark of 1% for estimates of his risk associated with COVID-19 infection and 
vaccination. Additionally, he thought a 1% chance of hospitalization is not risky to him: 

same to me which are extremely low and 0.0001% is almost 0%. If a risk is less than 1%, 
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I think the probability is low no matter what the value is, because it means less than 1 out 
of 100 people. 
Sun-kyu made a similar judgement about a 1% risk associated with COVID-19 infection and 

 
1,000, 1 out . Both Chang-seob and Sun-kyu used 1% or 1 out of 100 
people and noted that if risks are less than 1%, it is meaningless to differentiate between them. 

Discussion and Conclusion 
From surveying and interviewing South Korean citizens about their COVID-19 risks, we 

found they used benchmark values of 0%, 1%, 10%, and 50%, and participants conveyed that 
10% and 1% risk are not risky. Interview participants used and interpreted the benchmark values 
of 1% and 10% for their COVID-19 risk as 1 out of 100 people and 1 out of 10 people, 
respectively, for who would be at risk. This may have led participants to perceive risks less than 
1% as small and negligible because they count the number of people out of 100 people, and 1 
person is the smallest countable number from those 100 people. Compared to a sample size of 
100, they perceived the occurrence of 1 out of 10 people as something that cannot be ignored but 
is slightly risky. Thus, reasoning with a frequency format using the number of people out of 10 
or 100 may explain the use of benchmark 1% and 10% and why those risks were not perceived 
as risky. 

In contrast, risks under 1% were more likely to be measured in a percentage format by a 
number of zeros in a decimal. When asked to transform 0.1% and 0.01% into a frequency format, 
the interview participants were able to correctly get 1 of 1,000 and 1 of 10,000. Nevertheless, 
they preferred to quantify risks less than 1% in a percentage format. Thus, the participants  use 
of denominators (100 and 10) may explain why they thought 1% was not risky, and the smallest 
risk value they would pay attention to because 0.1% means less than 1 person dies out of 100. 

However, if the infection fatality rate of COVID-19 was 1%, and all 50 million South Korean 
citizens were infected, 500,000 people would die. Although the South Korean citizens in both 
our interviews and survey viewed risks near 1% as not too serious, it is clear that these risks are 
serio
problematic and worthy of attention in the international mathematics education community. 
Before vaccines were available, the infection fatality rate of COVID-19 was estimated to be 
about 0.68% (Meyerowitz-Katz & Merone, 2020). Although this is less than 1%, it was still 
significant enough to cause significant loss of life, overwhelm medical systems, and lower life 
expectancies. A 10% or even 1% infection hospitalization rate would be catastrophic from an 
epidemiological perspective. 

Measuring small risks is hard. Small risks are represented in both frequencies and 
percentages. When thinking about the meaning of a percent in the COVID-19 context, it is 
important to think about that percent of a population of people. Moreover, it is important to 
understand the equivalent relationship in fractions and percents for risk perception, but many 
students as well as adults struggle with it (Sharp, 2002). These difficulties in understanding 
probabilistic information may cause problems in risk communication (Covello et al.,1986). 
Imagine if an epidemiologist tells us that a disease has a 5% infection fatality rate thinking that 
this will convey that the disease is extremely serious but what is actually conveyed to people is 
that they do not need to worry because it is less than their benchmark of 10%. As college 
instructors, it is important for us to ensure the graduates of our institutions are prepared to make 
sense of risks and develop more productive meanings for percent risks. 
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Classroom community plays a pivotal role in student success, especially when students have the 
opportunity to interact with their peers and instructors.  This study explores how students 
perceive classroom community and its impact on their learning. We present findings from an 
essay reflection assignment where students were asked to share their experiences with learning 
mathematics. We found that students felt more comfortable to ask questions and were able to 
develop interpersonal skills in conjunction with mathematical skills because of the classroom 
community. Conclusions drawn from this research can provide insights for instructors who are 
interested in fostering strong classroom communities in engaging learning environments. 

Keywords: community, active learning, group work, student-instructor relationships 
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The use of computer programming is ubiquitous for research mathematicians, and two common 
practices are facilitation of experimentation and testing of conjectures. These practices align 
with empirical re-conceptualization, which is the process where empirical data is used to identify 
patterns, form related conjectures, and then re-interpret the conjectures from a structural 
perspective. However, literature on empirical re-conceptualization has only examined student 
work done by hand. We present case study data of one student, Allen, using the programming 
language Python to facilitate empirical re-conceptualization as he found the closed-form 
solution for binomial coefficient C(n,k). We discuss why the computational environment was 
productive for empirical re-conceptualization and provide avenues for future research. 

Keywords: Computation, Re-Conceptualization, Combinatorics, Generalization 
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Introduction 
Active learning has become a well-established teaching pedagogy for improving student 

learning and promoting equity in undergraduate mathematics courses. Although this approach to 
teaching includes a broad range of strategies, students in active learning classrooms are often 
expected to work on mathematics collaboratively with peers. For instance, groupwork is a 
common way that instructor choose to infuse active learning into their courses (e.g., Bennett, 
2022). Collaboration is also a core pillar of inquiry-based learning (Laursen & Rasmussen, 
2019). As such, groupwork and collaboration are often integral parts of how students experience 
active learning in undergraduate mathematics courses.  

When students work in groups, they are typically expected to participate in talk-intensive 
activities, like discussing their thinking and arguing for why their solutions are correct (see also 
Laursen & Rasmussen, 2019; Voigt et al., 2022). These activities also require interpersonal 
communication, as students learn through social interactions with others. Therefore, in active 
learning classrooms, participation is often mediated by language and communication.  

Active learning has traditionally been linked with promoting equity in the undergraduate 
mathematics classroom. Analyzing data from over 100 courses, Laursen et al., (2014) found that 
inquiry-based learning (IBL) helped remove the gender performance gap that was observed in 
lecture-based courses. However, a growing body of research, questions whether students from 
underrepresented groups experience active learning in the same way and equitably benefit from 
it (Ernest et al., 2019; Henning et al., 2019; Johnson et al., 2020; Reinholz et al., 2020). For 
instance, Ernest and colleagues (2019) demonstrated that erbal contributions during 
groupwork were less likely to be revoiced in whole class discussions.  

Given the mediational role of language in active learning classrooms, inguistic 
identities may also shape how they experience active learning. At the post-secondary level, 
Hwang et al. (2022) documents two contrasting cases of students (Jia and Falon) who felt 
excluded during groupwork based on their home language identity. At the K-12 level, much has 
been learned about eriences with groupwork. Numerous studies have 
found that multilingual students tended to participate more in small group settings than in whole 
class discussions (Brenner, 1998; Civil, 2008; Gorgorió & Planas, 2001; Planas & Civil, 2013; 
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Planas & Setati, 2009). In addition, these findings demonstrated how normative discourse about 
language can shape power and participations structures in the classroom. Planas and Civil (2013) 
show how students in Barcelona felt the need to use the language of instruction, Catalan, in 
whole group discussions. This perception contributed to students feeling less comfortable sharing 
ideas during class.  

As globalization increases, undergraduate mathematics classrooms are becoming more 
linguistically diverse. More research is needed to better understand how 
experience classroom pedagogies like active learning. To this end, the goal of this study is to 
explore multilingual student perceptions about what it means to participate in active learning 
and how these perceptions are influenced by social and local discourses.  

Theoretical Perspectives 
A Sociopolitical Perspective on Participation 

A situated perspective (Lave & Wenger, 1991) emphasizes the connection between learning 
and participation. That is, learning can be conceptualized as changes in  
participation (Sfard 2007) where, by working together, individuals access resource for 
participation and become better able to engage in activities (Wood, 2013). Building on this 
perspective, a sociopolitical approach (Gutiérrez, 2013) recognizes that power and identity shape 
how participation structures unfold in active learning classrooms. A sociopolitical perspective 
argues that learners are not always inherently positioned in the same way in relation to the 
community that they are trying to participate in (Walkerdine, 1994). For example, students 
learning English may be positioned as less intelligent and have less access to participate in 
mathematical discussions (Flores et al., 2015). Thus, participation is subject to the norms and 
discourses1 established by a social practices. These discourses constitute what is considered 
meaningful participation (Lerman, 2000). Discourses also shape what resources for participation 
are consider legitimate and lead to full participation (Barton & Tan, 2009). For instance, being 
able to formally articulate mathematical thinking is often framed as an important resource for 
participation in mathematics classrooms (Moschkovich, 2002).  

 
A Sociopolitical Perspective on Language 

Like mathematics, learning a language also requires participating in a new language 
community (Barwell, 2005). Similarly, dominant social discourses about language constitute 
what it means to be a legitimate language-user. For example, although English has become a 
lingua-franca and is spoken in many parts of the world, discourses about nativeness give 
preferential status to native speakers from western countries (Ferri & Magne, 2021). Subtirelu 
(2015) claims that these discourses operate to position groups of people as Others (i.e., different 
from the dominant group). can become socially stigmatized to 
discredit and exclude the speaker (Birney et al., 2020). Furthermore, native speakers may feel 
less obligated to e , p. 
36) and less willing to listen to and meaningful engage with their verbal contributions (Rios, 
2022). A sociopolitical perspective on language recognizes that language and language status are 
inherently connected to who is afforded power in the classroom (Takeuchi, 2016) and whose 
linguistic resources are legitimized (Planas & Civil, 2013). 

 
1 doing, and saying. They are ways of using words, 
doing deeds, valuing, thinking, believing, and feeling, as well as ways of using objects, tools, and technologies that 
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Research Questions 
The research questions that this study addresses are: (1) How did multilingual students 

conceptualize participation in active learning and what resources did they feel were needed in 
order to participate? (2) What discourses (both at the classroom level and more broadly) were 

 

Methods 
This paper draws on data from semi-structured interviews with 26 multilingual 

undergraduate students whose home languages were not English. The study took place at a 
large Hispanic Serving Institution. Eighteen of the students interviewed were international 
students (countries of origin included Bangladesh, China, India, Iran, Peru, Saudi Arabia, 
South Korea, Trinidad and Tobago, Uzbekistan, and Vietnam). The remaining students were 
either immigrants (from China or Mexico), refugees from Afghanistan, or transitional 
students who grew up near the border with Mexico and lived and attended school across both 
countries (Hamman et al., 2010). Participants were selected based on: (1) their language 
identities, and (2) their enrollment in a pre-calculus or calculus course that used active 

iptions during interviews, their instructors typically 
implemented active learning by having students work on math problems in groups of three or 
four during class. Therefore, in this study, active learning is operationalized to be instances 
during class where students work on mathematics collaboratively via groupwork.     

All interviews were recorded and fully transcribed. Pseudonyms were assigned to each 
participant. Data analysis focused on exploring  participation in 
active learning and the classroom and broader social discourses that shaped these 
perceptions. To do this, a data-drive approach to thematic analysis was used (Braun & Clark, 
2006). In the first stage of analysis, transcripts were carefully read over numerous times. The 
data was then coded using an open coding system to identify instances where students talked 
about participation. Codes were categorized based on whether they reflected how 
participation was defined or a resource for participation. Descriptors of the codes were 
developed. The final step of the analysis focused on comparing, contrasting, and connections 
codes and identifying themes across the data. Although interviews were transcribed verbatim, 
the quotes presented in this paper have been modified slightly for clarity. No modification 
impacted the meaning or feel of any of the sentences in the quotes.  

Results 
Most students in this study described participating less frequently in active learning 

classrooms compared to their English dominant peers. Figure 1 illustrates how the students 
conceptualized participation in active learning: that participation meant speaking. Given this 
framing, students also shared a range of different resources that they perceived to be necessary in 
order to be active participants in the classroom. These resources were essentially personal 
attributes, like being comfortable speaking English, being extroverted, being brave, being good 
at mathematics, being aggressive, and being resilient (the font size in Figure 1 corresponds to 
how frequently each resource was mentioned during interviews). The second stage of analysis 
focused on unpacking how local classroom discourses and broader social discourses influenced 
these perceptions about participation.  

In this section, I document what participation meant to students and how this was influenced 
by local classroom discourses. Next, I discuss two of the resources for participation mentioned 
by students, being comfortable speaking English and being aggressive, and demonstrate how 
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these resources were influenced by broader social discourses about language. The first resource 
was chosen because it was the most frequently discussed and the second one was chosen because 
it represented an interesting case.   

What Participation Meant: Speaking 
During interviews, students frequently discussed classroom participation in terms of 

speaking. Whether it was in analyzing their own participation, or the participation of others, 
students generally associated participation with actions that centered verbal contributions (e.g., 
contributing ideas, responding to peer ideas, asking questions, etc.). Students shared that 
participation meant:  (Dan, Trinidad and Tobago) 
and is and like I have to speak up in the class  (Sun-Hi, Vietnam).  

Students also assessed their own participation in the course based on how often they spoke. 
For instance, although Dan was invested in the mathematics he was learning, he perceived 
himself as having poor participation in his calculus course because he rarely spoke during class: 
When I'm not engaging much I feel like shoot. Especially when we have a question we don't 

understand and the other TA comes and help us with the question, my groupmate will be the one 
asking the question, not me . Despite being involved in groupwork, Dan was disappointed by his 
level of participation because he was not the . This 
exemplifies how participation was almost always associated with verbal communication. 

Classroom Discourses about Participation. Findings also demonstrated how classroom 
norms and discourses about participation communicated to students that participation meant 
speaking. For example, students frequently discussed the teaching moves that their instructors 
used to elicit more verbal participation during class. Several instructors used cold-calling2 as a 
way to ensure that all students were contributing (verbally) to class discussions. Similarly, one 

 allow groups to leave until a group member, randomly chosen by the 
instructor, explained the  solutions to the class. These teaching strategies, geared toward 

 
2 Cold-calling refers to randomly choosing students to answer a question or discuss their solution. 

Figure 1. How multilingual students conceptualized participation and necessary resources for participation. 
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enhancing participation, all aimed at fostering verbal participation. Therefore, these strategies 
also reinforce to students the norm that participation in the classroom is a verbal activity.  
 
A Resource for Participation: Being Comfortable Speaking English  

Students felt strongly that English was the only language that could be used in the 
mathematics classroom. Additionally, every student in the study described the importance of 
being comfortable speaking English in order to fully participate (verbally) in active learning. 
Makhmud (from Uzbekistan) 

Prisha 
(from India) shared how being comfortable speaking English allowed her to be an active 
participant in her group:  

If it's a monolingual classroom like we have here in [the US], it pretty much forces people to 
get out of their comfort zone if they're not comfortable talking in English. If, say I'm not very 
comfortable explaining my thought process in English, it would hinder my way of 
communicating and collaborating and it would hinder how I put myself out there, how I talk 
to my teachers, or how pretty much I express myself in the classroom  I wouldn't be 
comfortable asking questions. I wouldn't be comfortable putting myself in uncomfortable 
situations, because just speaking in English alone is uncomfortable for me. 

Groupwork in math can be a vulnerable, risk-taking activity where students are expected to 
 Tamir (from 

Afghanistan) described how these activities can feel 
 

This demonstrates the importance students placed on needing to be comfortable speaking English 
in order to begin (verbally) participating in active learning.   

In addition, students felt that if they were not comfortable speaking English in the classroom, 
and as a result participated less, the responsibility was on them to become more comfortable. For 
example, Leo felt more comfortable interacting in Spanish and shared that 

 in English. When asked what instructors could do to make 
 

 
Broader Discourses about Language. In contrast, study findings demonstrated how social 

discourses about language can  comfort speaking in the classroom. When Luis 
was asked if language mattered in his 
how comfortable you feel speaking Engl

 
students can feel  
during class because they were afraid of making language mistakes or speaking with an accent. 
Many students also reported experiencing negative feelings (e.g., feeling nervous, anxious, 
ashamed, scared, or embarrassed) about their own language-use because they perceived it to be 

 
- I don't feel so good when I talk. I don't know it's because of I'm an international student and 
my English is not perfect.  Nader, international student from Iran  
- Sometimes I really feel like too bad [because] sometimes in classes, I can't always speak as 
fluent English.  Abril, international student from Peru  
- A lot of times I was embarrassed to use my English because I didn't think it was good 
enough.  Habib, refugee student from Iraq  
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In addition, peers and instructors were often less willing to engage with the communicative 
contributions of multilingual students. For example, Anaís (from Mexico) described how others 

 and Prisha shared how others 
willing to put in the same amount of effort as they would be if somebody was more fluent in 

. Makhmud 
 This highlights that being comfortable speaking English also reflects the 

sociopolitical contexts of the classroom and the discourses about language that often stigmatize 
the linguistic resources of non-native speakers. 
 
A Resource for Participation: Being Aggressive  

As an international student from South Korea, Sun-  prior math education experiences 
had been with in the  For Sun-Hi, 
active learning required students , engage in  in class and more 

. To Sun-Hi, these practices 
 than traditional lectures. In fact, she used the word aggressive to describe active 

learning more than ten times throughout the interview. 
Sun-Hi expressed that in order to participate in the active learning classroom, students also 

needed to be aggressive. This involved 
Although Sun-Hi did not explicitly articulate why 

these forms of participation felt aggressive, she did share that aggressive students were more 
likely to be noticed by the instructor. It may be the case that when students participated, they 
seemed to be competing for the conversational floor , which felt 
aggressive to Sun-Hi. Sun-Hi expressed wanting to become more aggressive so that she could 
also . She shared: 

  
Broader Discourses about Language. Sun-Hi shared that being aggressive was hard for her. 

As a non-native speaker of English, she felt 
. She also explained that: , 

 Sun-Hi worried that the way she communicated in English might be 
 This again demonstrates the sociopolitical nature of language and 

e speaking English in the classroom.  

Discussion 
By exploring the relationship between language and participation, the current study reveals 

another complexity in striving for equity using active learning. Study findings suggest that 
classroom discourses had an impact on how active participation in the classroom was 
characterized. By overemphasizing verbal participation (in English), instructors created a narrow 
window of what active participation could look like (i.e., someone who speaks regularly during 
class), which had the tendency to exclude language diverse students. Other forms of 
participation, like writing, listening, gesturing, participating in embodied activities that utilize 
materials (Nemirovsky & Ferrara, 2009), and communicating using home languages should also 
be recognized as valid ways that one can be an engaged member of the classroom (see Figure 2).  

Furthermore, conceptualizing participation as speaking established a narrowly defined set of 
available resources for participation. This is particularly true in the context of multilingual 
students, given the stigma they often navigated in relation to their language identity. For 
example, discourses about language seemed to suggest to students that only English should be 
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used for communication in the mathematics classroom. This became a missed opportunity for 
students to leverage their home language in their mathematical sensemaking.  

Multilingual students also overwhelmingly perceived being comfortable speaking English in 
the classroom as a necessary resource for active participation and felt it was something they 
needed to continue developing. Fitri and Aeni (2021) state that the talk-intensive nature of active 
learning can help multilingual students practice speaking and feel more confident doing so in the 
classroom. While this may be true, the responsibility should not be exclusively placed on 
students for becoming more comfortable speaking. As the data in this study revealed, the 
sociopolitical realities of the classroom cannot be ignored. The ability to feel comfortable 
speaking English in the classroom encompasses more than just language skills, as students also 
often navigate accent bias, lack of access to peers who are willing to communicate with them, 
and so forth. Therefore, instructors must be aware of the complexities involved with developing 
comfort speaking in the classroom and work to establish norms that push back on these 
discriminatory discourses. 

 The set of resources for participation that students described were often personal attributes 
they did not possess, but felt they needed to develop (e.g., become more comfortable speaking 
English in the classroom, become more extroverted, etc.). If instructors work to create more 
inclusive classroom norms (i.e., norms  
what counts as legitimate classroom participation), then the set of available resources for 
participation will likely become more inclusive. Ideally, these resources will embody things that 
students bring into the classroom (e.g., speaking in their home language, being able to visually 
express or gesture their understanding). Exploring this can be an area for future research efforts. 

Finally, Sun-Hi and other international students described numerous cultural differences they 
experienced navigating active learning in their mathematics classrooms. Although all students 
might struggle to adjust to active learning pedagogies, international students might find certain 
norms and practices very different from previous classroom experiences. Making explicit some 
of the norms of participation and being mindful of other cultural practices can help students 
adapt to the new classroom environment. 

Figure 2. A reimagined and more inclusive model for conceptualizing classroom participation. 
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Standards-based grading is an alternative assessment method that is gaining traction in 
undergraduate mathematics courses. Reported benefits for students include reduced math and 
test anxiety, increased achievement rates, and deeper understanding of concepts. However, 
evidence is mixed, and researchers have called for qualitative studies to explore students’ 
feelings and experiences with standards-based grading. In this study, we examined 228 College 
Algebra students’ responses to an end-of-semester reflection assignment. We discovered that 
some students expressed a shift in their feelings and mindset towards mathematics, and that 
these shifts were connected to the standards-based grading assessment structure. We present 
these findings, which describe how students viewed their learning and how shifts in their feelings 
and mindsets related to specific features of the course. We also discuss the internal and external 
motivations for these shifts and pose questions for future research related to students’ 
experiences with non-traditional assessment structures. 

Keywords: Standards-based grading, feelings, mindset, assessment 
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&"#$%&"#'(*I,S$'($,;'%,";.)5,6.&')")#,")6,(4'#'(";,"W%*,L\9#']44%TI,NOO^RJ,=$%,6'&%)*'.)*,.0,
#$%,6.&')")#,"W'*,"4%,"((%**,")6,"($'%2%&%)#I,S$';%,#$%,(4'#'(";,"W'*,(.)*'*#*,.0,'6%)#'#@,")6,
/.S%4J,?#96'%*,.),;%"4)')5,&"#$%&"#'(*,$"2%,04%89%)#;@,0.(9*%6,.),#$%,6.&')")#,"W'*,:@,
*955%*#')5,#$"#,')#%4"(#'2%,(;"**4..&*,/4.2'6%,.//.4#9)'#'%*,0.4,*#96%)#*,#.,"((%**,4'($,;%"4)')5,
%W/%4'%)(%*I,")6,:@,*$.S')5,#$"#,*#96%)#,;%"4)')5,')(4%"*%*,'),(;"**4..&*,#$"#,9*%,(.;;":.4"#'2%I,
*#96%)#F(%)#%4%6,/4"(#'(%*,L\9#']44%TI,NOPb`,?&'#$,%#,";JI,NONPRJ,Y.S%2%4I,(4%"#')5,%89'#":;%,")6,
')(;9*'2%,&"#$%&"#'(*,(;"**4..&*,')2.;2%*,#$')E')5,":.9#,$.S,'6%)#'#@,")6,/.S%4,')0;9%)(%,
(;"**4..&,')#%4"(#'.)*J,<),.#$%4,S.46*I,7<=,')2.;2%*,/"@')5,"##%)#'.),#.,$.S,/%4*.)";,
4%;"#'.)*$'/*,")6,*.('%#";,).4&*,'&/"(#,*#96%)#*+,')#%4"(#'.)*,")6,%W/%4'%)(%*,L\9#']44%TI,NOO^RJ,
V.S%4,6@)"&'(*,")6,*#96%)#*+,'6%)#'#'%*,"00%(#,*#96%)#*+,;%"4)')5,%W/%4'%)(%*I,")6,#$9*,*$.9;6,:%,
(.)*'6%4%6,'),&"#$%&"#'(*,(;"**4..&*,#$"#,"4%,')#%4"(#'2%,L16'4%6d",e,1)64%S*F3"4*.)I,NOP^RJ,

8)'(7$!9$*&.(./!
=$%4%,"4%,*%2%4";,6%0')'#'.)*,.0,"(#'2%,;%"4)')5,'),4%*%"4($,;'#%4"#94%,L%J5JI,H';;'"&*,%#,";JI,

NONN`,V4')(%I,NOO_`,?#"')*,%#,";JI,NOPcRJ,<),#$%'4,S%;;FE).S),&%#"*#96@I,U4%%&"),%#,";J,LNOP_R,
/4.2'6%6,",6%0')'#'.),.0,13,#$"#,%W/;"')%6,#$%,6'00%4%)(%,:%#S%%),13,")6,/"**'2%,;%(#94%>,,

1(#'2%,;%"4)')5,%)5"5%*,*#96%)#*,'),#$%,/4.(%**,.0,;%"4)')5,#$4.95$,"(#'2'#'%*,")6f.4,
6'*(9**'.),'),(;"**I,"*,.//.*%6,#.,/"**'2%;@,;'*#%)')5,#.,"),%W/%4#J,<#,%&/$"*'T%*,$'5$%4F
.46%4,#$')E')5,")6,.0#%),')2.;2%*,54.9/,S.4E,L//J,c_PbFc_P_RJ,

1).#$%4,:4."6,6%0')'#'.),S"*,/4.2'6%6,:@,#$%,-.)0%4%)(%,A."46,.0,!"#$%&"#'(";,?('%)(%*,
LNOPgRI,S$'($,4%0%44%6,#.,13,"*,Z(;"**4..&,/4"(#'(%*,#$"#,%)5"5%,*#96%)#*,'),"(#'2'#'%*I,*9($,"*,
4%"6')5I,S4'#')5I,6'*(9**'.)I,.4,/4.:;%&,*.;2')5I,#$"#,/4.&.#%F$'5$%4F.46%4,#$')E')5[,L/J,PRJ,
H$';%,#$%*%,6%0')'#'.)*,/4.2'6%,9*,S'#$,*.&%,).#'.),.0,S$"#,13,'*I,#$%4%,'*,).#,",*')5;%I,
(.&&.);@,"54%%6,9/.),6%0')'#'.),'),9)6%454"69"#%,&"#$%&"#'(*,%69("#'.)J,=$%4%0.4%I,4%(%)#,
*#96'%*,$"2%,:%59),#.,%W"&')%,#$%,)9")(%*,")6,(.&/;%W'#'%*,.0,#$%,#%4&,13I,")6,$.S,'#,'*,
./%4"#'.)";'T%6,'),9)6%454"69"#%,&"#$%&"#'(*,(;"**4..&*,LH';;'"&*,%#,";JI,NONNRJ,,
M%*%"4($,*$.S')5,#$"#,13,("),;%"6,#.,'&/4.2%6,*#96%)#,.9#(.&%*,$"*,(.)#4':9#%6,#.,",

(.)*%)*9*,'),#$%,0'%;6,#$"#,13,'*,"),%89'#":;%,/4"(#'(%,LU4%%&"),%#,";JI,NOP_`,3"94*%)I,NOPQR`,
$.S%2%4I,*#96%)#,%W/%4'%)(%*,S'#$,13,2"4@,Lh.$)*.),%#,";JI,NONO`,M%')$.;T,%#,";JI,NONNRJ,=$%4%,'*,
%2'6%)(%,04.&,#$%,(.)#%W#,.0,9//%4F6'2'*'.),&"#$%&"#'(*,(.94*%*,#$"#,S$%),6'4%(#;@,(.&/"4%6,#.,
;%(#94%F*#@;%,')*#49(#'.)I,13,&"@,4%*9;#,'),54%"#%4,/%40.4&")(%,6'*/"4'#'%*,:%#S%%),S.&%),")6,
&%),Lh.$)*.)I,%#,";JI,NONORJ,!.4%.2%4I,M'.*,LNONNR,0.9)6,#$"#,*#96%)#*,'),')#4.69(#.4@F;%2%;,
(.94*%*,S$.*%,/4%0%44%6,&"#$,;")59"5%,S"*,).#,7)5;'*$,0%;#,",6%(4%"*%6,*%)*%,.0,:%;.)5')5,'),
7)5;'*$F6.&')")#,&"#$,(;"**4..&*,"*,13,/4"(#'(%*,')(4%"*%6J,=$%*%,0')6')5*I,(.9/;%6,S'#$,
%2'6%)(%,#$"#,13,')(4%"*%*,"($'%2%&%)#,.9#(.&%*,0.4,*#96%)#*,04.&,9)6%44%/4%*%)#%6,54.9/*,'),
?=7!,L=$%.:";6,%#,";JI,NONORI,*955%*#,#$"#,#$%,4%;"#'.)*$'/,:%#S%%),13,")6,%89'#@,'*,(.&/;%W,
")6,).#,09;;@,9)6%4*#..6J,,
1;#$.95$,4%*%"4($,.),13,*955%*#*,*#4.)5,(.))%(#'.)*,#.,7<=I,*9($,"*,3"94*%),")6,

M"*&9**%)+*,LNOPQR,U.94,V';;"4*,04"&%S.4EI,0%S,*#96'%*,$"2%,%W/;.4%6,#$%,4%;"#'.)*$'/,:%#S%%),
#$%,#S.,(.)(%/#*J,!.4%.2%4I,#$%*%,*#96'%*,#%)6,#.,0.(9*,.),*#96%)#,.9#(.&%*I,4"#$%4,#$"),$.S,#$%,

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' %#!



')*#49(#.4+*,2'%S,.0,#$%*%,(.)(%/#*,&"@,')0;9%)(%,#$%'4,4.;%,'),#$%,(;"**4..&J,=$9*I,&.4%,S.4E,'*,
)%%6%6,#.,9)6%4*#")6,$.S,&%&:%4*,.0,&"#$%&"#'(*,6%/"4#&%)#*,2'%S,#$%,4%;"#'.)*$'/,:%#S%%),
13,")6,7<=J,

:$'#%46!
;*'*!<%++$)'(%.!
K"#",S%4%,(.;;%(#%6,04.&,",#.#";,.0,Pb,/"4#'('/")#*J,=$%*%,/"4#'('/")#*,S%4%,9)6%454"69"#%,

&"#$%&"#'(*,0"(9;#@,&%&:%4*,"#,",2"4'%#@,.0,')*#'#9#'.)*,"(4.**,#$%,C?,S$.,S%4%,/"4#'('/"#')5,'),
",@%"4F;.)5,%89'#@,S.4E*$./,"*,/"4#,.0,",;"45%4,*#96@I,S$'($,0.(9*%6,.),13,'),0'4*#F@%"4,
&"#$%&"#'(*,(.94*%*J,<)#%42'%S*,S%4%,(.)69(#%6,.2%4,#$%,*/"),.0,#$%,%89'#@,S.4E*$./,'),
?%/#%&:%4,NONOI,h")9"4@,NONPI,")6,!"@,NONPJ,K"#",/4%*%)#%6,'),#$'*,/4./.*";,(.&%,04.&,#$%,
0')";,')#%42'%S,"0#%4,#$%,(.)(;9*'.),.0,#$%,S.4E*$./,'),!"@,NONPJ,1*,/"4#,.0,#$'*,')#%42'%SI,
/"4#'('/")#*,S%4%,"*E%6,#.,/4.2'6%,#$%'4,6%0')'#'.),.0,7<=I,")6,6'*(9**,S$%#$%4,")6,$.S,#$'*,
6%0')'#'.),&'5$#,$"2%,($")5%6,.2%4,#$%,/4%2'.9*,"("6%&'(,@%"4J,V"4#'('/")#*,S%4%,";*.,"*E%6,#.,
4%*/.)6,#.,#$%,0.;;.S')5,/4.&/#>,Z?.&%,/%./;%,%89"#%,"(#'2%,;%"4)')5,S'#$,%89'#":;%,")6,
')(;9*'2%,#%"($')5J,Y.S,6.,@.9,*%%,#$%*%,"*,4%;"#%6I,")6,'),S$"#,S"@*,"4%,#$%@,6'00%4%)#X[,,
V"4#'('/")#*+,4%*/.)*%*,#.,#$'*,/4.&/#,0.4&,#$%,6"#",*%#,0.4,#$'*,/4./.*";J,

;*'*!8.*+=6(6!
=.,")";@T%,#$%,6"#"I,S%,9*%6,*%#,#$%.4@,#.,;'*#,#$%,/.**':;%,4%;"#'.)*$'/*,:%#S%%),13,")6,7<=J,

<0,S%,2'%S,13,")6,7<=,"*,#S.,6'*#')(#,*%#*,L*%%,U'594%,PRI,S%,("),')2%*#'5"#%,#$%,S"@*,'),S$'($,
#$%*%,#S.,*%#*,("),')#%4"(#J,<),#$'*,(.)#%W#I,#$%4%,"4%,0'2%,/.**':;%,4%;"#'.)*$'/*,S$'($,(.44%*/.)6,
#.,0'2%,6'"54"&&"#'(,4%/4%*%)#"#'.)*J,=":;%,P,*$.S*,#$%,0'2%,/.**':;%,4%;"#'.)*$'/*,:%#S%%),13,
")6,7<=,")6,/4.2'6%*,6%*(4'/#'.)*,04.&,&"#$%&"#'(";,*%#,#$%.4@,";.)5,S'#$,')#%4/4%#"#'.)*,.0,
$.S,S%,"//;'%6,#$'*,;.5'(,*#49(#94%,#.,#$%,6"#",'),.94,*#96@J,,
,1),'&/;'('#,"**9&/#'.),#$"#,S%,&"6%,'),.94,")";@*'*,'*,#$"#,13,")6,7<=,%W'*#,'),#$%,*"&%,

6.&"'),")6,#$"#,'#,&"E%*,*%)*%,0.4,#$%*%,*%#*,#.,:%,')#%4*%(#')5J,H%,";*.,"**9&%6,#$"#,13,")6,
7<=,"4%,(;%"4;@,6%0')%6,#%4&*,")6,S%,("),#$9*,6%#%4&')%,S$"#,'*,(.)#"')%6,'),%"($,*%#J,H%,
6'*(9**,#$%*%,"**9&/#'.)*,094#$%4,'),.94,U')6')5*,")6,K'*(9**'.),*%(#'.)*J,,

,
:/'&)*(<D(!E(,.3(FGB(,+(B6%(H/+#/.-#(I*#+((

,
10#%4,')#%42'%S*,S%4%,#4")*(4':%6I,#$%,%W(%4/#*,S$%4%,/"4#'('/")#*,S%4%,"*E%6,":.9#,#$%,

4%;"#'.)*$'/,:%#S%%),13,")6,7<=,S%4%,'6%)#'0'%6,")6,.45")'T%6,')#.,",&"#4'W,0.4,(.6')5J,7"($,
4.S,4%/4%*%)#%6,",/"4#'('/")#,")6,#$%'4,*/%('0'(,4%*/.)*%J,=$%,(.;9&)*,4%/4%*%)#%6,#$%,6'00%4%)#,
/.**':;%,4%;"#'.)*$'/*,:%#S%%),13,")6,7<=,L"*,*%%),'),=":;%,PRJ,G94,5.";,S"*,#.,;..E,0.4,
%2'6%)(%,.0,$.S,#$%,/"4#'('/")#,2'%S%6,#$%,4%;"#'.)*$'/,:%#S%%),13,")6,7<=J,H%,#$%),6%('6%6,
.),S$"#,4%;"#'.)*$'/L*R,04.&,=":;%,P,#$%,/"4#'('/")#,6'*(9**%6,L%'#$%4,*"@')5,#$"#,13,")6,7<=,
S%4%,4%;"#%6,.4,S%4%,).#,4%;"#%6,'),#$%,0.;;.S')5,S"@*R,")6,(./'%6,#%W#,04.&,#$%'4,4%*/.)*%,#.,
*9//.4#,.94,6%('*'.)J,=$%,6%('*'.),("#%5.4'%*,S%,9*%6,S%4%>,,

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' %#"



! i7?>,'0,#$%4%,S"*,*#4.)5,%2'6%)(%,'),#$%,/"4#'('/")#+*,4%*/.)*%,#$"#,";'5)%6,S'#$,#$"#,
4%;"#'.)*$'/,

! !1iA7>,'0,#$%4%,S"*,/.**':;%,%2'6%)(%,'),#$%,/"4#'('/")#+*,4%*/.)*%,#$"#,";'5)%6,
S'#$,#$"#,4%;"#'.)*$'/,

! DG>,'0,#$%4%,S"*,).,%2'6%)(%,'),#$%,/"4#'('/")#+*,4%*/.)*%,#$"#,";'5)%6,S'#$,#$"#,
4%;"#'.)*$'/,GM,#$%4%,S"*,%2'6%)(%,"5"')*#,#$"#,/"4#'(9;"4,4%;"#'.)*$'/,L6'4%(#;@,.4,
')6'4%(#;@R,'),#$%,/"4#'('/")#+*,4%*/.)*%,

72%4@,/"4#'('/")#+*,4%*/.)*%,S"*,(.6%6,')6%/%)6%)#;@,:@,"#,;%"*#,#S.,.0,#$%,"9#$.4*I,S$.,#$%),
&%#,#.,4%(.)(';%,")6,6'*(9**,")@,6'00%4%)(%*,L-4%*S%;;,e,-4%*S%;;I,NOPcRJ,,

,
B,2"*(<D(I*#(B$*%)>(J*",#/%.+$/8+(2*#6**.(!E(,.3(FGB(
>$+*'(%.6#(?!3$'@$$.!

89!*.4!05"!
A$'!"#$%&=!;$6)&(?'(%.! 5.'$&?&$'*'(%.!

;(6B%(.'!

!

! =$%,')#%4*%(#'.),.0,13,")6,7<=,'*,
%&/#@,,
L13, 7<=,j,OR,,

!

H$%)%2%4,13,.((94*I,
7<=,6.%*,).#,.((94J,,
H$%)%2%4,7<=,.((94*I,
13,6.%*,).#,.((94J,

012(7*+$.'!

!

! 13,")6,7<=,"4%,%89'2";%)#,*%#*,,
L13,j,7<=R,

! 13,%W'*#*,'0,")6,.);@,'0,7<=,%W'*#*J,

H$%)%2%4,13,.((94*I,
7<=,.((94*J,H$%)%2%4,
7<=,.((94*I,13,
.((94*J,,

A%-$!C7$&+*?!

!

! =$%,')#%4*%(#'.),.0,13,")6,7<=,'*,).#,
%&/#@,L13, , ,,

1DK,
! =$%4%,%W'*#*,7<=,#$"#,'*,).#,13I,")6,
#$%4%,%W'*#*,13,#$"#,'*,).#,7<=J,

13,")6,7<=,("),.((94,
#.5%#$%4I,")6,#$%@,("),
";*.,.((94,
')6%/%)6%)#;@J,

89!<%.'*(.$4!(.!05"!

!

! 13,'&/;'%*,7<=,,
L13, ,7<=R,

! =$%4%,%W'*#*,7<=,#$"#,'*,).#,13J,
! 7<=,'*,",)%(%**"4@,(.)6'#'.),0.4,13!

H$%)%2%4,13,.((94*I,
7<=,";*.,.((94*J,
Y.S%2%4I,7<=,("),
.((94,S'#$.9#,13J,,
,

05"!<%.'*(.$4!(.!89!

!

! 7<=,'&/;'%*,13,,
L7<=, ,13R,

! =$%4%,%W'*#*,13,#$"#,'*,).#,7<=J,
! 13,'*,",)%(%**"4@,(.)6'#'.),0.4,7<=,

H$%)%2%4,7<=,.((94*I,
13,";*.,.((94*J,
Y.S%2%4I,13,("),
.((94,S'#$.9#,7<=J,
,

,(.4(./6!
G94,.2%4";;,0')6')5*,"4%,*9&&"4'T%6,'),=":;%,NJ,H%,/4.2'6%,%W"&/;%*,")6,6%*(4'/#'.)*,.0,

/"4#'('/")#*k,4%*/.)*%*,'),%"($,.0,#$%,*%#,#$%.4@,4%;"#'.)*$'/*,'),#$%,0.;;.S')5,/"4"54"/$*J,,

;(6B%(.'!*.4!012(7*+$.'!
1;;,/"4#'('/")#*,LPb,.0,PbR,/4.2'6%6,*#4.)5,%2'6%)(%,#$"#,13,")6,7<=,S%4%,).#,%89'2";%)#J,

?'&';"4;@I,";&.*#,";;,/"4#'('/")#*,LPN,.0,PbR,/4.2'6%6,(;%"4,%2'6%)(%,#$"#,#$%@,*"S,*.&%,
4%;"#'.)*$'/,:%#S%%),13,")6,7<=,L'J%JI,#$"#,#$%*%,#S.,(.)(%/#*,S%4%,).#,6'*d.')#RJ,U.4,%W"&/;%I,

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' %##



3"(@,*#"#%6I,Z#$%@+4%,4%;"#%6I,:9#,#$%@+4%,).#,%89";J[,=$'*,/4.2'6%6,%2'6%)(%,#$"#,3"(@,*"S,#$"#,
#$%4%,S"*,*.&%,4%;"#'.)*$'/,:%#S%%),13,")6,7<=I,:9#,#$"#,#$%@,S%4%,";*.,).#,#$%,*"&%J,
7&&",S"*,#$%,.);@,/"4#'('/")#,S$.,/.#%)#'";;@,*"S,13,")6,7<=,"*,6'*d.')#,(.)(%/#*J,<),$%4,

4%*/.)*%I,*$%,6'*(9**%6,#$%,6'00%4%)(%,:%#S%%),13,")6,7<=I,6%*(4':')5,13,"*,",Z/"4"6'5&,0.4,
;%"4)')5[,")6,7<=,"*,S$"#,#$%,#%"($%4,'*,6.')5,#.,(4%"#%,"),%89'#":;%,%)2'4.)&%)#,'),#$%,
(;"**4..&>,

=$%,6%0')'#'.),.0,"(#'2%,;%"4)')5,'*,#$"#,*#96%)#*,)%%6,#.,(.)*#49(#,E).S;%65%,0.4,
#$%&*%;2%*,")6,#$"#,S%,("),/4.2'6%,#$%&,S'#$,')0.4&"#'.),")6,*("00.;6')5,")6,
.//.4#9)'#'%*,#.,(.)*#49(#,'#,0.4,#$%&*%;2%*,lJJJm,#$'*,'*,6'00%4%)#,04.&,%89'#":;%,#%"($')5I,
4'5$#X,789'#":;%,#%"($')5,'*,*.4#,.0,&"E')5,",(;"**4..&,S$%4%,*#96%)#*,.0,")@,
:"(E54.9)6,("),;%"4),")6,#$"#k*,6'00%4%)#,04.&,*.4#,.0,#$'*,/$';.*./$'(";,9)6%4*#")6')5,.0,
$.S,;%"4)')5,$"//%)*J,

U4.&,#$'*,4%*/.)*%I,'#,S"*,9)(;%"4,S$%#$%4,7&&",*"S,13,")6,7<=,"*,6'*d.')#,L/.**':;@,'),
#S.,*%/"4"#%,9)'2%4*%*,S'#$.9#,#$%,*"&%,6.&"')RJ,G)%,/.**':;%,')#%4/4%#"#'.),'*,#$"#,7&&",*"S,
13,04.&,&.4%,.0,",*#96%)#,/%4*/%(#'2%,L'J%JI,$.S,*#96%)#*,;%"4),")6,(.)*#49(#,E).S;%65%,'),#$%,
(;"**4..&RI,S$%4%"*,7<=,'*,&.4%,0.(9*%6,.),#$%,#%"($%4,L'J%JI,S$"#,#$%,#%"($%4,'*,6.')5,#.,(4%"#%,
"),%89'#":;%,%)2'4.)&%)#RJ,=$'*,;%6,9*,#.,(.)*'6%4,#$%,/.**':';'#@,#$"#,/%4$"/*,13,")6,7<=,(.9;6,
:%,2'%S%6,"*,%W'*#')5,'),6'00%4%)#,9)'2%4*%*,L;%"4)')5,/"4"6'5&*,2*J,#%"($')5,*#4"#%5'%*R,S'#$,).,
/.#%)#'";,0.4,.2%4;"/,:%("9*%,#$%@,6'6,).#,$"2%,#$%,*"&%,6.&"')J,=$%4%0.4%I,S%,6%('6%6,#.,(.6%,
7&&"+*,4%*/.)*%,"*,",Z!1iA7[,9)6%4,6'*d.')#J,
(
B,2"*(KD(F0/3*.-*(%5(J*",#/%.+$/8(2*#6**.(!E(,.3(FGB(
D*&'()(?*.'! ;(6B%(.'! 012(7*+$.'! A%-$!C7$&+*?! 89!<%.'*(.$4!

(.!05"!
05"!<%.'*(.$4!
(.!89!

1"6"@", DG, DG, DG, DG, i7?,
A';;, DG, DG, DG, DG, i7?,
-"**")64", DG, DG, DG, DG, i7?,
-4@*#";, DG, DG, i7?, DG, DG,
-.;;'), DG, DG, !1iA7, i7?, DG,
-"&';", DG, DG, !1iA7, DG, !1iA7,
!"4E, DG, DG, i7?, !1iA7, DG,
B"#$;%%), DG, DG, i7?, DG, DG,
3"(@, DG, DG, !1iA7, DG, !1iA7,
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We analyzed end of course reflections of graduate students in mathematics courses for 
practicing teachers. Participants were asked questions about mathematics content, habits of 
mind, and whether being a concurrent mathematics teacher while taking the graduate course 
impacted the value that they saw in either area. Participants were also asked to reflect on 
whether they believed the course would have been valuable when they were an undergraduate 
student. We first coded these reflections with Hoffman and Even’s (2018, 2021) framework 
including essence, doing, and worth of mathematics. As a result of our analysis, we suggest 
extending their framework to mathematics and mathematics teaching, and to include content. 
Discussion includes suggestions for future research to understand how teaching mathematics 
reframes learning mathematics, and the importance of framing to understanding the uptake of 
mathematics courses for both prospective and practicing teachers.  
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In the past two decades, there has been a trend in materials for mathematics courses for 
prospective secondary teachers: more opportunities for teachers to “apply mathematics to 
teaching”. That is, materials increasingly highlight how mathematical knowledge learned in the 
course can be useful in secondary teaching, and provide opportunities for teachers to harness 
this knowledge in simulations of teaching. There is little known about the effects of this 
curricular reform on teachers’ competence. In this report, we use data from the Mathematics of 
Doing, Understanding, Learning, and Educating for Secondary Schools MODULE(S2) project to 
examine the potential impact of using such curricular materials. The data include over 300 
prospective secondary teachers’ responses to 3 sets of Likert pre-/post-term surveys addressing: 
mathematical knowledge for teaching; expectancy for enacting selected core teaching practices; 
and valuing of enacting these practices. We found mean increases across the survey results. We 
conclude with directions for future research on the impact of this curricular reform.
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Although it is well known that motivational and cognitive resources influence secondary 
teachers’ instructional quality, less is known about the tertiary instructional factors that 
influence secondary teachers’ development of these resources. To address this gap, we report on 
factors that prospective secondary teachers attribute to their learning. We draw on survey 
responses of 70 prospective secondary teachers enrolled in mathematics courses for teachers 
using Mathematics of Doing, Understanding, Learning, and Educating for Secondary Schools 
(MODULE(S2)) materials in one of four content areas. We triangulate response themes with data 
from 300 prospective secondary teachers on their perceptions of instructional practices used in a 
mathematics course for teachers using the same suite of materials. Then, we compare these 
themes with literature documenting implementation of mathematics curricula in these courses. 
We argue that coordinating mathematics content, applications of mathematics to teaching 
practices, and tertiary instructional practices are key to success of these mathematics courses.!
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Two parts of a student’s work on a task are 
shown below. Identify what the student has done 
well when analyzing the data, and areas to work 
towards understanding about analyzing univariate 
quantitative data. 

%

As students are working independently on 
rotations of a flag around a point, you observe 
two students with the following work completed. 

 
Record a video of yourself providing a response 
to both Student 1 and Student 2. Build on their 
thinking to help the student finish their thought, 
prompt the student to investigate an error, or help 
the student move forward in their thinking.!
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Explanations and Justifications Regarding Converse Independence 
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Proof-based mathematics education research has long attended to how students think about 

the relationship between mathematical proof and the truth of mathematical claims. Within 
mathematical practice, deductive proof is the dominant standard for declaring a theorem true. 
Similarly, we would like students learning proof-based mathematics to adopt normative 
standards for what kinds of proofs justify a given mathematical claim. In this paper, we 
specifically consider theorems that are universally quantified conditionals, meaning they can be 
expressed in  , if P, then Q
mathematics are of this form, introduction to proof texts introduce standard proof techniques 
related to such statements: direct proof, converse proof, contrapositive proof, and proof by 
contradiction. Of these four types of proof, all prove the given theorem except for the second. A 
converse proof assumes Q is true and concludes why P must be true as a consequence. We call 
the principle that the converse proof never proves the given theorem Converse Independence 
( CI ). In common mathematical parlance, the theorem states that P implies Q and the 
converse proof proves that Q implies P, which are taken to be related, but independent claims. 

Previous studies (e.g., Hoyles & Kuchemann, 2002; Yu, et al., 2004) have noted that students 
often strongly associate a conditional and its converse statement. It has also been suggested that 
making a distinction between a statement and its converse may be even more difficult when the 
statement and its converse are both true (Imamoglu & Togrol, 2015), though no explanation was 
provided for how students should understand CI in this case. /E'+1'?5-"+";C)..&'D+CC505"#'C%0'
#$5%05?1'3$505'#$5'1#-#5?5"#'-"D'*%"95015'-05'F%#$'#0)5G'2)0-"DHI)500+50'JKLLMN'-"D'2-34+"1'
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?-45'#$5?'#0)5G'($+1'05C505"#+-.'3-&'%C'05-1%"+";'5?B$-1+@51'-'*$-..5";5R'$%3'?+;$#'1#)D5"#1'

D+1#+";)+1$'*%"950151'#$-#'-05'"%#'D+1#+";)+1$5D'F&'#$5+0'#0)#$H9-.)51S Our study investigates the 
question: how do students' reason about the relationship between a converse proof and a 
conditional theorem, especially in cases where the theorem is true biconditionally? 
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We answer this research question by characterizing novice unde
explanations and justifications regarding the relationship between a converse proof and a 
conditional theorem. These findings help elaborate Hoyles & Kuchemann  (2002) findings of 
how students might interpret the relationship between converse statements. In other words, our 
study offers qualitative insights into the previously documented ways students closely associate 
converse claims. We shall emphasize the coherence and ration -normative 
explanations, which suggest a need for greater attention to this topic in introductory logic.  
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whether a converse proof proves a conditional theorem. These explanations and justifications 
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In this case, the circle of the if  exists inside the then,  but it encompasses the whole 
then.  They re the same set. So, in 2.2, when we switch them around, the if  and the 
then  are still the same sets, but, if we had an example where the if  is a subspace of 

the space, and then you switch it around, it s not necessarily true. In this case, it is, but, in 
general, if you switch them, it might not work. 

Theo recognized that the truth sets were the same in this case, and thus each was contained in the 
other. He used this to explain why the implication and its converse are both true for Theorem 2. 
It is important that Theo treated all conditional theorems and proofs as instances of the same 
relationship, and judged that the relationship should remain invariant across the different 
theorems. Therefore, he claims that the proof of a converse cannot be accepted as proof of an 
implication because it would not always lead to the correct conclusion. 

Category 2: Proofs Should Match the Theorem Direction 
Students who used this category of reasoning understood that conditional statements and 

proofs both had an inherent direction. Accordingly, they judged that a proof should match the 
. This is distinct from the first category because it was not based on 

comparing proof relationships across different theorems. One student, Moria, gave an 
explanation that serves as an example of this category: 

k it has to do with the trickle down 

 [Proof 2.2 proving 
Theorem 2] 
that kind of 2.2 to the theorem 2 is saying. 

Moria claimed that combining Proof 2.2 and Theorem 2 would be tautological because the 
hypothesis of the proof is the same as the conclusion of the theorem. Since she viewed theorems 
and implications as paths from one claim to another, she argued that the proof began at the 
ending point of the theorem, which is not going to prove anything.  This led her to claim that 
Proof 2.2 did not prove Theorem 2 (affirming CI). 
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I guess we re having trouble because multiple 14 breaks down into seven and two and 
then seven and two break down right into 14. So, I feel like it s saying the same thing, but 
I totally understand what yo  

While Jean-Luc acknowledged that the direction of the proof was the reverse of the direction of 

 
them as though they were synonymous. This sense of identity led him to deny CI since the order 
did not distinguish the proof from the theorem.  
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I was saying I feel like it s true because all multiples of 2 and 7 are all multiples of 14. 
So, if it s a multiple of 2 and a multiple of 7, then it s going to be a multiple of 14 
because multiples of 2 and 7 are 14, 28, and 42, and then to whatever degree you want to 
go to. 

Phil claimed that Proof 2.2 still proves Theorem 2 because both the hypothesis and the 
conclusion are referring to the same set of objects. Therefore, switching them around in a 
statement does not change the meaning of the statement. 
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The method of Least Square Approximation is an important topic in some linear algebra classes. 
Despite this, little is known about how students come to understand it, particularly in a Realistic 
Mathematics Education setting. Here, we report on how students used literal symbols and 
equations when solving a least squares problem in a travel scenario, as well as their reflections 
on the least squares equation in an open-ended written question. We found students used 
unknowns and parameters in a variety of ways. We highlight how their use of dot product 
equations can be helpful towards supporting their understanding of the least squares equation. 

Keywords: linear algebra, least squares, dot product, student reasoning, inquiry 

Linear algebra courses frequently include the topic of least squares approximation. A central 
focus of the least squares problem is when the matrix equation  has no solution. When 

 that makes  as close as 
possible to 
squares problem (i.e., finding the best approximation in a subspace to a vector not in a subspace), 
which we leverage in our design research, as compared to a statistical interpretation. The set of 
least squares solutions to  are the vector(s)  that are solution(s) to . How
can we, as instructors, help students come to understand why that equation is relevant to solving 
the least squares problem? Or, how can we, as curriculum designers, engage students in the 
guided reinvention of that equation? In this paper we pursue the research question: How do 
students use literal symbols and equation types as they solve an experientially real least squares 
problem, and what reactions do they share about the least squares equation ?

The work presented in this paper is from a project (DUE-1915156/1914841/1914793) that 
aims to create research-based curricular materials for the guided reinvention of core concepts 
within an inquiry-oriented linear algebra class. This work is guided by making sense of student 
thinking and the complexity of mathematical ideas, which informs the refinement of the 
curricular materials. In pursuit of our research question, we examine written data from 13 
students and analyze the variety of ways they use literal symbols and equations when solving a 
least squares problem in an experientially real (Gravemeijer, 1999) task setting. We also analyze 

. This analysis will inform a
future conceptual analysis of the mathematics as well as refinements to the task sequence.  

Theoretical Framing and Literature Review 
Our approach to design research is informed by what we refer to as the Design Research 

Spiral (Wawro et al., 2022), which is based on the design research cycle (e.g., Cobb et al., 2003), 
is composed of five phases, with revisions occurring between each phase based on ongoing 
analyses of student thinking and reflections on the mathematics. Within the first phase, the 

mathematics as a human activity 
(1973) and the design principles that emerged from his work in Realistic Mathematics Education 
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(RME) (Gravemeijer, 2020; Gravemeijer & Terwel, 2000; Treffers, 1987). RME design 
principles include didactical phenomenology (the means for creating the task setting of the 
phenomena to be organized), emergent models (a process through which students can progress 
from a less formal understanding of the phenomena to a more mathematized organization of the 
phenomena), and guided reinvention (a mechanism by which students can reinvent mathematical 
ideas guided by the task structure and their interactions with the instructor and their peers).  

There is little literature on the teaching or learning of least squares approximation within the 
context of linear algebra. Turgut (2013) designed a lesson to teach least squares as a line of best 
fit using Mathematica. His lesson invited students to use commands in Mathematica to plot dots, 
form matrices from points, transpose a matrix, and take an inverse of a matrix in finding the best 
possible solution. A topic we view as related to the teaching and learning of least squares is dot 
product. Donevska-Todorova (2015) identified three definitions of the dot product within three 
modes of description (arithmetic, geometric, abstract-axiomatic) and created an applet to 

module to teach dot product, focusing on the cosine definition. Their task included comparing 
frequency vectors and determining if an author wrote two different texts. Dray and Manogue 
(2006) found projection to be essential in understanding dot product. They claimed the geometric 
approach of the dot product benefits students in many applications of physics and engineering. 

variety of ways literal symbols and equations were used as students completed the problem. In 
undergraduate mathematics, literal symbols are used in many ways. It is important to understand 

 our 
analysis, we draw from Philipp (1992) and Drijvers (2003) for unpacking the nuance in literal 
symbol use. Drawing on works such as Keiran (1988), Küchemann (1978), and Usiskin (1988), 
Philipp uses literal symbol to describe the mathematical use of a letter; he provides seven literal 
symbol uses: labels, constants, unknowns, generalized numbers, varying quantities, parameters, 
and abstract symbols; most relevant to our work is unknown, varying quantity, and parameter. 

x in 8x 
a literal symbol that represents, at 

x and y in y = 3x + 5. Finally, Philipp describes 
parameters as generalized constants, such as m and b in the linear equation y = mx + b. 

Drijvers (2003) focused on design research related to the concept of parameter, which he sees 
mulas, a 

can assume: placeholder, changing quantity, generalizer, and unknown. First, a parameter as a 
placeholder plays the role of a constant value that does not change; whether known or unknown, 
its value is fixed, and filling in different known values relate to different situations rather than 
variations of the same situation. Second, a parameter as a changing quantity represents a 
numerical value that takes on a dynamic character of systematic variation. It runs smoothly 
through a reference set, affecting the complete, global situation set rather than a single situation 
(e.g.,  and  in ). Third, a parameter as a generalizer does not stand for a 
specific number but rather for an exemplary number or set of numbers. It facilitates seeing the 
general in the particular, formulating solutions at a general level, and solving concrete cases at 
once by means of a parametric general solution (e.g.,  in a parametric solution  = ). 
Fourth, the parameter as unknown ng particular cases from the general 
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representation on the basis of an extra condition or criterion. In such situations, the parameter 
acquires the role of unknown-to-be-  for a specific  in the above).  
Finally, these roles are not fixed and can change in the solution process.   
 

The Task Setting 
Our task sequence leverages the subspace-oriented version of the least squares problem (the 

best approximation to a vector not in a subspace is its orthogonal projection onto the subspace). 
We designed an experientially real task setting called Delivering Mail to Gauss, which is based 
on the Magic Carpet Ride sequence (Wawro, et al., 2012) in the Inquiry-Oriented Linear Algebra 
(IOLA) curriculum (Wawro et al., 2013). Even though it is a fantasy setting, we have found that 
students can immediately engage with the idea of different transportation modes, each traveling 
forward and backward in a single vector direction. The first Delivering Mail task asks students to 
use three specific travel vectors (the same vectors in Task 3 of the Magic Carpet Ride sequence) 
to travel to Gauss in  so that they can deliver his mail. This differs from the Magic Carpet ride 
task in that Gauss is now in a location outside of the span of the travel vectors. Using previous 
knowledge, students determine Gauss cannot be reached and the travel vectors span a plane in 
R3

condition that they get as close as they can to Gauss using the travel vectors before they use the 
drone. They then determine where to travel to, how to get there with the travel vectors, along 

 
 

 
(a)                                                                                               (b) 

Figure 1.  
 
There are many aspects of the problem to sy . The 

three travel vectors , , and  are in the first task statement, but once students realize the 
three span a plane, they work only with  and 
exploration of what location on the plane would be closest to Gauss, and students consistently 
suggest the location that creates a path orthogonal from the plane to Gauss (Lee et al., 2022). 

 class uses vector  to 
denote where on the plane they should travel to and use the drone, e 
and  
as To denote how to get to  using the travel vectors, the scalars  and  are used 
to mean how much and in what direction to travel on  and  so that , which 
can be written as a matrix equation  where  is the matrix with columns  and  and  
is the vector with components  and . Finally, the instructor leads the class in a derivation that 
the dot product of two orthogonal vectors is zero, which results in the class denoting , 

, and . All of these relationships are summarized in Figure 1b, which shows 
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Students then use these known relationships to solve for , , , and . Students make 

progress in a variety of ways. If students combine  and  into a system of 
equations and write it as an augmented matrix, the instructor could notate the coefficient matrix 
as  and leverage the student work towards the matrix equation The final task 
prompts , , and , to 
come up with one general equation (symbols only, no specific numbers) that would help us 
determine  for any  and . The only unknown in your general equation should be  (i.e., no  
or ) quares equation 

 (abbreviated LSE), where  is the least squares solution to .  
 

Methods 
The data for this paper come from in an in-person introductory linear algebra class at a large, 

public, research university in the Mid-Atlantic US. The course had 27 students, of which 13 both 
gave consent and completed the assignments analyzed in this paper. In the university system, 8 

4 chose she/her/hers 
1 did not choose pronouns (pseudonym P1). Most 

were second-year students by credit hours and were general engineering majors. The prerequisite 
was a B or higher in Calculus I or a passing grade in Calculus II. The data analyzed in this paper 
come from student responses to two written reflections. After most class sessions, students were 
asked to complete a reflection by the end of the day and submit their work via an online learning 
management system. Students were asked to spend 5-10 minutes on a reflection, for which full 
credit was awarded based on effort rather than correctness. Reflection #1 (Figure 2) was given 
the day that the class completed their solutions to the Delivering Mail to Gauss tasks and the 
reinvention of  (the LSE). The purpose of this reflection was to learn more about 
how students were making sense of the various aspects of the least squares problem and what 
solution approaches they would use. Reflection #2 (Figure 3) was given the following day to 
learn more about how students were making sense of the least squares equation.  

 
Create your own example of two travel vectors in  and a 
location for Gauss in that you cannot reach with your 
travel vectors. Then solve for at least two of the following: 
the vector closest to Gauss that you can reach, how you 
would get there with the travel vectors, and the distance 
from that location to Gauss. Show your work and/or 
explain your thinking 

 We started Least Squares Approximation with the 

deriving the equation  as a way to directly 
solve for . We are really curious about your reaction to 
the equation. In 2-3 sentences, please share with us how 
you are making sense of it, your thoughts, or any 
questions you may have. 

Figure 2. Reflection prompt #1.  Figure 3. Reflection prompt #2. 
 
To analyze the data, we began by creating thick descriptions for student responses to 

Reflection Prompt #1. In doing so, we were struck by the variety of ways in which most students 
leveraged the known relationships from Figure 1 to reach a solution for the travel scenario that 
they created, rather than using the LSE formalized in class that day. In order to capture the 

symbols and equation types. We studied the related literature 
characterization of literal symbols parameter to be 
particularly appropriate; thus, we coded the data within their frameworks (summarized in the 
Theory section). 
equations in linear algebra, and we found Zandieh and Andrews-Larson (2019) to be most 
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helpful. Their work, which is grounded in their prior research on three interpretations of  
We 

coded the data in a way compatible with their approach, analyzing the various equations types 
(e.g., vector equation, matrix equation) students brought to bear in their solution process. For 
Reflection #2, we engaged in open coding to make sense of the variety of student responses. The 
first two authors independently coded all the data, conferred with each other to resolve any 
differences, discussed the data with the author team, and further refined as needed.  
 

Results 
Overall, in Reflection Prompt #1, we found that students use literal symbols as unknowns in 

three ways: as vectors, vector components, and scalars. We found that students used literal 
symbols as parameters in three ways: as placeholder, generalizer, and unknown. Students also 
leveraged six equation types in their problem solving: matrix equation, vector equation, system 
of linear equations, augmented matrix, dot product equation, and quadratic equation. Because of 
space, we focus on a vignette from one student. We chose M7 as a paradigmatic example 
because of the broad range of literal symbols and equation types that he used. A limitation of 
our data is that it is written data only; we cannot know how the students were thinking about the 
various symbols they wrote. Instead, we focus on how the literal symbols seemed to function in 

 and  
student reasoned about  and  
italics for literal symbol use and underlining for equation type within the vignette. We do not 
label the equations that are of the type unknown = determined value, which communicate when a 
student completes a solution process for the unknown vector, component, parameter, or scalar. 
 

 Reflection Prompt #1! 
At the top of his page (see Figure 4), M7 wrote the relationships , , and 

which had been established in class (Figure 1). These three equations are dot product 
equations; within them are four literal symbols:  and  are unknown vectors, and vectors  and 

 are each a parameter-as-placeholder. M7 shifts to a system of equations , 
created from the latter two dot product equations. This introduces three new 

literal symbols  , , and which are each unknown components. We note that , , and 
are the components of the ; to eventually solve for unknown vector , M7 decomposed it 

into unknown components. M7 transitions to an augmented matrix equation, using it four times 
as he carries out row reduction. M7 expresses the solution resulting from the row reduction as a 
system of linear equations  and , which again use , , and ; in this 
instance, however, the three literal symbols are now used as varying quantities because the 
system expresses how they are related and change together. It seems that M7 next compacted this 

information into . 

for  twice in his subsequent work. Thus, at this point in his work, M7 used the literal symbol  
as a parameter-as-generalizer to represent all possible solutions for .  

M7 then writes the vector equation . Here,  is a parameter-as-placeholder and  
is still an unknown vector. However, we see a shift in  from vector unknown to parameter-as- 
placeholder; this is evidenced by the subsequent vector equation in which M7 substitutes in 
component-wise versions of both  and , using the parameterized version of , where again  
functions as a parameter-as-generalizer. M7 then simplifies that vector equation into  in terms 
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of . Next, M7 next brings in the very first known relationship he had written, , but now 
that dot product equation is written with component-wise expressions in terms of  for both  
and . Thus, we see a shift in the role of to that of parameter-as-unknown. This use of  

quadratic equation in ; two 
additional quadratic equations are written as M7 simplifies in order to solve for . This leads to 

, where!  as a literal symbol is a determined value (i.e., the values of  
that make the equation true, determined through a solution process). Choosing  as an assigned 
value for  (Alaee et al., 2002), M7 gets exact solutions for and via substitution. M7 boxes 
the  vector and writes vector 
equation to write  as a linear combination of  and , with the literal symbols  and  as 
unknown scalars. Although M7 again uses  as a literal symbol, we see no evidence that the two 
uses of  were connected in any way. M7 transitions to a system of linear equations in  and  
and solves for the unknown scalars  and ; M7 concludes by explaining how to 
use the travel vectors, presumably to reach , which is consistent with his algebraic solution.  

 

 
Figure 4   

 
We emphasize that the first augmented matrix M7 wrote corresponds to the matrix equation 

; he did not use the literal symbol  to notate his work, and we have no evidence he 
recognized the coefficient matrix as . We point this out as an implicit use of  that grows out 

-solving, which is important in terms of RME-inspired curriculum 
design and th .  

 
Student work on Reflection Prompt #2 

When asked about their sense-making, thoughts, or remaining questions they may have about 
 (Figure 3) after the following class, students shared a range of reactions about both 

individual parts of the equation and it as a whole.  
Reactions to individual parts of the equation were typically related to the interpretation of its 

components. Among these, the most common topic invoked by students was that of , both its 
 

and  don't have the same solutions since it's just multiplication   
We note that W4 wrote x rather than  in her LSE, helping us understand that the nuance 
between x and  may not be straightforward for students. W7 wrote, 

trying to make sense of what  means as a linear transformation, which we see as a valuable 
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curiosity. We interpret the second part as W7 grappling with how the two equations are related 
We do have evidence 

that some students understood the utility of the transpose matrix; for example, M6 wrote "  
does the job of dot product each column of  by , that's why  would yield the zero vector." 

Other students commented on the efficiency of the LSE or contextualized their understanding 
on how to use the LSE within 

rt in using the equation related to their 
understanding of its derivation. For example, W5 wrote: 
equation] if I didn't understand the derivation.
possibly meaning use the equation to solve a least square problems or knowing what each literal 
symbols means in the context of least square problems. 
me based on how we derived it based on what we knew. However, w 
it all works together/why it all works
LSE making sense and understanding why it works.  

 
Discussion 

The method of Least Squares is an important topic in linear algebra, although it is not always 
discussed in a first course possibly because of the background needed to understand all aspects 
involved in the SLE solution method. The first task in the least squares sequence, Getting Mail to 
Gauss, is straightforward enough to introduce in the first or second week of an introductory 
linear algebra course (such as after the second task of the Magic Carpet Ride IOLA sequence, 
Wawro et al., 2012). As explored in this paper and in our previous work (Lee et al., 2021), 
however, the solution process may bring to bear equation types and solution strategies learned 

and literal symbol use that this student has knowledge of and can flexibly move between in 
reconstructing a successful solution method.  

One of the key features of the LSE is the presence of the matrix . The student work in this 
study (not all of which we could share in limited space) suggests some connections the students 
were making between the LSE and . While some students used immediately in Reflection 
#1, such as M8, others such as M7 derived it through their solution process without labeling with 
the literal symbol , such as M3, M7, and P1. The use of the array of numbers that experts 
think of as  was not problematic for students such as M7 when using these as coefficients in a 
system of equations or within the related augmented matrix equation. Students in this class were 
familiar with converting between systems of equations (or augmented matrices) and matrix 
equations of the form . So, 
expression  was not itself problematic for students; however, thinking of this array as a 
matrix that , , or  can be multiplied by seemed to be something students wondered about. 
The questions some students such as W7 and W6 wondered about on Reflection #2 seemed to be 
about the meaning or role of  when multiplied by the other expressions in the LSE. Given that 
students in an IOLA classroom tend to be familiar with reasoning about a matrix times a vector 
as a transformation of that vector (Andrews-Larson et al., 2017), these students may have 
wondered what transformation  imparts on input vectors.  

Our future work involves further analyzing the nuances in student solution strategies and 
their conceptual understanding of the LSE, using this to make adjustments to the task sequence, 
and developing a conceptual analysis for the mathematics in least squares approximation. 
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Introduction and Literature Review 
Mathematics is a unique science in which objects of analysis are inaccessible to the five 

senses and can only be visualized indirectly using various representations (Duval, 2006). 
Theories of representation abound in the mathematics education literature (e.g., Duval, 1999, 
2006; Godino & Font, 2010; Goldin, 2008; Radford, 2013; Vergnaud, 1998). Previous 
researchers have called for increased visual representations (e.g., Arcavi, 2003) and identified 
privileged forms of representation for specific mathematical topics (e.g., González-Martín et al., 
2011). Diverse representations provide opportunities to construct shared meanings, which invite 
further investigation into how students invest representations (standard or not) with meaning. 

This paper investigates undergraduate 
relationships. We define symbolizing activity as a process of mental activities that entails 

verbalization) to organize, synthesize, or communicate their thinking. We refer to symbolization 
as the status of completing the symbolizing activity and perceptible artifacts as symbols. Our 
definition differs from Tillema  (2010) communication-focused symbolizing activity by 
including individuals  creation of personal representations to reflect on their thinking.  

As part of our investigation into the role of set-
of conditional statements (Dawkins, 2017; Dawkins et al., 2021), we created an instructional 
sequence for students to investigate sets using set-builder notation and diagrams. We present two 
vignettes detailing the various meanings students imputed to these representations during their 
initial exposure to these ideas. We provide the following research question to contextualize the 
vignettes: What differences in thinking did students exhibit as they (a) made sense of set-builder 
notation and (b) created set diagrams to describe relationships between sets? 

Theoretical Perspective 
One problem with studying representations in isolation from student thinking is that students 

can impute various ideas to the same symbol. For instance, Gray and Tall (1994) stated that 
mathematicians utilize algebraic notations (e.g., the numeral 6) fluidly to refer to either a process 
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(e.g., putting together two and four pennies) or a stabilized concept (e.g., a pile of 6 pennies). 
Thompson (2002) showed differences between individual student meanings for a point on a 
graph, even after students agreed upon a group definition. Alternately, Eckman and Roh (2022) 
showed that students might generate one notation to reason about a process they conceive and a 
different convention to describe a concept they abstract from reflecting on the process.  

We propose two constructs to describe the representations we investigate in this paper. First, 
Eckman and Roh (2022) used the term personal expression 
meaning to a self-generated algebraic expression. In this paper, we expand the definition of 
personal expression to cover all forms of s  representation. There are two 
components to personal expressions: a meaning and a perceptible artifact to which the student 
imputes their meaning. We use the term meaning in the constructivist sense (Thompson, 2013; 
Thompson et al., 2014) that individuals construct and maintain cognitive structures through their 
experience. A perceptible artifact includes any action or product a student produces to convey 
their meanings (writing, drawing, gesture, verbalization), which another individual might observe 
with his five senses. Our definition of personal expression is related to de Saussere  (2011) 
notion of signifier and signified, which also informed Glasersfeld  (1995) definition of symbol. 

When a student creates an expression to organize or synthesize her thinking, she creates a 
personal expression. We consider all non-student generated expressions that require the student 

 to be communicative expressions. There 
are three components to a communicative expres

intended meaning. For instance, Jill might create the personal expression  
to denote her image of the set of prime numbers. If Jill presented her personal expression to Jack, 
Jack would perceive  as a communicative expression to which he would 
need to assign meaning. However, Jack s personal expression may 
not reflect  intended meaning. In summary, whether a perceptible artifact is a personal or 
communicative expression is in the eye of the beholder. The expression  
is personal to Jill because she created it and communicative to Jack because he must interpret it. 

Methodology 
The data we present in this paper come from an ongoing project to develop models of 

abstraction of logic for conditional statements (Dawkins, 2017; Dawkins et al., 2021). 
During the study, we conducted six paired constructivist teaching experiments (Steffe & 
Thompson, 2000), consisting of 8-12 sessions lasting 60-90 minutes each. We focus on the first 
day of the Spring 2022 teaching experiment. Our students, who chose the names Sarah and Carl, 
were enrolled in Calculus 3 at a large public university in the United States. The second author 
served as the teacher-researcher, with all other authors serving primarily as witnesses. 

 a shared whiteboard application, and 
photographs of physical board work. We analyzed the data using the principles of open coding 
(Strauss & Corbin, 1998). As our initial codes emerged, we realized that some findings aligned 
with previously proposed constructs (Dawkins et al., in preparation; Sellers et al., 2021). During 
axial coding, we combined our unique codes with these constructs to describe meanings students 
exhibited during their symbolizing activity. We synthesized our findings into two vignettes. The 
first vignette describes meanings that students might attribute to communicative expressions of 
set-builder notation. The second vignette describes how students might construct set diagrams as 
personal expressions to express their image of the relationship between two sets. 
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Results 
For each vignette, we first present a theoretical model of a beneficial meaning for 

representing sets or set relationships. We then offer two alternative meanings from our data that 
students exhibited in their symbolizing activity.  

Vignette 1: Students  Meanings for Set-builder Notation (Communicative Expressions) 
We initially presented Sarah and Carl with pairs of sets (defined using set-builder notation) 

and asked them to posit relationships between the sets (see Figure 1). Our examples constituted 
communicative expressions because students interpreted our notation. In this vignette, we report 

-builder notation while comparing set pairs ,  and . 

 
Figure 1. An excerpt from Task 1. The prompt is shortened for brevity, and not all pairs of sets are shown. 

A beneficial way to interpret communicative expressions for set-builder notation. We 
first present a theoretical meaning that did not emerge in our data but we considered beneficial 
for students to compare two sets appropriately (see Figure 2). 

 
Figure 2. A productive meaning and resulting method for comparing sets  and . 

A student determining the relationship between sets  and  might first imagine arbitrary 
elements,  and , from each set (Figure 2, step 1). These arbitrary elements contain no 
specific measurements for characteristics such as angle measure. The student would then 
compare the properties of the two elements to determine their relationship (Figure 2, step 2). For 
instance, the student might imagine that since the isosceles triangle has at least two equal sides 
and the equilateral triangle has exactly three equal sides, the equilateral triangle can be 
considered isosceles. The student would then infer that since every element in set  has exactly 
three equal sides, all equilateral triangles can be considered isosceles (Figure 2, step 3). Finally, 
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the student would conclude that if all equilateral triangles are isosceles, then set  must be a 
subset of set  (Figure 2, step 4). Conventionally, we call this meaning for  or  an 
arbitrary particular. However, our theoretically propitious meaning was distinct from the 
meanings exhibited by Carl and Sarah. In the following data-driven examples, we show two 
meanings these students attributed to set-builder notation while comparing pairs of sets. 

Meaning 1a: Particular . When Sarah read the teacher-
expressions ! !  and ! ! , 
she imagined specific triangles with corresponding values and labels unique to each triangle.  

Sarah: I have a question. (Interviewer 1: Ok.) The left-hand side set ( ) is congruent to the 
right-hand side set ( ) but they
Like, they are different sets of triangles, right? 

(omitted dialogue) 
Interviewer 2: Sarah, just to clarify, was your question in part about set  has the letters ABC 

and set  has the letters XYZ? 
Sarah: Yes. 
Interviewer 2: And so, because there are different letters, you weren t sure if the triangles 

were the same triangles? 
Sarah: Yeah, I just got a little bit confused on that. 
In this example, Sarah questioned interviewer 1 (second author) whether two triangles from 

sets  and  (which she considered congruent) could be regarded as the same triangle when 

emanated from denoting elements of set  with  and elements of set  with , which 
she confirmed. In other words, Sarah comprehended that a triangle  from set  could be 
congruent to a triangle  in set  but was unsure whether  could exist within set  
because the vertices of  in the communicative expression for set  were not labeled with 
the letters for set . We call  a particular 
triangle.  

Meaning 1b: Spontaneous particular . When Carl compared the the communicative 
expressions  and , he imagined various possible pairings between elements in set  
and set  and the relationships that might occur for each comparison. 

Interviewer 1: What do you think, Carl (about the relationship between sets  and )? 
Carl: Yeah. Um, I thought that it was. I don t think of like, the sets. I thought it more like, it 

could, like have a good chance of being 100% the same triangle. But also, there s also a 
good chance that it s close, similar, but not quite. Like 70 or so percent chance. 

Interviewer 1: You re talking about one specific triangle? 
Carl: Yeah, like comparing ABC to XYZ. 

was considering two distinct situations: (1) comparing a 
triangle with exactly two equal sides from set  with a triangle from set  and (2) comparing a 
triangle with exactly three equal sides from set  with a triangle from set 
language also indicates that he imagined how often the triangles he selected spontaneously were 
likely to be in both sets. We thus  was 
of a spontaneous particular and not an arbitrary particular triangle. We further discuss how 

spontaneous particular meaning emerged in his set diagram personal expressions in 
vignette 2. 

spontaneous particular meaning  and  is analogous to what Sellers et al. 
(2021) called an MQ4 meaning for a quantified variable. Students exhibit an MQ4 meaning when 
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they spontaneously select elements within a domain of universal discourse, make inferences 
without exhausting all elements, and may or may not repeat this process to make (potentially 
different) inferences about other elements.  

Summary of vignette 1. In this vignette, we have shown three meanings that a student might 
have for  in the communicative expression ! ! . A 
student exhibiting the arbitrary particular meaning (see Figure 2) imagines triangles defined by 
the properties described in the set-builder notation and would be capable of making general 
comparisons between sets. meaning of particular triangles allowed her to imagine 
elements of sets  and  (Figure 2, step 1) and make rudimentary comparisons between these 
elements (Figure 2, step 2). However, her image of triangles with fixed values for various 
characteristics precluded her from discerning the appropriate relationship between the entire sets 
of objects  meaning of spontaneous particular triangles allowed him 
to imagine random pairings of elements from sets  and  (Figure 2, step 1) and compare them 
(Figure 2, step 2). In effect, Carl constructed relationships of likelihood, not relationships of 
necessity as are privileged in mathematical logic, which are essential for proving. 

Set diagrams (Personal Expressions) 
We also invited Sarah and Carl to construct set diagrams to represent the relationships they 

envisioned between pairs of sets (see Figure 1, question 4). We consider the diagrams that Carl 
and Sarah generated (even if they exhibited the conventions of Euler diagrams) to constitute their 
personal expressions for organizing their thinking about various pairs of sets.  

Regions that partition: A beneficial way to construct a set diagram. We first present a 
beneficial meaning that did not emerge in our data which a student might leverage to construct a 
set diagram to compare sets  and  (see Figure 3). First, the student would imagine the universe 
of discourse, , the set of all triangles. The student might then draw a box to metaphorically 
gather all triangles into an enclosed entity (Figure 3, part 1). Second, the student would consider 
set , the set of isosceles triangles. The student might represent  by drawing an oval region 
inside the box to simultaneously gather all isosceles triangles and partition them from other 
triangles (Figure 3, part 2). The student would recognize that the region outside the oval denoting 

 constitutes the complement set to  ( ). Third, the student would utilize the arbitrary 
particular meaning to determine that all elements of  exist within set  (Figure 3, part 3).  

 
Figure 3. A productive method to produce a set diagram comparing sets  and . 

The student might then draw an oval region to represent set  within his previously created 
region for  (Figure 3, part 4). The student would realize that his actions (a) gather equilateral 
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triangles from the universal set  into the oval region  and (b) denote the regions outside the 
oval for set  as the set of all non-equilateral triangles ( Figure 3, part 5). We have previously 
used regions that partition to des
meaning (Dawkins et al., in preparation). In the following data-driven examples, we report two 
other meanings that Sarah and Carl attributed to their diagrams comparing set pairs ,  and . 

Meaning 2a: Regions that gather. When Sarah drew her set diagram personal expression to 
relate sets  and  (which are disjoint sets), she drew one oval region to represent  and a 
second, non-overlapping oval region to represent  (see Figure 4). Sarah then drew isosceles and 
equilateral triangles to represent the elements she imagined in set  and a scalene triangle to 
represent the elements she imagined in set  (see Figure 4). When the interviewer asked Sarah 
what she imagined the region outside  and  to represent, Sarah responded that this area was 

she created her personal expression to represent solely her images of , , and their relationship. 

 
 and  (regions that gather). 

We have previously  
inside of drawn regions as regions that gather (Dawkins et al., in preparation). A student who 
creates a diagram to express regions that gather typically ignores areas outside their drawn 
regions (i.e., no partitioning). These students use set diagrams to highlight sets of interest, not 
construe relationships between all the elements within the universal domain. 

Meaning 2b: Regions that distinguish. While comparing sets  and , Carl initially 
concluded the two sets were equal and drew a single ovular region (see Figure 5). Carl then 
claimed that he could further clarify his diagram by drawing a second oval region inside the first. 
Carl explained that the new oval region denoted instances where he was comparing triangles 
from  and  with exactly three congruent sides. He then stated that the region outside of the 
interior oval (but inside the exterior oval) represented instances where he was comparing 
triangles with exactly two congruent sides. In other words, Carl introduced a local partition to 
distinguish two classes of elements he perceived within his gathered set containing elements of 
sets  and . We use the term regions that distinguish -of-elements-
into-cases meanings he imputed within a locally gathered region of his set diagram.  

 
 and  and a digital reproduction (regions that distinguish). 
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Summary of Vignette 2. In this vignette, we have shown three meanings that students might 
attribute to the regions they draw in a set diagram personal expression. 
her to imagine gathering elements of a similar type, and she drew regions that gather to denote 

 
and  and successfully determined that the sets were disjoint (Figure 3, steps 2-4). However, 
Sarah indicated that the regions outside the ovals were irrelevant to the task. Later in the 
interview, Sarah claimed that exterior regions contained non-examples of the sets but gave no 
indication that she considered these elements as the complement of the sets portrayed by her 
ovular regions (Figure 3, steps 2, 5). We also note that some students creating regions that 
gather may not include a box representing the universe of discourse (see Dawkins et al., 2021; 

elements, and he drew regions that distinguish to denote his sorting of these cases. Carl provided 
meaning to all areas within his outermost region (Figure 2, steps 2-4). However, Carl created his 
set diagrams not to partition the universe into sets possessing or not possessing properties (Figure 
3, steps 2, 5) but to sort comparisons of set elements. Finally, a student imagining gathering 
elements into one set while simultaneously creating a complement set draws regions that 
partition to denote this partitioning action. 

Discussion and Conclusion 
Our research question for this paper was related to  when 

creating personal expressions and interpreting communicative expressions for sets and set 
relationships. In vignette 1 we described three meanings, one theoretical and two emerging from 
our data, that students might possess for communicative expressions of set-builder notation 
presented to them by an instructor. In vignette 2 we described three meanings, one theoretical 
and two emerging from our data, that students might attribute to personal expressions they create 
to diagrammatically represent set relationships. Our results show that students can (a) invest only 
one portion of a conventional meaning to an expression (e.g., regions that gather, particular) or 
(b) aatribute meanings that allow local comparisons of element classes but fail to support claims 
about set relationships (e.g., spontaneous particular, regions that distinguish).  

Our findings further work done by previous mathematics educators. For instance, we 
personal expression and proposed 

communicative expressions to describe the role of symbols in mathematical communication. We 
also added regions that distinguish 
meanings students attribute to set diagrams MQ4 
meaning to inform our descriptions of spontaneous particular and regions that distinguish, 
extending their MQ framework beyond the context of interpreting quantified variables. 

Our vignettes also have relevance for instructors. Vignette 1 highlights that students may 
attribute very different meanings to a communicative expression of set-builder notation than their 
instructor intended when creating the symbol as a personal expression. Vignette 2 reveals that 

across students and differ from convention. Therefore, we recommend that instructors regularly 
facilitate classroom discussions about personal and communicative expressions and the potential 
meanings the expression creators and interpreters attribute to these expressions. 
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$"+%'&=.&8&J#.J+%-8%'C&<<'%'$&<<%$"-3="$%-8%(;#$"%7+-7<+0%#'%7+-7<+%M"-%($"&.C%<-=&J#<<9A0%6.%'-;+%
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Introduction 

a crucial role in their understanding of advanced mathematical concepts in real analysis (Roh, 
2010; Roh & Lee, 2017) and their proof writing and comprehension (Dawkins et al., 2021; 
Selden & Selden, 1995). Our previous work (e.g., Sellers, 2020; Sellers et al., 2018, 2021) has 
described five distinct ways students might interpret quantified variables. We have also shown 

oment to moment, with the 
highest instability in meaning shown by calculus and transition-to-proof students (Sellers et al., 
2017).  

In this paper, we report the results of administering a survey we designed to (a) investigate 
the prevalence of these quantified variable meanings among collegiate students and (b) provide 
insight into instructional In 
the survey, respondents with various levels of proof experience identified: (a) meanings they 
believed produced viable interpretations of a quantified statement, (b) which interpretations they 
preferred, and (c) a truth value for the statement. Our research questions emerged through 

we investigated: 
1. How does exposure to various interpretations of the quantified variable in a mathematical 

selections vary by proof-course experience? 
2. Which meanings for quantified variables do students consider to be 

selections vary by proof-course experience? 
3. What meanings for quantified variables do students who select an inappropriate truth 

value prefer or believe to be viable after viewing the various interpretations? 
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Theoretical Framework 
Sellers et al. (2018, 2021) propose the Meanings for Quantified Variables (MQ) framework 

to explain possible meanings students might have in a given moment for a quantified variable 
(see Table 1). We adopt the constructivist definition of meaning, grounded in the notion that 
individuals construct meanings in their minds through experience (Thompson et al., 2014).  

 
Table 1: Categories of Meanings for Quantified Variables  
Meaning Mental Actions 
MQ1 Checking if the predicate  holds for at least one value of  in  
MQ2 Checking if the predicate  holds for exactly one value of  in  
MQ3 Checking if the predicate  holds for all values of  in  
MQ4 Checking if the predicate  holds for spontaneously chosen values of  in  
NQ No quantification (or absence of meaning for a quantified variable) 

 
We describe how a student with each meaning might interpret a universally quantified 

statement, which we refer to as Statement 1 (S1): For each real number x, let . 
Consider the following statement about the function : For all real numbers x, . The 
predicate  for S1 is , the domain of discourse  is the set of all real numbers , 
and the truth value of the statement is false. A student who uses MQ1 would check whether at 
least one real number satisfies the predicate  A student who uses MQ2 would check 
whether precisely one real number satisfies . A student who uses MQ3 would check 
whether all real numbers satisfy . A student who uses MQ4 would spontaneously 
choose real numbers and individually test whether each value satisfies . A student 
who exhibits no meaning for a quantified variable (i.e., NQ) might adopt an algebraic approach 
to investigating the predicate  rather than address how the quantified variable affects 
his interpretation of S1. A student normatively interpreting the quantified variable  in S1 would 
likely conclude that S1 is false by using MQ3 to identify a negative real number as a 
counterexample. However, other students might determine that S1 is false using MQ2, NQ, or 
MQ4, arriving at a normative truth value using an inappropriate quantification. 

Survey Design and Methodology 
Our survey instrument contained one universally and one existentially quantified statement. 

In this paper, we focus on S1, the universal statement. For S1, we included seven interpretations 
for  based on the MQ framework (see Table 2): one interpretation for each of the five meanings, 
and a second interpretation for both MQ1 and MQ3. In the first MQ1 and MQ3 examples, we 
included only values of  that satisfy the predicate  

cond MQ1 and MQ3 interpretations, we included only values of  for 
 

For both quantified statements in the survey, the respondents answered questions in four 
distinct phases (see Figure 1). In Phase I, the students viewed and selected a truth value for the 
statement (options included true, false, cannot be determined, and other). The students then read 

capable of working, functioning, or developing adequately (Merriam-
Webster, n.d.). We included this definition to minimize the differences in how students might 

. 
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Table 2: Text of the Hypothetical Interpretations for S1 on the Survey 
Meaning Text of hypothetical interpretation for S1 on survey 
NQ I would just plug in the function formula to the equation in the statement. The 

statement means that  is a real number and . 
MQ1-E I would expect to see there is at least one real number for  so that . 

If , then  2. So, I have at least one real number for  so 
that  . 

MQ2 I would expect to see there is only one real number for  so that  But 
I found more than one real number for  so that . If , 
then  2. If , then .  

MQ3-E I would expect to see no matter what number I select for , if  is a real number, 
then . If , then  2.  
If , then . I imagine that if I were to have unlimited 
time, I could keep selecting a different real number for x each time and see that I 
would have .   

MQ1-CE I would expect to see that there is at least one real  
number for  so that  If , then  because 

 2. Well, I will keep trying to check other real numbers to see 
whether I have at least one number for  so that if  is a real number, then  

.  
MQ3-CE 
(Normative) 

If I choose a real number  for ,  because . 
So there is at least one real number  such that . 

MQ4-E/CE It could be  or it could be . For instance, if , 
 because  2. On the other hand, if ,  

because . 
 

 
Figure 1: Visual Depiction of the Four Phases of the Survey for Statement 1 

In Phase II, students read individual interpretations of the quantified statement, indicating 
whether they believed each example to be viable. In Phase III, students who indicated at least 
one interpretation was viable (a) reviewed their previous viability choices and (b) selected one or 

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' &')



more preferred interpretations to reason about the truth value of S1. In contrast, students who 
claimed that no examples were viable described an alternative interpretation they considered 
viable. In the final phase, Phase IV, students again read the quantified statement and assigned a 
truth value. Students whose final truth value for S1 differed from their original truth value were 
prompted to explain why their choice changed. 

We collected responses from 108 students enrolled in calculus courses and a proof-based 

survey completion time, item completion times, and truth-value-change justifications, we deleted 
eight responses that appeared to be unreliable. The final sample of 100 students included 37 
respondents who self-reported no proof-based course experience, 39 who reported taking one 
proof course, and 24 who reported participating in more than one proof course. 

Results 
In this section, we describe the results of our preliminary descriptive analysis of the data in 

relation to our three research questions regarding (a) the impact of the interpretations on 
b

hypothetical examples, and (c) which interpretations students who persisted in claiming S1 is 
true preferred or believed to be viable. We devote a subsection to each research question. 

Selections 

and after reviewing the hypothetical interpretations, which we show in Table 3. Specifically, 
69% of the 100 students initially indicated S1 is true, and 70% of the overall sample concluded 

value seems to have emerged from their reflection on our survey items. For example, two 
 

 
 

Table 3: Initial and Final Truth Value Selections for S1 (Overall Sample of 100 Students) 

Initial Chosen 
Truth Value 

The statement is true 69% 
The statement is false 24% 
We cannot determine if the statement is true or false 6% 
Other (Please explain) 1% 

Final Chosen 
Truth Value 

The statement is true 26% 
The statement is false 70% 
We cannot determine if the statement is true or false 3% 
Other (Please explain) 1% 

 *Highlighted rows indicate the most selected truth value among respondents 
 

-course experience, we discovered that 
students with little or no proof experience initially selected S1 is true in much greater numbers 
than those with more than one proof-based course (see Table 4). We also noted a large gain in 
the percentage of students who indicated that S1 is false after reviewing our interpretations (~50 
percentage point increase for each group). Still, due to the near-universal initial response that S1 
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is true by students with no proof experience, we found that over 40% of calculus respondents 
still maintained that S1 is true after reviewing all seven interpretations.  

 
Table 4: Initial and Final Truth Value Selections for S1 (100 Students Sorted by Proof-course Experience) 

 
 

0 Proof Courses 
(  

1 Proof Course 
 

More than 1 Proof Course 
( ) 

Initial Chosen 
Truth Value 

True 34 (92%) 26 (67%) 9 (38%) 
False 3 (8%) 10 (26%) 11 (46%) 

Final Chosen 
Truth Value 

True 15 (41%) 6 (15%) 5 (21%) 
False 21 (57%) 30 (77%) 19 (79%) 

*Highlighted cells indicate the most commonly selected truth value among respondents. Students who selected 
final truth value are not included in this table. 

 
We chose the order in which the hypothetical interpretations were presented to students 

strategically, considering that some students may not initially consider negative real numbers for 
values of . We first presented an algebraic example, followed by arguments utilizing positive 
real numbers for , and concluded with interpretations using negative real number values for .  

The following table, Table 5, shows the percentage of students in each proof-experience 
category that indicated a particular interpretation is viable. We found that at least 50% of 
students with no proof experience accepted 6 of the 7 interpretations as viable. Although students 
with proof experience tended to select fewer interpretations as viable, we noticed that a majority 
of students with proof experience still believed NQ, MQ3-CE (the normative interpretation), and 
MQ4 examples were viable. In contrast, the percentage of students who accepted the MQ1-E, 
MQ2, and MQ3-E interpretations decreased for each proof experience category. Our data imply 
that for our respondents, proof course experiences may have impacted their viability beliefs 
about some interpretations (i.e., MQ1-E, MQ2, MQ3-E) but not fully convinced them that other 
interpretations are unviable (i.e., NQ, MQ4). 

 
Table 5: Viability Selections for S1 (100 Students Sorted by Proof-based Course Experience) 

Proof 
Experience NQ MQ1-E MQ2 MQ3-E MQ1-CE MQ3-CE 

(Norm) 
MQ4-
E/CE 

0 courses  
(n = 37) 

27  
(73%) 

23 
(62%) 

20 
(54%) 

30 
(81%) 

13 
(35%) 

24 
(65%) 

20 
(54%) 

1 course  
(n = 39)  

22 
(56%) 

12 
(31%) 

10 
(26%) 

24 
(62%) 

16 
(41%) 

29 
(74%) 

26 
(67%) 

More than 1 
course  
(n = 24) 

13 
(54%) 

7 
(29%) 

4 
(17%) 

9 
(38%) 

9 
(38%) 

20 
(83%) 

14 
(58%) 

 

RQ3: The Preferred and Viable Interpretations of Students who Selected S1 is True 
A vast majority of students in our sample concluded that S1 is false after viewing various 

hypothetical interpretations we provided in our survey. Still, a non-trivial minority of students 
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(26%) continued to insist that S1 is true (see Tables 3, 4). In this section, we examine the 
preferred and viable interpretations indicated by these students. 

The following table, Table 6, contains two rows. The first row shows the percentage of the 
26 students who insisted S1 is true that selected a particular meaning among their preferred 

that indicated an interpretation was viable. From these two rows, it appears that students who 
insisted that S1 is true preferred examples that only utilized positive real number values for  
(i.e., MQ1-E, MQ3-E).1 We also found that many students who indicated that S1 is true rejected 
interpretations that used negative values of . For instance, no student who claimed S1
truth value is true preferred the normative counterexample-based interpretation. Additionally, 
only 23% of these students claimed the normative interpretation is viable (whereas 91% of the 
students who claimed S1 is false stated the normative example is viable). 

 
Table 6: Preferred and Viable Interpretations of the 26 Students who  

 NQ MQ1-
E MQ2 MQ3-

E 
MQ1-

CE 
MQ3-CE 
(Norm) 

MQ4-
E/CE 

Students preferring 
interpretation   

12  
(46%) 

6 
(23%) 

2 
(8%) 

8 
(31%) 

1 
(4%)  3 

(12%) 
Students indicating 
interpretation is viable 

  

18 
(69%) 

14 
(54%) 

11 
(42%) 

20 
(77%) 

7 
(27%) 

6 
(23%) 

9 
(35%) 

*Interpretations highlighted indicate the 2-3 highest (or lowest) percentages in each row 

Discussion and Conclusion 
Our study aimed to gain insight into meanings for quantified variables that students preferred 

or believed to be viable for interpreting statements. Our survey constitutes an attempt to study 
these meanings, which emerged from our previous qualitative work (e.g., Sellers et al., 2017), on 
a larger scale. Our survey varied from our clinical interviews (Clement, 2000) in two distinct 
ways. First, in the survey, we gave students various statement interpretations and asked them to 
indicate which examples they believed were viable, while in the interviews, we modeled 

 Second, in the survey, we asked students to 
denote one or more provided arguments they preferred to use for interpreting the statement, 
while in the interviews, we assumed d ideas were their preferred interpretation. 

Our first research question was related to how 
might impact their truth value choice for S1. Our results show that students selected an 
appropriate truth value for S1 at much higher rates after viewing the interpretations, although 
41% of calculus respondents still maintained that S1 is true after reviewing our examples. This 
finding indicates that for many calculus students, pondering various examples of statement 
interpretations may not be sufficient to develop normative meanings for quantified statements. 

Our second research question was related to the meanings students believed to produce 
viable interpretations of S1. Our results show that students with no proof experience might 
accept a broad range of non-normative meanings for the variable . Additionally, our findings 
indicate that many students (regardless of proof experience) believe that NQ and MQ4 are viable 

 
1 We do not include the NQ example because 61% of students who selected S1 is false believed it to be viable. 
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4 is problematic because they might utilize 
these non-normative meanings to provide the appropriate truth value of S1. We thus encourage 
calculus and proof-based course instructors to facilitate student discussion activities to compare 
NQ, MQ4, and normative interpretations of quantified statements in their curricula.  

Our third research question was related to students who maintained S1 is true after reviewing 
various interpretations of the statement. Our results show that these students preferred algebraic 
examples or those that only utilize positive real number values of . 
for NQ was unsurprising (to us), since we have previously reported that calculus students often 
exhibit NQ while interpreting statements (Sellers et al., 2017). Our finding that many students 
who maintained that S1 is true also believed that MQ1-E and MQ3-E are viable is a novel 
contribution to the quantification literature. We conjecture that these students might have relied 
more on examples than quantification to interpret S1. In this case, we would consider these 

-CE and MQ1-CE to be a natural consequence of their focus on 
interpreting S1 through examples. Specifically, these students may have believed that values of  
that did not satisfy the predicate  were irrelevant to the interpretation process because 
they constituted non-examples  of S1.  

In summary, our survey results both verify and extend our previous qualitative findings. For 
instance, Sellers et al. (2021) described the existence of the five meanings in their MQ 
framework. In this paper, we extend these findings by showing (a) which meanings students 
prefer or believe are viable to interpret a universally quantified statement and (b) patterns in the 
meanings of students who believe a false universally quantified statement is true. We also 
provide insight into how teachers might implement Sellers et al.  (2021) suggestion that 

-normative meanings for quantified 
variables. Our findings highlight one possible activity: asking students to compare NQ, MQ4, 
and normative interpretations for a universally quantified variable in a mathematical statement. 
In future studies, we plan to investigate further the prevalence of non-normative quantification 
among students and potential 
mathematical logic. 
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$0-,+*$$-%,2%).(/-#,*,+)3('*+,*'')&"$,$0*$,2%))4,)4,*,')"/($()"*+,(#,")$,*,2%))4,)4,($#,')".-%#-E,,
!$,(#,'%($('*+,4)%,#$&/-"$#,(",2%))4L)%(-"$-/,1*$0-1*$('#,')&%#-#,$),>")=,*"/,&#-,

')"$%*2)#($(.-,-H&(.*+-"'-,*"/,')".-%#-,("/-2-"/-"'-,4)%,$0-(%,2%))4,*'$(.($(-#E,8)=-.-%J,
-12(%('*+,#$&/(-#,0*.-, &#("3,$0-#-,+)3('*+,2%("'(2+-#G,!",

&"/-%3%*/&*$-#,/(/,")$,&#-,$0-,
')"$%*2)#($(.-,-H&(.*+-"'-,*#,*,.*+(/,("4-%-"'-E,<*=>("#,-$,*+E,MNONPQ,%-2)%$-/,*,#(1(+*%,
20-")1-")",(",=0('0,&"/-%3%*/&*$-,#$&/-"$#,=($0,"),2%))4,-52-%(-"'-,(",')++-3-,')"'-(.-/,$0*$,
$0-,2%))4,)4,$0-,')"$%*2)#($(.-,=)&+/,")$,2%).(/-,*,2%))4,)4,$0-,)%(3("*+,')"/($()"*+,#$*$-1-"$E,
<*=>("#,-$,*+E,MNONPQ,*+#),/)'&1-"$-/,'*+'&+&#,#$&/-"$#,')"'-(.("3,*,2%))4,)4,*,')"/($()"*+,
#$*$-1-"$,*#,2%))4,)4,($#,')".-%#-,=0-",R)$0,$0-,')"/($()"*+,*"/,($#,')".-%#-,*%-,$%&-E,,
F0(+-,(##&-#,=($0,#$&/-"$,+-*%"("3,)4,$0-#-,+)3('*+,2%("'(2+-#,0*.-,R--",#$&/(-/,=(/-+7,(",

2%))4,%-#-*%'0J,$0-#-,-12(%('*+,#$&/(-#,0*.-,")$,4)'&#-/,1&'0,)",0)=,("#$%&'$()"*+,("$-%.-"$()"#,
*"/,$-*'0-%,1).-#,1(30$,2%).(/-,#&22)%$,4)%,#$&/-"$#,$),+-*%",$0-#-,+)3('*+,2%("'(2+-#,MS-+0&(#0,
-$,*+EJ,NONNT,A$7+(*"(/-#,U,A$7+(*"(/-#J,NOPVQE,!",$0(#,2*2-%J,=-,/)'&1-"$,*,'*#-,)4,$=),
&"/-%3%*/&*$-,#$&/-"$#J,;*%+,*"/,A*%*0J,*#,*,2)##(R+-,*'')&"$,4)%,#$&/-"$#,')1("3,$),&"/-%#$*"/,
*"/,1(30$,&#-,$0-#-,$=),+)3('*+,2%("'(2+-#E,F-,*+#),-5*1("-/,0)=,$0-,("#$%&'$()"*+,("$-%.-"$()"#,

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' &)$



*"/,$-*'0-%,1).-#,=-,/-#(3"-/,*"/,(12+-1-"$-/,1(30$,0*.-,2+*7-/,*,%)+-,(",#$&/-"$#,
/-.-+)2("3,#-$LR*#-/,%-*#)"("3,4)%,$0-#-,+)3('*+,2%("'(2+-#E,C0(#,#$&/7,*//%-##-#,$0-,4)++)=("3,
%-#-*%'0,H&-#$()"#G,MPQ,8)=,1(30$,#$&/-"$#,1*>-,2%)3%-##,(",+-*%"("3,$),&#-,')"$%*2)#($(.-,
-H&(.*+-"'-,*"/,')".-%#-,("/-2-"/-"'-,R7,-"3*3("3,(",#-$LR*#-/,%-*#)"("3W,*"/,MNQ,0)=J,=0-"J,
*"/,=0*$,$72-#,)4,("#$%&'$()"*+,("$-%.-"$()"#,*"/,$-*'0-%,1).-#,')&+/,-"')&%*3-,)%,4*'(+($*$-,
$0-(%,#-$LR*#-/,%-*#)"("3,4)%,+-*%"("3,$0-#-,+)3('*+,2%("'(2+-#W,,

!"#$%#&'()*+,%)-#.$%/+
F-,-12+)7, )&%,$0-)%-$('*+,+-"#,4)%,$0(#,#$&/7E,X%)1,$0(#,

2-%#2-'$(.-J,=-,*##&1-,$0*$,("/(.(/&*+,#$&/-"$#,(/()#7"'%*$('*++7,)%3*"(@-,$0-(%,-52-%(-"'-#,
=($0(",1-"$*+,#'0-1-#,MY+*#-%#4-+/J,PZZ[T,:(*3-$J,PZVPT,:(*3-$,U,!"0-+/-%J,PZ\ZQE,C0-,#'0-1-#,
)%3*"(@-/,R7,*",("/(.(/&*+, ,&"(H&-,-52-%(-"'-,=)&+/,2%).(/-,#2*'-,)4,(12+('*$()"#,4)%,
0-%,%-*#)"("3,MC0)12#)",-$,*+EJ,NOP]QE,^",$0-,)$0-%,0*"/J,( 7#,)4,%-*#)"("3,
*%-,")$,*''-##(R+-,$),)R#-%.-%#T,=-J,*#,%-#-*%'0-%#J,2%)2)#-,.(*R+-,1)/-+#,)4,$0-(%,=*7#,)4,
%-*#)"("3,$0%)&30,$0-(%,R-0*.()%#,*"/,&$$-%*"'-#E,F-,#&33-#$,*"/,&#-,*,$%(*/,)4,%-+*$()"#0(2#,*,
#$&/-"$,1(30$,"--/,$),')"#$%&-,=0-",.*+(/*$("3,*,2%))4L$-5$,2*(%-/,=($0,*,')"/($()"*+,#$*$-1-"$,
$),R-,2%).-",M0%%$%1+2#3#%#4(#+5$6%(#+4$&+3$6478QG,,,

! F0*$,$0-,#$&/-"$,>")=#G,$0(#,1*7,("'+&/-,1*$0-1*$('*+,2%)2)#($()"#J,+)3('*+,2%("'(2+-#J,
)%,*"7,%-+*$()"#0(2,$0*$,$0-,#$&/-"$,')"'-(.-#,4%)1,$0-,3(.-",')"/($()"*+,,

! F0*$,$0-,#$&/-"$,')"#$%&-#,4%)1,$0-,3(.-",')"/($()"*+,$),R-,2%).-"G,*,#$&/-"$,1(30$,2)#($,
*,%-+*$()"#0(2,$0*$,$0-,3(.-",')"/($()"*+,')"#$%&-#,M$),$0-1QE,,

! F0*$,$0-,#$&/-"$,R-+(-.-#,$0-,3(.-",2%))4L$-5$,*$$-12$#,$),2%).-G,?,#$&/-"$,1(30$,2)#($,*,
%-+*$()"#0(2,$0*$,$0-,3(.-",2%))4L$-5$,')"#$%&-#,M$),$0-1QE,

C0-,$0%--,%-+*$()"#0(2#,*,#$&/-"$,')"#$%&-#,=)&+/,+(>-+7,#&22)%$,0-%,%-*#)"("3,=0-",-5*1("("3,(4,
$0-,2%))4L$-5$,2%).-#,$0-,#$*$-1-"$,$),R-,2%).-"E,8)=-.-%J,#$&/-"$#,1*7,")$,4("/,')12*$(R(+($7,
*1)"3,$0-,%-+*$()"#0(2#,$0-7,0*.-,')"#$%&-/E,!",#&'0,'*#-#J,("#$%&'$()"*+,("$-%.-"$()"#,*"/,
$-*'0-%,1).-#,')&+/,2+*7,*,'%($('*+,%)+-,(",#&22)%$("3,#$&/-"$#,(",')""-'$("3,$0-#-,%-+*$()"#0(2#,
M-E3EJ,D++(#,-$,*+EJ,NOPZT,S*$*L:-%-(%*,U,/*,:)"$-J,NOPVQE,B#("3,$0(#,$%(*/,*#,*",*"*+7$(',$))+J,$0(#,
2*2-%,2%).(/-#,-12(%('*+,-.(/-"'-,$0*$,("#$%&'$()"*+,("$-%.-"$()"#,*"/,$-*'0-%,1).-#,')&+/,

E,

2#5#)%("+9#&"$7$*$:;+
?#,2*%$,)4,*,1)%-,-5$-"#(.-,#$&/7,*(1("3,$),/-.-

*R#$%*'$()",)4,+)3(',4)%,2%))4,)4,')"/($()"*+,#$*$-1-"$#J,=-,0*.-,')"/&'$-/,-52+)%*$)%7,$-*'0("3,
-52-%(1-"$#,MA$-44-,U,C0)12#)"J,NOOOQ,#("'-,NOP_E,C0-,-52+)%*$)%7,*#2-'$,)4,$0-,-52-%(1-"$#,
*++)=-/,&#,$),%-2-*$,#(5,($-%*$()"#,)4,$0-,/-#(3"L(12+-1-"$*$()"L*"*+7#(#,'7'+-,).-%,4(.-,7-*%#,$),
%-4("-,$0-,("#$%&'$()"*+,$*#>#,*"/,
2%("'(2+-#E,,

!"#$%&'()'*+%&&'%&,-."/01+"21'-'1.$3&0.'4-5'6/01.%$&'7+",&'%&-3"0#'-'2%//89.&:.'2-"%&3'7".+'-'1.-.&4&0.'

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' &)%



C0(#,2*2-%,/)'&1-"$#,)&%,4("/("3#,4%)1,)&%,#(5$0,($-%*$()",)4,$0-,$-*'0("3,-52-%(1-"$#,
')"/&'$-/,*$,*,+*%3-,2&R+(',&"(.-%#($7,(",$0-,B"($-/,A$*$-#E,C=),&"/-%3%*/&*$-,#$&/-"$#J,;*%+,
M-"3("--%("3,1*K)%Q,*"/,A*%*0,M1*$0-1*$('#,1*K)%QJ,=-%-,%-'%&($-/,4%)1,'*+'&+&#,`,*$,$0-,
R-3(""("3,)4,$0-,#-1-#$-%,(",$0-,A2%("3,)4,NONNE,F-,#-+-'$-/,;*%+,*"/,A*%*0,)&$,)4,P],#$&/-"$#,
=0),')12+-$-/,$0-,#'%--"("3,#&%.-7,M9)0,U,a--J,NOP_Q,*#,$0-7,1-$,)&%,#-+-'$()",'%($-%(*E,C0-(%,
#&%.-7,%-#2)"#-#,("/('*$-/,$0-7,=)&+/,0*.-,#&44('(-"$,1*$0-1*$('*+,>")=+-/3-,$),')12%-0-"/,
')"/($()"*+,#$*$-1-"$#,*"/,2%))4L$-5$#,(",)&%,/-#(3"-/,$*#>#,7-$,"--/,$),+-*%",+)3('*+,2%("'(2+-#,
$),.*+(/*$-,1*$0-1*$('*+,2%))4#E,I)$0,#$&/-"$#,*+#),%-2)%$-/,$0-7,+-*%"-/,2%))4#,(",3-)1-$%7,(",
0(30,#'0))+,R&$,0*/,")$,7-$,$*>-",*"7,2%))4L)%(-"$-/,')&%#-#,(",')++-3-E,,
C0-,-52+)%*$)%7,$-*'0("3,-52-%(1-"$,=*#,)%3*"(@-/,)"'-,*,=-->,4)%,PN,=-->#,4)%,V[L1("&$-,

("$-%.(-=#E,X)%,$0-,4(%#$,M("$*>-Q,*"/,+*#$,M-5($Q,("$-%.(-=#J,=-,')"/&'$-/,'+("('*+,("$-%.(-=#,
M;+-1-"$J,NOOOQ,R7,1--$("3,-*'0,#$&/-"$,("/(.(/&*++7,$),*##-##,$0-(%,&#-,)4,+)3(',$),.*+(/*$-,
2%))4#,)4,')"/($()"*+,#$*$-1-"$#E,F-,')"/&'$-/,-52+)%*$)%7,$-*'0("3,("$-%.(-=#,4)%,$0-,%-#$,)4,
$0-,$-",("$-%.(-=#,MA-++-%#J,NONOQE,F-,1-$,=($0,R)$0,#$&/-"$#,*"/,(12+-1-"$-/,$0-,$*#>#,=-,
/-#(3"-/,$),0-+2,#$&/-"$#,+-.-%*3-,#-$LR*#-/,%-*#)"("3E,C0-,$*#>#,4)%,$0-,$-*'0("3,("$-%.(-=#,
')"#(#$-/,)4,],$*#>#G,MPQ,#-$,$0-)%7,$*#>#,M/-4("("3,#-$#,R7,#0*%-/,2%)2-%$(-#QT,MNQ,$%&$0,')"/($()"#,
$*#>#,M-.*+&*$("3,$%&$0,.*+&-#,)4,')"/($()"*+,#$*$-1-"$#QT,M`Q,=0*$L/)-#L($L2%).-,$*#>#,M%-*/("3,
*"/,')12*%("3,2%))4L$-5$#,2*(%-/,=($0,*,')"/($()"*+,#$*$-1-"$QJ,*"/,M]Q,*R#$%*'$()",$*#>,
M')12*%("3,.*%()&#,2%))4#,*'%)##,/(44-%-"$,1*$0-1*$('*+,')"$-"$#,$),*R#$%*'$,3-"-%*+,2%))4,
4%*1-#,4)%,')"/($()"*+,#$*$-1-"$#QE,F($0,$0-#-,$*#>#J,=-,$%(-/,$),'%-*$-,*,#$&/-"$L'-"$-%-/,

,

2#56*&5+
?$,$0-,("$*>-,("$-%.(-=#J,;*%+,*"/,A*%*0,-50(R($-/,$0-,)22)#($-,)4,$0-,")%1*$(.-,

1*$0-1*$('*+,+)3(',%-3*%/("3,')"$%*2)#($(.-,-H&(.*+-"'-,*"/,')".-%#-,("/-2-"/-"'-E,
A2-'(4('*++7J,$0-7,R)$0,%-#2)"/-/,$0*$,*,2%))4,)4,$0-,')"$%*2)#($(.-,)4,*,3(.-",')"/($()"*+,/)-#,
")$,2%).-,$0-,#$*$-1-"$E,!",')"$%*#$J,*,2%))4,)4,$0-,')".-%#-,)4,*,3(.-",')"/($()"*+,2%).-#,$0-,
#$*$-1-"$,=0-",R)$0,$0-,)%(3("*+,')"/($()"*+,*"/,($#,')".-%#-,*%-,$%&-E,C0-(%,%-#2)"#-#,*$,$0-,
("$*>-,("$-%.(-=#,("/('*$-,$0-,*R#-"'-,)4,$0-#-,+)3('*+,2%("'(2+-#, J,)%,*$,
+-*#$,$0-,("$*>-,("$-%.(-=,$*#>#,/(/,")$,-.)>-,$0-,#$&/-"$#,$),&#-,$0-#-,+)3('*+,2%("'(2+-#E,
8)=-.-%J,$0-(%,%-*#)"("3,*R)&$,+)3(',#0(4$-/,/&%("3,$0-,$-*'0("3,("$-%.(-=#,(",=0('0,=-,
(12+-1-"$-/,$0-,=0*$L/)-#L($L2%).-,MF<!:Q,$*#>#,M<*7#,[L_QE,;*%+,*"/,A*%*0,4(%#$,1*/-,#-"#-,
)4,$0-,')"$%*2)#($(.-,-H&(.*+-"'-,*"/,+*$-%,R-3*",$),1*>-,#-"#-,)4,$0-,')".-%#-,("/-2-"/-"'-E,
F ,
R7,')"$%*2)#($(.-J,7-$,'%-*$-/,%-#(#$*"'-,$),/-.-+)2,')".-%#-,("/-2-"/-"'-E,F-,*+#),/)'&1-"$,
0)=,)&%,("#$%&'$()"*+,("$-%.-"$()"#,/-#(3"-/,$),+-.-%*3-,#-$LR*#-/,%-*#)"("3,*"/,$-*'0-%,1).-#,
4*'(+($*$-/, *"/,$0-(%,-.-"$&*+,%-')3"($()",)4,')".-%#-,
("/-2-"/-"'-E,,,,,,,

!#)("#%+9$<#5+=#<#%):'4:+>&67#4&+?%$:%#55+'4+&"#+@$4&%)A$5'&'<#+0B6'<)*#4(#+++
^",<*7,[J,$0-,4(%#$,/*7,4)%,$0-,F<!:,$*#>#J,$0-,("$-%.(-=-%,2%-#-"$-/,C0-)%-1,P,M X)%,-.-%7,

("$-3-%,:J,(4,:,(#,*,1&+$(2+-,)4,\J,$0-",:,(#,*,1&+$(2+-,)4,` Q,=($0,$0%--,*##)'(*$-/,2%))4L$-5$#J,
:%))4,PEP,M/(%-'$,2%))4QJ,:%))4,PEN,M/(#2%))4,)4,')".-%#-QJ,*"/,:%))4,PE`,M2%))4,)4,$0-,
')"$%*2)#($(.-QE,;*%+,*"/,A*%*0,(11-/(*$-+7,*$$-"/-/,$),$0-,4(%#$,*"/,+*#$,+("-#,)4,:%))4,PEP,*"/,
#*(/,$0*$,:%))4,PEP,=)&+/,2%).-,C0-)%-1,PE,?4$-%=*%/J,$0-#-,#$&/-"$#,4%-H&-"$+7,-5*1("-/,(4,$0-,
4(%#$,+("-,*"/,+*#$,+("-,)4,)$0-%,2%))4L$-5$#,1*$'0-/,$0-,(4L2*%$,M$0-,2%-1(#-Q,*"/,$0-,$0-"L2*%$,M$0-,

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' &)&



+*#$,+("-#,)4,$0-,2%))4L$-5$#,-"*R+-/,$0-1,$),4("/,$0-,')12*$(R(+($7,*1)"3,=0*$,%-+*$()"#0(2,$0-7,
>")=,*R)&$,$0-,2%-1(#-,*"/,')"'+&#()",)4,$0-,3(.-",$0-)%-1J,=0*$,%-+*$()"#0(2,$0-,3(.-",
$0-)%-1,/-#'%(R-#J,*"/,/(%-'$,2%))4,*$$-12$#,$),2%).-,$0-,3(.-",$0-)%-1E,,
^",$0-,)$0-%,0*"/J,$0-#-,#$&/-"$ ,$-"/-"'7,$),'0-'>,$0-,1*$'0-#,R-$=--",$0-,4(%#$,+("-,)4,*,

2%))4L$-5$,*"/,$0-,2%-1(#-,)4,$0-,$0-)%-1,#$*$-1-"$,1*7,0*.-,0("/-%-/,$0-1,4%)1,/(#'-%"("3,
=07,2%))4,)4,')"$%*2)#($(.-,("/--/,2%).-#,$0-,3(.-",$0-)%-1J,-.-",$0)&30,2%))4,)4,
')"$%*2)#($(.-,/)-#,")$,#$*%$,=($0,$0-,(4L2*%$,)4,$0-,3(.-",$0-)%-1,#$*$-1-"$E,,
A*%*0G,!,#*(/,($,b:%))4,PE`c,2%).-#,#)1-$0("3,/(44-%-"$E,!,3&-##,($,b:%))4,PE`c,2%).-#,$0-,
')12+-1-"$#,)4,$0-,)%(3("*+,)"-,$0*$,(4,:,(#,")$,*,1&+$(2+-,)4,`J,$0-",:,(#,")$,*,1&+$(2+-,)4,
\J,=0('0,b(#c,R*#-b/c,)44,)4,0)=,=-,=-%-,#--("3,$0-,')12+-1-"$J,%-1-1R-%W,C0*$,')&+/,
2)##(R+7,R-,$%&-,b("*&/(R+-cE,

;*%+G,d-*0E,!,#*(/,$0-,#*1-,$0("3, ,!$ #J,7-#J,(4,=- %-,*++)=-/,$),#*7,$0*$,(4,?,(#,*,#&R#-$,)4,
IJ,*"/,I #, ,

!",$0-,/(*+)3&-,*R).-J,A*%*0,*"/,;*%+,&#-/,#-$,+*"3&*3-#J,#&'0,*#,#&R#-$#,*"/,')12+-1-"$,#-$#E,
;*%+,&#-/,+-$$-%#,?,*"/,I,$),"*1-,$0-,$%&$0,#-$#,4)%,$0-,2%-1(#-,*"/,')"'+&#()",)4,C0-)%-1,P,*"/,
&#-/,$0-#-,+-$$-%#,$),("$-%2%-$,=0*$,C0-)%-1,P,#*7#,*"/,=0*$,:%))4,PE`,2%).-#,(",$-%1#,)4,#&R#-$,
%-+*$()"#0(2#E,A*%*0,$0-",'+*(1-/,$0*$,=0*$,:%))4,PE`,*$$-12$#,$),2%).-,(#,$0-,')"$%*2)#($(.-,)4,
C0-)%-1,P,*"/,')&+/,*+#),R-,$%&-E,;*%+,*3%--/,$),("$-%2%-$,C0-)%-1,P,*"/,:%))4,PE`,(",$-%1#,)4,
#&R#-$,%-+*$()"#0(2#,(4,$0-7,=-%-,*++)=-/,$),#*7,$0-,#-$,%-+*$()"#0(2#, ,*"/, E,

("/('*$-,$0-(%,&#-,)4,')"$%*2)#($(.-,
-H&(.*+-"'-E,C0-7,%-#2)"/-/,$0*$,R)$0,C0-)%-1,P,*"/,($#,')"$%*2)#($(.-,*%-,$%&-,(",$0(#,'*#-,R&$,
/%-=,$=),/(44-%-"$,/(*3%*1#,$),%-2%-#-"$,=0*$,C0-)%-1,P,')"#$%&-/,$),$0-1,*"/,=0*$,$0-7,
R-+(-.-/,:%))4,PE`,*$$-12$#,$),2%).-E,A*%*0,/%-=,*,/(*3%*1,$),%-2%-#-"$,=0*$,C0-)%-1,P,1-*"$,
$),0-%G,$0-,$%&$0,#-$, ,)4,$0-,2%-1(#-,)4,C0-)%-1,P,(#,*,#&R#-$,)4,$0-,$%&$0,#-$, ,)4,$0-,')"'+&#()",
)4,C0-)%-1,PE,A0-,*+#),/%-=,*")$0-%,/(*3%*1,4)%,:%))4,PE`J,(",=0('0, ,(#,')"$*("-/,(", ,
M0%%$%1+2#3#%#4(#+5$6%(#+4$&+3$6478,+-4$QE,,

?$,$0(#,2)("$J,$0-,("$-%.(-=-%,("$-%.-"-/,=($0,;*%+,*"/,A*%*0,R7,(".($("3,$0-1,$),&#-,)"+7,)"-,
/(*3%*1,4)%,R)$0,C0-)%-1,P,*"/,:%))4,PE`E,C0(#,$-*'0-%,("$-%.-"$()",-"*R+-/,A*%*0,$),&#-,0-%,
/(*3%*1,4)%,C0-)%-1,P,$),#0*/-,$0-,%-3()",')%%-#2)"/("3,$),$0-,')12+-1-"$#,)4, ,*"/, E,M(E-EJ,
!4, J,$0-", QE, =*#,*+#),*R+-,$),&#-,0-%,/(*3%*1,4)%,
:%))4,PE`,$),/-#'%(R-,C0-)%-1,P,M(E-EJ,!4, J,$0-", QE, ,%-.(#-/,/(*3%*1#,
M0%%$%1+2#3#%#4(#+5$6%(#+4$&+3$6478J,%(30$Q,*%-,("/('*$(.-,)4,0-%,2%)3%-##,(",$0-,
')"'-2$&*+(@*$()",)4,')"$%*2)#($(.-,-H&(.*+-"'-,M ,(44, QE,
%-.(#-/,/(*3%*1#J,;*%+,*3%--/,=($0,A*%*0,*"/,(++&#$%*$-/,0(#,/(*3%*1J,=0('0,=*#,#(1(+*%,$),

!"#$%&';)' "0"."-,<'=%"#+.>'-8.&%'.+&'.&-6+&%'"0.&%?&0."/0'
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,/(*3%*1#E,I&$,0-,*+#),*//-/,*")$0-%,'*#-,(",=0('0,(4,$=),#-$#,?,*"/,I,*%-,-H&*+J,$0-",
? ')12+-1-"$,*"/,I ')12+-1-"$,*%-,*+#),-H&*+,M!4, J,$0-", QE,X(3&%-,`,
(++&#$%*$-#,)&%,1)/-+,) 3*",$),&#-,')"$%*2)#($(.-,-H&(.*+-"'-,
*#,0-%,"-=,>")=+-/3-,$),')12%-0-"/,*,2%))4,)4,')"$%*2)#($(.-,*#,*,2%))4,)4,$0-,)%(3("*+,
')"/($()"*+E,X%)1,$0*$,2)("$J,$0-,')"$%*2)#($(.-,-H&(.*+-"'-,R-'*1-,%)R&#$,>")=+-/3-,4)%,;*%+,
*"/,A*%*0,4)%,$0-,%-#$,)4,$0-,$-*'0("3,-52-%(1-"$E,8-%-J,=-,#--,$0-,$-*'0-%,("$-%.-"$()",
#&22)%$-/,$0-#-,#$&/-"$#,$),&#-,=0*$,$0-7,'*1-,$),>")=,M')"$%*2)#($(.-,-H&(.*+-"'-Q,$),')""-'$,

=0*$,%-+*$()"#0(2,C0-)%-1,P,')"#$%&-/,$),$0-1,M Q,=($0,=0*$,$0-7,R-+(-.-/,:%))4,PE`,
*$$-12$#,$),2%).-,M QE,

!#)("#%+9$<#5+=#<#%):'4:+>&67#4&+?%$:%#55+'4+@$4<#%5#+C47#A#47#4(#+++
^",<*7,\J,$0-,("$-%.(-=-%,2%-#-"$-/,C0-)%-1,N,M4)%,*"7,("$-3-%, J,(4, ,(#,*,1&+$(2+-,)4,N,*"/,

VJ,$0-", ,(#,*,1&+$(2+-,)4,P]Q,=($0,$=),*##)'(*$-/,2%))4L$-5$#G,:%))4,NEP,M2%))4,)4,')".-%#-Q,*"/,
:%))4,NEN,M/(%-'$,2%))4QE,;*%+,*"/,A*%*0,%-#2)"/-/,$0*$,:%))4,NEP,2%).-#,C0-)%-1,N,/-#2($-,$0-,
%-.-%#-/,)%/-%,R-'*&#-,$0-7,R-+(-.-/,C0-)%-1,N,*"/,($#,')".-%#-,*%-,R)$0,$%&-E,C),R-,1)%-,
#2-'(4('J,;*%+,-52+*("-/,$0*$,0-,>"-=,$0-,#-$,)4,*++,1&+$(2+-#,)4,N,*"/,V,M Q,(#,$0-,#*1-,#-$,*#,$0-,
#-$,)4,*++,1&+$(2+-#,)4,P],M QJ,(E-EJ, J,*"/,$),0(1J,C0-)%-1,N,("$-%2%-$#,$0-,#&R#-$,
%-+*$()"#0(2, E,;*%+,*+#),R-+(-.-/,:%))4,NEP,2%).-#,$0-,%-.-%#-/,#&R#-$,%-+*$()"#0(2, E,
F0(+-,C0-)%-1,N,*"/,:%))4,NEP,4)%1,/(44-%-"$,#&R#-$,%-+*$()"#0(2#J,0-,')&+/,("4-%,C0-)%-1,N,
4%)1,:%))4,NEP,R7,#&R#$($&$("3, ,$), ,*"/, ,$), ,(",$0-,#&R#-$,%-+*$()"#0(2, E,8-,#*(/,$0*$,
#("'-,0-,*+%-*/7,>")=#, J,R7,&#("3,0(#,>")=+-/3-J,0-,')&+/,("4-%,C0-)%-1,N,4%)1,=0*$,
:%))4,NEP,2%).-#E,,

^",<*7,VJ,$0-,("$-%.(-=-%,2%-#-"$-/,C0-)%-1,],MY(.-",*"7,H&*/%(+*$-%*+,?I;<J,(4,?I;<,(#,
*,>($-,*"/,2*%*++-+)3%*1J,$0-",?I;<,(#,*,%0)1R&#Q,=($0,C0-)%-1,]EP,M2%))4,)4,')".-%#-Q,*"/,
C0-)%-1,]EN,M/(%-'$,2%))4QE,;*%+,')"$("&-/,'+*(1("3J,*"/,A*%*0,*3%--/J,$0*$,*+$0)&30,:%))4,]EP,
2%).-#,$0-,')".-%#-,)4,C0-)%-1,]J,($,*+#),2%).-#,C0-)%-1,],R-'*&#-,R)$0,C0-)%-1,],*"/,($#,
')".-%#-,*%-,$%&-E,F-,("4-%,$0*$,$0-#-,#$&/-"$#,1-*"$,$0-,$=),#&R#-$,%-+*$()"#0(2#, ,*"/,

,*%-,("/(#$("3&(#0*R+-,$),$0-1,=0-", E,!",)&%,1)/-+J,$0-7,')"'-(.-/,$0*$,:%))4,]EP,
2%).-#,$0-,')".-%#-,)4,C0-)%-1,]E,I&$,#("'-,$0-7,*+%-*/7,>"-=,$0-,2%-1(#-,*"/,$0-,')"'+&#()",
)4,C0-)%-1,],%-2%-#-"$#,$0-,#*1-,$%&$0,#-$#,M QJ,$0-7,=-"$,4&%$0-%,$),("4-%,$0*$,:%))4,]EP,
2%).-#,C0-)%-1,],*#,=-++E,,

!"#$%&'@)'A'4/3&,'/8'B-%,C1'%&-1/0"0#'-D/$.'7+5'E%//8';)('2%/?&1'*+&/%&4';'

!"#$%&'F)'A'4/3&,'/8'G-%-+C1'7-5'/8'%&-1/0"0#'7".+'6/0.%-2/1"."?&'&H$"?-,&06&'

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' &)(



^",<*7,VJ,;*%+,'+*(1-/J,*"/,A*%*0,*3%--/J,$0*$,$0-7,#0)&+/,R-,*++)=-/,$),&#-,=0*$,$0-7,
>")=,=($0)&$,K&#$(4('*$()"E,8-,')12*%-/,2%))4,)4,')".-%#-,=($0,2%))4,)4,')"$%*2)#($(.-E,
?+$0)&30,:%))4,PE`,/)-#,")$,K&#$(47,')"$%*2)#($(.-,-H&(.*+-"'-J,;*%+,*''-2$-/,$0*$,:%))4,PE`,
M2%))4,)4,')"$%*2)#($(.-Q,2%).-#,C0-)%-1,P,R-'*&#-,0-,>"-=,')"$%*2)#($(.-,-H&(.*+-"'-E,;*%+,
$0-",'+*(1-/,=($0,*",*"*+)37,$0*$,=-,#0)&+/,*+#),*''-2$,:%))4#,NEP,*"/,]EP,M2%))4#,)4,')".-%#-Q,
-.-",$0)&30,$0-#-,2%))4#,/),")$,2%).(/-,K&#$(4('*$()",4)%, J,#("'-,0-,*+%-*/7,>"-=,$0-#-,#-$#,
=-%-,-H&*+E,X&%$0-%1)%-J,;*%+,'+*(1-/J,*"/,A*%*0,*3%--/J,$0*$,2%))4,/)-#,")$,"-'-##*%(+7,K&#$(47,
-52+('($+7,=0*$,$0-7,*+%-*/7,>")=E,C0(#,(#,#(1(+*%,$),0)=,)"-,1*7,*22+7,*,>")=",$0-)%-1,
=($0)&$,%-2%).("3,($E,C0-,/(#$("'$()",R-$=--",$0-,=*7#,1*$0-1*$('(*"#,'($-,2%()%,>")=+-/3-,*"/,
0)=,;*%+,=*"$-/,$),'($-,2%()%,>")=+-/3-,(#,H&($-,#&R$+-J,
#&RK-'$(.-+7,%*$()"*+E,C0-,1)%-,'-"$%*+,H&-#$()",=*#G,0)=,=)&+/,;*%+,*"/,A*%*0,K&#$(47, ,
("#$-*/,)4,#*7("3,$0-7,*+%-*/7,>")=,($W,,
^",<*7,_J,$0-,("$-%.(-=-%,2%-#-"$-/,:%))4,]E],MQ,*#,*",("#$%&'$()"*+,("$-%.-"$()"J,=0('0,

%-#-1R+-/,)&%,1)/-+,)4, ,%-*#)"("3,)",<*7,VE,?#,*,.-%#()",)4,2%))4,)4,')".-%#-J,:%))4,]E],
)$0,

#$&/-"$#,%-#2)"/-/,$0*$,:%))4,]E],=)&+/,2%).-,C0-)%-1,],/(%-'$+7,R-'*&#-,($,-52+('($+7,#$*$-/,
,(",$0-,2%))4L$-5$,*"/,$0&#,2%).(/-/,=*%%*"$#,M Q,$),#&22)%$,:%))4,]EP,M Q,("4-%#,

C0-)%-1,],M QE,,

F0(+-,$0-,("$-%.(-=-%,*'>")=+-/3-/,$0*$,$0-,#$&/-"$#,*+%-*/7,>"-=, J,#0-,(".($-/,$0-1,
$),#$*$-,=0*$,($,=)&+/,1-*",4)%,$=),#-$#, ,*"/, ,$),R-,-H&*+E,
("#$%&'$()"*+,("$-%.-"$()",&"').-%-/,$0-,*R#-"'-,)4,1-*"("3,4)%,-H&*+,#-$#,(",
%-*#)"("3G,C0-7,=-%-,")$,#&%-,0)=,$),#*7,$=),#-$#,*%-,-H&*+E,;*%+,1-%-+7,#&33-#$-/,$0*$,$=),#-$#,
*%-,-H&*+,M Q,=0-",$0-(%,')12+-1-"$#,*%-,-H&*+,M ,M#--,0%%$%1+2#3#%#4(#+5$6%(#+
4$&+3$6478J,+-4$QE,A*%*0,$0-",#&33-#$-/,')1R("("3,C0-)%-1,],*"/,($#,')".-%#-,M#--,0%%$%1+
2#3#%#4(#+5$6%(#+4$&+3$6478J,%(30$Q,*#,*,1-*"("3,4)%,-H&*+,#-$#E,,
,

!"#$%&'I)'G.$3&0.1'7%/.&'.+&"%'4&-0"0#'/8'&H$-,'1&.1J'K&8.J'B-%,<'L"#+.J'G-%-+'

!"#$%&'M)'E%//8'@)@J'A'4/3&,'/8'B-%,C1'%&-1/0"0#'"0'-66&2."0#'E%//8'@)('=2%//8'/8'6/0?&%1&>'-1'-'2%//8'/8'*+&/%&4'@'

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' &))



?4$-%,$0-,("$-%.(-=-%,(".($-/,;*%+,*"/,A*%*0,$),#$*$-,$0-(%,1-*"("3,)4,-H&*+,#-$#J,A*%*0,#0(4$-/,
0-%,("$-%2%-$*$()"J,%-.-*+("3,*,#-"#-,)4,'(%'&+*%($7E,!",2*%$('&+*%J,0-%,("$-%2%-$*$()",)4,-H&*+,#-$#,
R7,$0(#,')"K&"'$()",)4,*,')"/($()"*+,*"/,($#,')".-%#-,0-+2-/,0-%,$),%-*+(@-,$0-,*R#-"'-,)4,
K&#$(4('*$()",4)%, ,(",:%))4,]E]E,F0-",;*%+, ,4%)1,:%))4,]E],)%,
")$J A*%*0,%-#2)"/-/,$),;*%+,$0*$,

,;*%+,*#>-/,*3*(",(4,$0*$,M Q,(#, 3(.-",)%,("4-%%-/ *%*0,*3*(",
%-#2)"/-/, ,b:%))4,]E]c,"-.-%,#*7#,bK&#$(4(-#c, X%)1,$0(#,#$&/-"$,/(*+)3&-J,

/,-.)+.-/,%-3*%/("3,$0-,')".-%#-,("/-2-"/-"'-E,F0(+-,
-"3*3("3,(",$0-,#-H&-"'-,)4,*'$(.($(-#,*"/,%-#2) 0-,
')"'+&/-/,$0*$,=-,#0)&+/,&#-,)"+7,=0*$,=-,0*/,*+%-*/7,2%).-/,=($0)&$,K&#$(4('*$()",*3*("E,A("'-,
$0-7,*+%-*/7,K&#$(4(-/,')"$%*2)#($(.-,-H&(.*+-"'-,R7,/(*3%*1#,MX(3&%-,NQJ,A*%*0,R-+(-.-/,$0*$,$0-7,
')&+/,#*7,:%))4,PE`,M2%))4,)4,')"$%*2)#($(.-Q,2%).-#,C0-)%-1,P,-.-",$0)&30,:%))4,PE`,/)-#,")$,
K&#$(47,$0-,')"$%*2)#($(.-,-H&(.*+-"'-E,8)=-.-%J,#0-,')"$-"/-/,$0*$, %))4#,NEP,*"/,]EP,M2%))4#,
)4,')".-%#-Q,/),")$,"-'-##*%(+7,2%).-,$0-(%,)%(3("*+,$0-)%-1#,R-'*&#-,$0-,$0-)%-1#,*#>, (4, J,
$0-", ,M Q,R&$,$0-,2%))4#,("#$-*/,2%).-, (4, J,$0-", ,M QE,C),2%).-,$0-,$0-)%-1,$),R-,
2%).-"J,$0-,2%))4#,=)&+/,0*.-,$),2%).-, ,#),=-,'*",*##&1-, '-03' F0(+-,;*%+,

<*7,_J,0-,-50(R($-/,0(#,*''-2$*"'-,)4,')".-%#-,("/-2-"/-"'-,*$,
$0-,-5($,("$-%.(-=E,A2-'(4('*++7J,;*%+,/-$-%1("-/J, :%))4, ,M2%))4,)4,')".-%#-Q,2%).-#, ,R&$,

Q,bR-'*&#-c,:%))4, ,+(-#,)",$0-,%-*/-%,("4-%%("3, E,
I*#('*++7J,(4,2%))4, ,*//-/,*",-5$%*,+("-J,2%).("3, J,$0-",($,=)&+/,R-,-H&*+,$),($E,C0-",($,
=)&+/, +

D'5(655'$4+
,!",$0(#,2*2-%J,=-,/)'&1-"$-/,0)=,;*%+,*"/,A*%*0,3-"-%*+(@-/,')"$%*2)#($(.-,-H&(.*+-"'-,

*"/,')".-%#-,("/-2-"/-"'-,*'%)##,2%))4#,)4,')"/($()"*+,#$*$-1-"$#,*#,$0-7,=-%-,-"3*3("3,=($0,
$0-,F<!:,$*#>#E, %)12$("3,$),&#-,)"+7,)"-,/(*3%*1,$),("$-%2%-$,$=),#&R#-$,
%-+*$()"#0(2#,0-+2-/,$0-,#$&/-"$#,1*>-,$0-,+("-,)4,("4-%-"'-,R-$=--",:%))4,PE`,M2%))4,)4,
')"$%*2)#($(.-Q,
%-3*%/("3,$0-,')"$%*2)#($(.-,-H&(.*+-"'-E,a*$-%J,;*%+,&#-/,$0(#,(/-*,$),K&#$(47,=07,2%))4,)4,
')".-%#-,2%).-#,$0-,)%(3("*+,')"/($()"*+E,X)%,0(1J,2%))4,)4,')"$%*2)#($(.-,*"/,2%))4,)4,')".-%#-,
R)$0,%-+(-/,)",0(#,2%()%,>")=+-/3-J,=0('0,0-,'*++-/, E !"/--/J,(",)"-,'*#-J,0(#,
2%()%,>")=+-/3-,=*#,+)3('*+,>")=+-/3-,*R)&$,$0-,3-"-%*+(@*R+-,')"$%*2)#($(.-,%-+*$()"#0(2T,(",
$0-,)$0-%J,($,=*#,+)'*+,1*$0-1*$('*+,>")=+-/3-,$0*$,$0-,#($&*$()",/-#'%(R-/,R7,C0-)%-1,],%-+*$-/,
$=),-H&*+,#-$#,)4,H&*/%(+*$-%*+#E,I7,("$%)/&'("3,:%))4,]E]J,$0-,("$-%.(-=-

,*++)=-/,$0-1,$),1).-,4)%=*%/,(",'%($(H&("3,
$0-,K&#$(4('*$()"E,8)=-.-%J,$),#--,$0-,')"4+('$J,=0('0,(#,=0*$,1*$0-1*$('(*"#,&#&*++7,'*++,

J
1*/-,($,'+-*%-%,0)=,*##-%$("3, ,=($0)&$,2%))4,=*#,$*"$*1)&"$,$),*##-%$("3, ,=($0)&$,
2%))4E,B"/-%#$*"/("3,$0-,+)3(',)4,$0-,%-+*$()"#0(2#,R-$=--",2%))4#,*"/,$0-)%-1#,(#,H&($-,
'0*++-"3("3E,A$(++J,=-,#--,0)=,$0-#-,("#$%&'$()"*+,1).-#,#&22)%$-/,;*%+,*"/,A*%*0,(",
*22%-0-"/("3,$0-,#$%&'$&%-,)4,$0-(%,)=",*%3&1-"$#,$),-.*+&*$-,$0-1,1)%-,2%-'(#-+7E,F-,*%-,
2+-*#-/,=($0,0)=,)&%,("$-%.-"$()"#,*++)=-/,$0-#-,#$&/-"$#,$),=%-#$+-,/--2+7,=($0,$0-#-,1*$$-%#,)4,
K&#$(4('*$()"J,$0)&30,1)%-,=)%>,(#,"--/-/,$),-52+)%-,$0(#,*%-"*,)4,+-*%"("3E,,

E(/4$.*#7:-#4&+
C0(#,1*$-%(*+,(#,R*#-/,&2)",=)%>,#&22)%$-/,R7,$0-,e*$()"*+,A'(-"'-,X)&"/*$()",&"/-%,

Y%*"$#,<BDLPZ[]\P`,*"/,<BDLPZ[]V\_E,?"7,)2("()"#J,4("/("3#J,*"/,')"'+&#()"#,)%,

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' '**



%-')11-"/*$()"#,-52%-##-/,(",$0(#,1*$-%(*+,*%-,$0)#-,)4,$0-,*&$0)%#,*"/,/),")$,"-'-##*%(+7,
%-4+-'$,$0-,.(-=#,)4,$0-,e*$()"*+,A'(-"'-,X)&"/*$()"E+

2#3#%#4(#5+
;+-1-"$J,fE,MNOOOQE,?"*+7#(#,)4,'+("('*+,("$-%.(-=#G,X)&"/*$()"#,*"/,1)/-+,.(*R(+($7E,!",9E,a-#0,
U,?E,6-++7,MD/#EQJ,8*"/R))>,)4,%-#-*%'0,1-$0)/)+)3(-#,4)%,#'(-"'-,*"/,1*$0-1*$('#,
-/&'*$()",M22E,[]VL[_ZQE,8(++#/*+-J,e-=,f-%#-7G,a*=%-"'-,D%+R*&1E,

<*=>("#J,:E,;EJ,9)0J,6E8EJ,D'>1*"J,<EJ,U,;0)J,
LR*#-/,%-*#)"("3E,!",^+*")44J,<EJ,f)0"#)"J,6E,U,

A2($@-%J,AEJ,MD/#EQJ,E%/6&&3"0#1'/8'.+&'@F'A00$-,'N&&."0#'/8'.+&'O/%.+'A4&%"6-0'B+-2.&%'/8'
.+&'P0.&%0-."/0-,'Q%/$2'8/%'.+&'E156+/,/#5'/8'N-.+&4-."61'R3$6-."/0E,M22E,[P_L[NVQE,
:0(+*/-+20(*J,:?E,

D++(#J,?EJ,g@3h%J,iEJ,U,9-($-"J,aE,MNOPZQE,C-*'0-%,1).-#,4)%,#&22)%$("3,#$&/-"$,
%-*#)"("3E,N-.+&4-."61'R3$6-."/0'L&1&-%6+'S/$%0-,J,F(J,POV P`NE,
0$$2#Gjj/)(E)%3jPOEPOOVj#P``Z]LOP_LON]\L\,

Y+*#-%#4-+/J,DE,.E,MPZZ[QE,9*/('*+,')"#$%&'$(.(#1G,?,=*7,)4,>")=("3,*"/,+-*%"("3E,a)"/)"G,
X*+1-%,:%-##E,

S*$*L
'+*##%))1G,C-*'0-%,*'$()"#,4*'(+($*$("3,3-"-%*+(@*$()",*"/,K&#$(4('*$()"E,R3$6-."/0-,'G.$3"&1'
"0'N-.+&4-."61T'UIMNQJ,P\Z P_\E,0$$2#Gjj/)(E)%3jPOEPOOVj#PO\]ZLOPVLZVV`L],

S-+0&(#0J,6EJ,X&>*=*L;)""-++7J,CEJ,<*=>("#J,:EJ,F))/#J,;EJ,U,F-R-%J,6E,MNONNQE,;)++-3(*$-,
1*$0-1*$('#,$-*'0("3,(",2%))4LR*#-/,')&%#-#G,F0*$,=-,")=,>")=,*"/,=0*$,=-,0*.-,7-$,$),
+-*%"E,S/$%0-,'/8'N-.+&4-."6-,'V&+-?"/%T'IWT'(XXUYIT'
+..21JZZ3/")/%#Z(X)(X(IZ[)[4-.+D);X;;)(XXUYI,

:(*3-$J,fE,MPZVPQE,Y-"-$(',-2(#$-1)+)37E,edG,FE,FE,e)%$)",U,;)12*"7,!"'E,
:(*3-$J,fEJ,U,!"0-+/-%J,IE,MPZ\ZQE,C0-,2#7'0)+)37,)4,$0-,'0(+/E,edG,I*#(',I))>#,
9)0J,6E8EJ,U,a--J,dE8E,MNOP_QE,;)3"($(.-,')"#(#$-"'7,*"/,($#,%-+*$()"#0(2#,$),>")=+-/3-,)4,
+)3('*+,-H&(.*+-"'-,*"/,1*$0-1*$('*+,.*+(/($7E,,E%/6&&3"0#1'8/%'.+&';(1.'-00$-,'B/08&%&06&'
/0'L&1&-%6+'"0'\03&%#%-3$-.&'N-.+&4-."61'R3$6-."/0,M22E,]_]L]ZNQE,A*",<(-3)J,;?E,

A-++-%#J,SE,DE,MNONOQE,
N-.+&4-."6-,'G.-.&4&0.1'8%/4'B-,6$,$1,bB"2&R+(#0-/,/)'$)%*+,/(##-%$*$()"cE,?%(@)"*,A$*$-,
B"(.-%#($7E,

A$-44-J,aE,:EJ,U,C0)12#)"J,:E,FE,MNOOOQE,C-*'0("3,-52-%(1-"$,1-$0)/)+)37G,B"/-%+7("3,
2%("'(2+-#,*"/,-##-"$(*+,-+-1-"$#E,!",9E,?E,a-#0,U,?E,DE,6-++7,MD/#EQJ,L&1&-%6+'3&1"#0'"0'
4-.+&4-."61'-03'16"&06&'&3$6-."/0,M22E,N\V `OVQE,D%+R*&1E,

A$7+(*"(/-#J,?EJ,A$7+(*"(/-#J,YEJ,U,:0(++(2)&J,YE,MNOO]QE,
$0-,')"$%*2)#($()",-H&(.*+-"'-,%&+-,(",#71R)+(',*"/,.-%R*+,')"$-5$#E'R3$6-."/0-,'G.$3"&1'"0'
N-.+&4-."61J,MMJ,P``LP\NE,0$$2#Gjj/)(E)%3jPOEPON`jIGD<B;EOOOOOPV\VPE]VVOOEOR,

A$7+(*"(/-#J,YEJ,A$7+(*"(/-#J,?E,MNOPVQE,9-#-*%'0LR*#-/,("$-%.-"$()"#,(",$0-,*%-*,)4,2%))4G,$0-,
2*#$J,$0-,2%-#-"$J,*"/,$0-,4&$&%-E,R3$6-."/0-,'G.$3"&1'"0'N-.+&4-."61T'UIT'((U9(;W)'
0$$2#Gjj/)(E)%3jPOEPOOVj#PO\]ZLOPVLZV_NL`'

C0)12#)"J,:E,FJ,;*%+#)"J,SE,:EJ,I7-%+-7J,;EJ,U,8*$4(-+/J,eE,MNOP]QE,A'0-1-#,4)%,$0(">("3,=($0,
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Table 1. Converse Prequiz Truth Value versus In Class Problem Approach 

Prequiz Response 
Converse: False 
Converse: True 
TOTAL 

Used Converse  
22 
5 
27 

Did Not Use Converse 
37 
8 
45 

TOTAL 
59 
13 
72 
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Table 2. Contrapositive Prequiz Truth Value versus In Class Problem Approach 

Prequiz Response 
Contrapositive: False 
Contrapositive: True 
TOTAL 

Used Contrapositive 
7 
58 
65 

Did not Use Contrapositive 
1 
6 
7 

TOTAL 
8 
64 
72 
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Discussion and Limitations 
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Introduction and Literature Review 
Functions serve a fundamental role for modeling dependence relationships between variables 

in every area of mathematics and physical science. Thus, it is not surprising that the idea of 
function is heavily emphasized in mathematics curricula, and has been heavily studied in 
mathematics education research (early examples include Breidenbach et al., 1992; Carlson, 1998; 
Vinner & Dreyfus, 1989). Function composition has also been mentioned as an area of 
importance, but often briefly or in passing. To date, few studies in mathematics education related 
to the idea of function have had function composition as their central focus (a few exceptions 
include Bowling, 2014; Engelke et al., 2005; and Kimani, 2008). However, applications of 
function composition can be found in many important ideas studied in calculus, including the 
limit definition of derivative, related rates problems (Engelke, 2007), and the chain rule (Clark et 
al., 1997; Cotrill, 1999; Engelke, 2007). Thus, function composition is an area worth studying 

 
Many of the existing studies pertaining to function composition have been based on the 

s of function more 
generally. Among the most common are  (1992) 
perspective of function in terms of specific actions or procedures to compute a result, or an 

, versus a general process that associates input with output values, or a 
 (empirical studies using this framework have included Ayers et al., 

1988; Bowling, 2014; and Engelke et al., 2005). Other frameworks used in function composition 
studies have included  covariational reasoning (Bowling, 
2014), a framework to study the impact of representational context (e.g., symbolic, tabular, 
graphical, word problem) conception of functions in a problem (Kimani, 2008), 

for function in terms of operations or in-progress activities, 
referred t , or in terms of a single object that could be 
operated upon,  (Kimani, 2008).  

Several findings from existing studies pertaining to function composition have been focused 
 For example, studies employing the 

action and process framework have found that a process view of function can play an important 
role in student success with unfamiliar function composition problems, which the students would 
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not be able to rely on a memorized procedure to solve (Ayers et al., 1988; Bowling, 2014; 
Engelke et al., 2005). Across multiple studies, another common finding is that students are often 
more comfortable solving function composition problems with functions defined symbolically 
than problems with graphical, tabular, or applied (word problem) contexts (Engelke et al., 2005; 
Kimani, 2008), which could be linked to the symbolic substitution approach to function 
composition commonly presented in high school curricula (e.g., Bowling, 2014).  These studies 

approaches to solving function composition problems.  
In addition to the above findings based on existing frameworks, a few studies have resulted 

 was 
that, when solving related rates problems involving variables which the students found difficult 

 identifying familiar 
functions that could be composed to relate the primary variables of interest (Engelke, 2007). This 
finding suggests a possible extension of existing function frameworks to account for reasoning 
involved in function composition. In an effort to continue extending existing frameworks, this 
study was intended to address the question: In what ways does a calculus student apply their 
understanding of function composition, variable, and function to solve unfamiliar problems?  

Theoretical Perspective 
The analysis for this study involved a characterization of the types of functions and 

relationships between values a student might construct. For this work, two main frameworks for 
 function were leveraged: action and process view of 

function (Breidenbach et al., 1992) and covariational reasoning (Carlson et al., 2002; Castillo-
Garsow et al., 2013). Each of these frameworks are described in more detail below. 

Action and Process View of Function 
Someone using an action view of function perceives a function as a specific set of 

computations or other describable, repeatable activities to get a particular result from given 
information. With an action view, a function is the method by which a result can be related to the 
given information (often both the result and given information are numerical values). For 
instance, someone with an action view of function might associate  with the series 
of computations:   by  then add  On the other hand, someone using a process view 
of function perceives a function as an association between values which could be specified in 
different ways and is not tied to a specific rule. With a process view of function, someone might 
associate  with an assignment of every real number (each of which would be a 
value of ) to a number that is  units greater than the number  times its value. With a process 
view, someone might imagine the rule of assignment according to the equation above, a graph, a 
computer program, a verbal description, an applied context, or a variety of other ways. 

Covariational Reasoning 
A commonly adopted perspective of covariational reasoning for modeling 

understandings of function is that of Carlson et al. (2002). Re-framed to account for the idea of 
function as a dependence relationship, Carlson et al. (2002) defined covariational reasoning as 
imagining a situation with multiple variables that change together such that the value of one 
variable depends on the value of the other. Underlying the idea of variable according to this 
perspective is an idea of quantity as conceiving of a feature of an object which one can imagine 
measuring (e.g., Thompson, 2011). The situation in which one might imagine a quantity could be 
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a tangible, real-world situation, or it could be more abstract. For example, someone could 
quantify their distance from a wall in a number of feet, or they could quantify the -coordinate of 
a point in the Cartesian plane as the horizontal distance of that point from the origin, measured in 
some specified unit used to scale the graph.  

five stages of 
mental activity (MA1  MA5). A description of the first three (used in this study), framed in 
terms of constructing a dependence relationship between variables is as follows: (a) MA1: 
identifying two varying quantities and noting that the value of one depends on the value of the 
other, (b) MA2: a qualitative description of the direction of change in one variable with respect 
to the value of the other; and (c) MA3: a description of an amount of change in one variable with 
respect to the value of the other. Castillo-Garsow et al. (2013) proposed two additional forms of 
covariational reasoning: chunky continuous covariation, through which someone imagines the 

 changing in completed chunks or intervals, and smooth continuous covariation, 
through which someone imagines ng gradually, smoothly, or through 
each moment in time. In addition to the forms of covariation above, in some situations, someone 
might conceive of a fixed quantity, or, in an algebraic context, associate a symbol with a fixed 
value (which they may or may not imagine as a quantity). 

  Methods 

Data Collection and Task Design 
The researcher (author of this paper) conducted a semi-structured interview with a first-

semester calculus student, Zander, attending a large, public university in the Southwestern 
United States.  calculus course involved a research-based curriculum, which could have 
impacted his understanding of function, covariation, and function composition differently from 
traditional calculus curricula. While solving the interview tasks, Zander was asked to think 
aloud. As he described his thinking and solution approaches, the researcher sometimes asked 
follow-up questions to further inform hypotheses about his thinking. Scanned images of any 
written work from the interview were also collected for further evidence of  thinking.  

The interview tasks were designed to be unfamiliar to most students, so that a solution would 
probably not be immediately available from experiences with similar problems. The researcher 

text and solution attempts would give 
rise to some form of function composition, while also providing opportunities to generate 
hypotheses about their understanding of function and types of covariational reasoning. 

Data Analysis 
The author intended to leverage existing frameworks (as described in the theoretical 

perspective) and generate new  applications of function 
composition in solving the tasks. In alignment with this goal, the author analyzed the interview 
using a process similar to that described by Simon (2019). Analysis consisted of three primary 
phases: (a) g
interview; (b) g interview; 
and (c) modeling the student s understanding of function in the context of the interview. 

Results 
To illustrate the multiple types of function composition Zander appeared to use during the 

interview, data will be reported from two tasks in contrasting representational contexts. 
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The Equation Task 

 
Figure 1. The Equation Task Prompt 

The equation task was designed with the hypothesis that most students will imagine the 
equation  as a way to directly relate a value of  to a value of  and the equation 

 as a way to directly relate a value of  to a value of , though the nature of the 
relationships students construct could vary widely. The prompt provided numerical information 
with which to associate  and requested that the student state a conclusion about . No 
equation or other function definition was provided to relate a value of  with a value of , 
posing a potential challenge for many students in finding a relationship between  and . 

 
Zander first responded to the equation task by stating an equation of the form  

, but shortly afterward, indicated that the equation ultimately 
would not matter and gave a more general description of how he imagined the value of  
might change with the value of . 

Zander: so x is equal to y divided by five I think, and but y is from minus twenty 

uh, x squared, so I think the value of y, I mean the value of f x will increase, when you go 
from minus twenty to twenty for y. 

sponse suggested some details about his goal for solving the problem he 
appeared to perceive in the task and the way in which he might describe two variables he 
imagined,  and , changing simultaneously. However, there was almost no evidence as to 
why  is equal to  Upon probing for further 

  in terms of  was most 
likely part of a strategy that would allow him to compute or imagine computing a specific 
value of  from a specific value of . 

Zander: 
r value of y or it could be 

talking about f x equals to x squared, and then 

uh, I mean our x will be, we are given another equation, which is that y equal to five x. 
So, I think from this equ
x will be, and then we can plug in that x into f x equals to x squared and then we can 
figure out uh, another, like the, another function (inaudible) y for that one. 

 at the beginning of the above excerpt, he appeared to be imagining 
a situation in which he would consider a specific value of , perform a calculation, and obtain a 
specific value of  
overall response how he imagined the relationship between  and  to yield the equation 

; however, given what appears to be a computational use for the equation with specific 
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values of  and , it is plausible that Zander imagined manipulating the equation using a 

also mentioned an overarching strategy for figuring out a value of  from a value of  that 
involved two separate calculations: a calculation that would give him a value of  from a 
value of , and a calculation that would give him a value of  from a value of . 

The Cylinder Task 

 
Figure 2. The Cylinder Task Prompt 

The cylinder task is loosely based on a problem from the Precalculus: Pathways to Calculus 
workbook (Carlson et al., 2020). This task was designed in anticipation that if a student wanted 
to relate the height of liquid in the smaller cylinder and the larger cylinder numerically, they 
would need some intermediate value (which they could imagine as fixed or varying) they could 
individually relate to both heights. Then, they could use the intermediate value to compose the 
relationships, forming a relationship between the height of liquid in each cylinder. One 
anticipated intermediate value would be the volume of water in each cylinder, since the task 
context specifies that the volume would be fixed, and it might occur to many students to leverage 
the formula for the volume in a cylinder with respect to radius of the base and height:  
(this formula was not provided in the task context, but was given to a student upon request).  

 
Zander appeared to engage in two primary forms of function composition in his response to 

the cylinder task, both of which involved a relationship between the volume of liquid in each 
cylinder and the height of liquid in each cylinder. The first composition involved computing a 
single value for the volume of liquid in the smaller cylinder, substituting the result into the 
formula for volume in a cylinder with respect to radius of the base and height of liquid in the 
cylinder, and solving for the height of liquid in the larger cylinder. 
single value for the volume in each cylinder and solving for the corresponding height in the 
larger cylinder enabled him to achieve the goal of getting a numerical answer. The type of 
function composition he appeared to use in this instance could be regarded as grounded in an 
action view of function (Breidenbach et al., 1992) and a fixed-value understanding of the volume 
and height of liquid in each cylinder. However, his description of the relationship between the 
height in each cylinder shortly before this series of calculations suggests that he imagined the 
height and volume as variables with which he could make a general, qualitative comparison. In 
fact, his first inclination for finding the height of liquid in the larger cylinder was to use the 

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' '$(



relationship between the radii of the cylinders to form a mathematical analogy with which to 
compare the heights. 

Zander: 
to be less than what it is for the smaller one, because the radius is less, which means that 
for the first one, it is like kind of small, so it will fill up more. And the second one is a 
larger cylinder, it has a radius of three, so basically its base is bigger, so it could fill in the 

 
Following his description, Zander tried to use a proportion to express the comparison 

mathematically and ultimately calculate a value for the height in the larger cylinder, but he was 
not confident that the equation he wrote would result in the correct calculation. 

Zander: 

just 
different size. The volume is going to be the same, the amount of liquid poured is the 
same so, this should be like in a ratio with each other. 

When asked why he decided to set up a proportion, Zander s response suggested he was 
trying to guess what equation he could set up to calculate the desired value: the height in the 
larger cylinder. He noted that there was little information given in the problem overall that he 
could use to achieve this goal. Thus, the interviewer asked him what other information would be 
useful for him to know, and after only a short pause, he stated that it would be useful to know the 
formula for the volume in the cylinder. 

Interviewer: Um, what information would be useful for you to have, that would allow you to 
figure out the height of water in the larger cylinder? 

Zander: (inaudible) Radius. Uh, I think for this, we need to know the formula for the volume 

maybe it is mber. 
Once the interviewer gave him the formula for the volume in the cylinder, he made a 

statement that suggested he imagined the formula as a way to express a dependence relationship 
between the enclosed volume, height, and radius of a cylinder. 

Zander: 
really matter. We are only dependent on two things for the volume. The first one is our 
radius, and the height. 

Following his use of the volume formula to calculate the height of liquid in the larger 
cylinder, Zander rejected the proportion he initially had set up, concluding that it would not be 
possible to have a greater height of liquid in the larger cylinder than in the smaller cylinder (he 
had calculated a greater height from his initial proportion, whereas the volume formula produced 
a smaller value for the height in the larger cylinder). 

The second form of function composition Zander used emerged when prompted to describe 
how the height of liquid would vary in the larger cylinder. Zander described a comparison of two 
graphs he imagined: one for the height of liquid in the smaller cylinder with respect to volume, 
and the other for the height of liquid in the larger cylinder with respect to volume. 

Zander: Our x is going to be the volume and our y is going to be the height so if the 
volume is increasing for the smaller one, our height is also going to, height is going to 
increase in both of these, so we do know that the graph is going to be like linear in this, 

 increasing, but at a different rate for the smaller one, it would increase at like a 
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Following his description of the graphs and a discussion about how he conceptualized the 
Zander described what first appeared to be evidence of a smooth 

continuous conception (Castillo-Garsow et al., 2013) of the covariation of each height with 
respect to volume. After further discussion, the researcher concluded that Zander was most likely 
employing a chunky continuous conception of covariation, since he stated that the slope of the 
graph should be the same over any size of interval for the volume. 

Zander: So like we can, in this equation, we can find out our, like, height at every single 
moment as volume changes, so as of here, our volume was one thirty eight point one six, 
and we figured out that our height would be four point eight, so we can increase that 
volume to one forty and then we can figure out our height. This is what we can do. Then 
we could like have a slope at this point, and I hope that this slope is the same for the, 

 

Conclusion 
In response to both tasks, Zander frequently alternated between computing specific values 

and using algebraic manipulation procedures, and making general descriptive comparisons 
between what he seemed to imagine as variables. Zander appeared to imagine the functions as a 
means of relating the direction of change in two variables (Carlson et al., 2002). Thus, it appears 
that Zander leveraged a process view of function (Breidenbach et al., 1992). However, whether 
he used an action or process view of function in particular parts of his solution depended on his 
goal at that point in his thinking process. When his goal was to calculate a specific value or 
define an algebraic equation, he described a series of computations between individual values, 
suggesting he employed an action view of function in these situations. 

In addition, Zander appeared to engage in several types of function composition. One form of 
function composition involved a series of computations and substitutions to compute one specific 
value given another (i.e., computing the height of liquid in the larger cylinder from a known 
height of liquid in the smaller cylinder). A second form of function composition involved 
algebraic manipulations to link together two equations, followed by a two-step sequence of 
computations to relate several numerical values, one-at-a-time, input to the first equation to 
corresponding numerical values output by the second equation (i.e., using the equation  
and subsequently the equation  to compute values of  from values of ). Finally, a 
third form of function composition involved a sequence of covariational relationships through 
which he appeared to imagine a chunky continuous, or possibly even smooth continuous variable 
(Castillo-Garsow et al., 2013) in relation to another by comparing his visualization of two graphs 
(i.e. comparing volume-height graphs he constructed in response to the cylinder problem). 

Zander provides an example of how one student can use several different forms of function 
composition, covariation, and function to solve unfamiliar problems. His case suggests that the 
type of function composition that might be deemed applicable in a problem situation depends on 
the experiences with covariation and function some
representational context and the goal someone has for a solution at particular points in the 
solution process. 
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In this report, I examine the recommendations made by researchers to use magnitude bars (or 
dynagraphs) with students to support their reasoning about quantities. More specifically, I look 
at implications of an undergraduate pre-service secondary mathematics teacher’s reasoning 
when using tasks with magnitude bars designed to support students’ meanings for geometric 
formulas in dynamic contexts. I illustrate the ways in which a student reasoned, ways that both 
resonated with researchers’ recommendations but also introduced unanticipated difficulties that 
resulted from the introduction of the magnitude bars. Specifically, I show two different ways of 
comparing magnitudes a student illustrated in the Painter Problem-using amounts of change 
reasoning and length comparison reasoning. The results of this study contribute to the literature 
on using magnitude bars to support students’ reasoning by illustrating the different ways in 
which a student can reason with magnitudes.   

Keywords: Pre-Service Teachers, Covariational Reasoning, Dynamic Geometry, Representations 
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Introduction 

ith the subject matter (Shulman, 1986). A century later, 

, research 

 proposing that 

subject matter per se to the dimension of subject m

many as Mathematical Knowledge for Teaching (MKT)(Thompson & Thompson, 1996).  

Mathematical Knowledge for Teaching 
In the last three decades

the quality of mathematics teaching and learning in the United States. While the literature on 
 foci and ontological stances differ significantly.  

A Practice-Based Theory of MKT 
Ball and colleagues (e.g., Ball, 1990; Ball & Bass, 2003; Ball, Hill, & Bass, 2005) sought to 

answer the questi

2005, p. 17). re-service 
In this study, most teacher candidates could 

correctly complete the procedures of dividing fractions. However, few were able to describe a 
situation that represented the division of fractions accurately to students (Ball, 1990). 

teachers limited mathematical understandings, Ball and 
Bass (2003) proposed focusing on the mathematical work of teachers, including how and where 
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teachers use their mathematical knowl analyses revealed that the 
mathematical knowledge needed for teaching differs from that of mathematicians and other 
practitioners of mathematics. Namely, mathematics teaching requires teachers to have 
knowledge of (1) the work involved in problem-solving, (2) how to unpack  their mathematical 
understandings, and (3) how to help students in making connections across mathematical 

 
s (1986) original category of subject matter 

common content knowledge (CCK) and specialized 
content knowledge (SCK). 

In the past twenty years, these researchers have explored the multi-dimensional nature of 
teachers  
knowledge (Ball, 1990; Ball & Bass, 2003; Ball, Hill, & Bass, 2005). These researchers have 
also identified positive links between teacher knowledge and student performance (Ball, Thames, 
& Phelps, 2008; Hill & Ball, 2004; Hill, Ball, & Schilling, 2008; Hill, Schilling, & Ball, 2004, 
Hill et al., 2008).  

A Piagetian Theory of MKT 
While Ball and colleagues (e.g., Ball, 1990; Ball & Bass, 2003; Ball, Hill, & Bass, 2003; 

Hill, Rowan, & Ball, 2005) primarily focused on identifying how teachers must know 
mathematics to teach it, Silverman and Thompson (2008) focused on the nature of tea
MKT and how it develops. Silverman and Thompson (2008) made two propositions, (1) 

 from an 
understanding having pedagogical potential to an understanding that has pedagogical power.  

Mathematical understandings are personally powerful if they carry throughout an 
instructional sequence, are foundational for learning other ideas, and play into a network of ideas 

According to Silverman and 
Thompson (2008), Key Developmental Understandings (KDUs) (Simon, 2006) are an example 
of mathematical understandings that are personally p
understanding of an idea that is critical to their learning of other related ideas (Simon, 2006). We 
say an individual has developed a KDU for a mathematical idea if they (1) make a conceptual 

[their] ability to think about and/or perceive a particular 

through their own activity and reflection on their activity.  
Silverman and Thompson (2008) propose t

[personal] KDUs of a particular mathematical concept to an understanding of: (1) how this KDU 

Key 
Pedagogical Understandings (KPUs). A KPU is a mini theory that a teacher has regarding how 
to help students develop the meanings she intends (Byerley & Thompson, 2017). As such, these 

-their KDUs 
and awareness of their KDUs- develop.  

 
There are two 

The first involves the focus of each program. primarily 
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focused on what teachers do in their teaching and the knowledge required to engage in these 
teaching actions (Ball & Bass, 2003). In contrast, Silverman and Thompson (2008) focus on the 

Silverman and Thompson 
(2008), the second distinguishing feature of MKT research involves their ontological stance that 

1990, Ball & Bass, 2003, Ball, Hill, & Ba
a truth about a reality external to the knower. In comparison, Silverman and Thompson describe 
teacher knowledge in the sense of Piaget and von Glasersfeld (1995)- as schemes and ways of 
coordinating them that explain how a person might act when teaching. Moreover, Silverman and 

and thought patterns. Silverman and Thompson use the phrase Mathematical Knowledge for 
Teaching (MKT) 
reflected level.  

Mathematical Meanings for Teaching 
In 2016, Thompson proposed using the construct Mathematical Meanings for Teaching 

(MMT) rather than MKT to make explicit that he was using the word knowledge to describe an 
 is the space of 

implications resulting from assimilation to a scheme (Thompson, 2016). Thus, to say an 
individual has a meaning for a word, symbol, expression, or statement means that the individual 
has assimilated that word, symbol, expression, or statement to a scheme. A scheme is a mental 

2014, p. 11). When defining Mathematical Meanings for Teaching, Thompson (2016) extended 
the construct mathematical meaning to account for characterizations of teachers  actions related 
to teaching. As such, a teacher s mathematical meanings for teaching an idea include (1) the 
meanings (schemes) the teacher uses while teaching or thinking about teaching, and (2) the 

 
The construct Mathematical Meanings for Teaching differs from the construct Mathematical 

Knowledge for Teaching meaning 
connotes something personal (i.e., meanings existing in the mind of the knower) to readers rather 
than knowledge, which seems less personal and disjoint from the knower (Thompson, 2016). 
Second, and arguably most important, the construct Mathematical Meanings for Teaching is used 
to describe the status understandings relative to teaching. Although Ball and 
Thompson differently, both researchers used the construct MKT to 
describe teacher knowledge as a target for teachers to achieve, not a state 
knowledge. For instance, Ball, Hill, and Bass (2005) use the example of multiplying two integers 
to demonstrate that a teacher s sole ability to compute 35 x 25 correctly is insufficient 
knowledge. These researchers argue instead that teaching involves knowledge of an effective 
way to represent the meaning of the algorithm to multiply. In this example, Ball, Hill, and Bass 
(2005) state what teachers must be able to do and know, but they do not make explicit the ways 
of thinking that enable the teacher to do or know. As a second example, Silverman and 
Thompson (2008
conceptual teaching of a particular mathematical topic. This framework frames MKT 
as something that must be attained as opposed to may be 
advanced.  
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mathematical meanings for teaching an idea has many affordances. 

mathematical conceptions teachers have and the implications of these understandings on 

focus from the behaviors that a teacher exhibits while teaching to the cognitive mechanisms, 
meanings, and ways of thinking that enable these behaviors. 
meanings allows mathematics educators to explain why teachers act as they do and how we can 
improve their teaching (Thompson, 2013; 2016). 

As one example, Thompson (2013) described his observation of a ninth-
lesson on the point-slope and point-point formulas. In this example, the teacher can write an 
equation of a line through a point when provided the slope. However, when provided two points 
and asked to write an equation of a line through the two points, the teacher is unable to do so. 

constant rate of change led to him uncovering 
schemes for variation, slope, division, and rate of change. As one example, the instructor 

pson, 2013, p. 81). With this way of thinking, the instructor could not 
determine the y- x=0.  

 
Figure 1. An example provided in Thompson (2013, p. 81)  

 ways to improve it. 
w 

are alarming. Thompson and colleagues (e.g., Thompson, 2016; Byerly & Thompson, 2017; 
Yoon & Thompson, 2020; Thompson & Milner, 2018) have repeatedly uncovered the 
unproductive nature of U.S. Yoon 
and Thompson (2020) have also shown that U.S. 
mathematical ideas are less productive than their South Korean counterparts. The South Korean 

to expect U.S. teachers 
to be able to construct and convey mathematical meanings in this way (ibid).  

 understandings is to support US 
teachers in advancing their mathematical meanings. Musgrave and Carlson (2017) have 

productive if these teachers are engaged in inter

they teach (their orientation to high-quality conversations), what they teach (meanings that an 
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The Need for a New Construct 

support  development of coherent mathematical meanings; researchers who have 
claimed  development of strong mathematical 

meanings does not necessarily lead to their conveying these meanings to students (Carlson, 
Tallman & Frank, 2018; Tallman, 2021). Instead, 

ways of thinking are critical to their ability to develop, 
advance, and convey coherent meanings to students ( Carlson 
et al., in press; Musgrave & Carlson, Rocha & Carlson, 2019; 
Rocha, 2022; Tallman, 2015; Tallman & Frank, 2018). As one example, these researchers have 
proposed that quantitative reasoning is a critical way of thinking that supports in (1) 
developing coherent mathematical meanings, (2) conveying coherent and consistent meanings to 
students, and (3) designing activities that create opportunities for students to engage in 
quantitative reasoning (ibid).  

has also been identified as a mechanism for 
and their ability to convey coherent meanings to students while 

teaching (Carlson & Bas Ader, 2021; Carlson et al., in press; Rocha & Carlson, 2019; Teuscher, 
Moore, & Carlson, 2016). In particular, researchers have argued that decentering or setting aside 

ng 
(Carlson & Bas Ader, 2021; Carlson et al., in press; Rocha & Carlson, 2019; Tallman & Frank, 
2018; Teuscher et al., 2016). 
ability to decenter is related to the nature of their interactions with students and the development 
of their mathematical meanings for teaching. Teuscher et al ., (2016) empirical study revealed 
that teachers  explanations advanced to become more conceptually oriented as the instructors 
made their speaking and listening to others a specific object of focus and reflection. In 2019, 
Rocha and Carlson  (2016) proposal by providing empirical 
evidence  

 (2019) analysis of an 
actions to decenter advanced her MMT by providing the teacher with more refined images of a 

  

their development of ways of thinking and decentering actions that support the instructor in 
developing images of students  thinking about an idea and leveraging those images while 
teaching. Carlson et al. (in press) have classified images of teaching that include ways of 

way of thinking about teaching that idea. 
In the next section I 
goals and actions. 

Ways of Thinking about Teaching an Idea 
The construct Ways of Thinking about Teaching an Idea (WTTI) was introduced by Carlson 

et al. (in press). These researchers leveraged  of way of thinking to describe a 
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Way of Thinking about Teaching an Idea 
(WTTI) includes: 

1. which 
includes the ways of thinking the teacher engages in when reasoning about the idea) 
(Thompson, 2016). 

2. 
idea (Steffe et al., 1983; Thompson, 2000). 

3. 
their understanding of an idea (ways of learning an idea) (Carlson et al., in press; 
Silverman & Thompson, 2008). 

Carlson et al., (in press) claim that a  
the teacher engages 

 
learning an idea. The construct WTTI is useful for describing 
MMT, their ways of thinking about learning an idea, and their actions while teaching. 
Researchers have demonstrated links between a teacher s MMT and how a teacher interprets and 
responds Carlson et al., in press; Rocha & Carlson, 2019; 
Tallman, 2015, 2021). Based on these claims of the symbiotic relationship between a 
MMT and their decentering actions (Carlson et al., in press; Rocha & Carlson, 2019; Tallman, 
2015, 2021), 

teaching an idea. 

An Example: A Way of Thinking about Teaching Sine Function 
A teacher s WTTI is a status of their current meanings and ways of thinking about teaching 

and learning. As such, a teacher s WTTI can be more or less productive for teaching. Below I 
present an example of a precalculus  current ways of thinking about teaching sine 
function. The data presented comes from a clinical interview with an instructor, Uri, who (1) was 
in his second semester of teaching pre-calculus using a research-based curriculum, and (2) 
regularly attended a weekly professional development seminar designed to support instructors in 
engaging in conceptually oriented teaching (Thompson & Thompson, 1996).  

During the clinical interview, Uri was asked to describe how he wants students to reason 
about what the values in the table below (see Figure 2) represent. Uri responded by stating that 
he wanted students to understand that sine is a function that relates an angle measure with the 
height [of the terminal point] above the horizontal diameter . Uri further conveyed that he 
wanted students to view the value of sin( ) as a means of representing the height 
measured in units of the . For example (see Figure 2), when prompted to explain 
the meaning of the point (337  , -0.391) Uri expressed that the table of values is a snapshot, like 
if we were to pause an animation, at these instances in angle measure, then this [-0.391] would 
be the corresponding height above the vertical diameter in radius lengths.  

As Uri described the meanings for  he wanted students to develop, he also conveyed 

horizontal diameter varies with the measure of an angle. When Uri was asked if his prior 
teaching of sine function has informed his preparation for teaching the same topic during the 
current semester, Uri conveyed that 

 radius 
 In particular, Uri expressed 
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ecognizing where the commonly 
applied trig ratios (SOHCAHTOA) come from.  

 
Figure 2. Uri  

Uri
function provides a window into Uri king about teaching sine function. In this 
example, Uri expressed (1) a meaning for sine function that he intended to support students in 
developing, (2) ways of thinking (quantitative and covariational reasoning) that he anticipated 
would support students images of student thinking 
and ways of learning that appeared to influence his instructional goals and actions.  

Discussion and Conclusion  
In the past thirty years, researchers have used the constructs Mathematical Knowledge for 

teaching. While 
varies greatly. The constructs MKT and MMT differ in the nature of the phenomena they 
describe. Researchers have used the construct MKT to describe a knowledge base as a target for 
teachers to achieve. In contrast, the construct MMT has been used to describe the current state of 

understandings relative to teaching. While many researchers have 
advocated for more attention to 
insufficient for explaining a  instructional planning and actions. Instead, a focus on a 
teacher s ways of thinking about teaching an idea 

This report provides an example of how a ways of thinking about teaching the idea of 
sine function are related to his instructional goals and actions. In particular, this report highlights 

thinki . 
The example provided in this report provides empirical support for Carlson et al.(in press) call 
for the design of professional development seminars focused on developing and advancing 

. Seminars with this focus may support  enactment of teaching 
practices that focus on understanding and advancing student thinking and learning. As such, 

I are needed. 
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Recent research has explored the potential for students to create new mathematical concepts by 
analogy with previously known concepts. However, there is more to be understood about the 
intricate processes of analogical reasoning that students leverage when creating new concepts. 
In this paper, we describe an initial theory explicating the role of abstraction during analogical 
concept creation. First, we introduce the abstracted domain to operationalize abstraction during 
analogical reasoning. We then describe two mechanisms of analogical concept creation through 
which abstraction may occur while reasoning about a ring-theoretic analogue to subgroups: (1) 
comparative analogy, and (2) inductive analogy. To broaden the interpretive scope of the theory, 
we further apply the mechanisms to scenarios involving meta-analogical reasoning and 
pedagogy. Implications for research and teaching mathematics with analogy are discussed.  

Keywords: Abstract algebra, Abstraction, Analogical reasoning,   
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Making progress in justice, equity, and diversity in post-secondary teaching and learning 
requires systemic change. The development of novice instructor professional knowledge is a 
critical subsystem of the undergraduate mathematics education system. Novices play key roles in 
instruction and have the potential to play key roles in change efforts later in their careers. Yet, 
there is little in the way of theory to support research and development in this area. In other 
fields, professional development that engages novices in building skill at self-sustaining, 
generative change as professionals is the ground in which agency for change is seeded and 
nurtured. We describe two dimensions of professional skills for interacting with ideas and 
people: decentering and interconnecting. In this report, we explore and illustrate the role of 
these dimensions in professional development for novice college mathematics instructors.  
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D8-6=%'(1;#"1>+68..8'681-'&1>[5%4*1%'1/-4=8)-4%631WBRDE!_LPH!

b;&(c''#M!AH!BNORND!8-%&#V&!:*&&#'.W!=-7!.4-;1+!7#!$-%$#5&;*1(M#!#T;(&<!(%!:*&4#:*&($.!

#+;$*&(-%UH!,%!]H!=#'I#1GC(.#%:*%%E!fH!84-55(%E!"H!X*)%#'E!*%+!"H!/(::!BC+.HDE!>[5%4*1%'1

&%36#5"381;#"1)-4=8)-4%6318&56-4%#'H!9*&4#:*&($.!C+;$*&(-%!`(I'*'<E!k-1!^^H!25'(%)#'H!

b;&(c''#ME!AH!BNORhD!S4#!.-$(-5-1(&($*1!&;'%!(%!:*&4#:*&($.!#+;$*&(-%H!:#5"'-.1;#"1<838-"6=1%'1

/-4=8)-4%631>&56-4%#'1@@BRDE!haLgPH!

=*;3E!2H!\!25##'E!6H!9H!B(%!5'#..DH!"#@#1-5(%)!&4#!%#V&!)#%#'*&(-%!-0!$4*%)#!*)#%&.!(%!$-11#)#!

:*&4#:*&($.!(%.&';$&(-%H!,%!9H!k-()&E!fH!CH!=*):*%E!fH!b#4'&ME!]H!A*&1(00E!6H!Y1#V*%+#'E!*%+!

AH!`#@<H!:534%6814="#5(=14=81.8'31#;16-.65.53E1\"-)%'(1'8K1!#33%,%.%4%831;#"1&%$8"3%4*?18[5%4*?1

-'&1%'6.53%#'H!*'v(@!5'#5'(%&!B55H!NaG_hDW!!

4&&5.Wpp*'V(@H-')p0&5p*'V(@p5*5#'.pNRRRpNRRRHRR_PgH5+0!

=*;3E!2HE!S-%#<E!YH!>HE!f*$3.-%E!]HE!6*('E!AHE!\!S.*<E!fHGfH!BNOR_DH!"#@#1-5(%)!*!:-+#1!-0!

5#+*)-)($*1!$-%&#%&!3%-71#+)#!0-'!.#$-%+*'<!*%+!5-.&G.#$-%+*'<!:*&4#:*&($.!(%.&';$&(-%H!

B%-.#(%6178&-(#(*E10'12'48"'-4%#'-.1L'.%'81:#5"'-.?1JE!YRgG_OH!Y@*(1*I1#!*&!

+5ZH5(&&H#+;p-Z.p(%+#VH545p+5ZRp*'&($1#p+-7%1-*+p_Op^O!

=*;3E!2HE!S-%#<E!YH!>HE!6*('E!AHE!i#.&%#..E!6H!AHE!S'-;+&E!9H!BNOR^DH!"(.$-;'.#!(%!5#+*)-)($*1!

$-%&#%&!3%-71#+)#H!,%!SH!>;3*3*7*G8-%%#11<!BC+HDE!7"#688&%'(31#;14=81WZ4=1N#';8"8'681#'1

<838-"6=1%'1O'&8"("-&5-481/-4=8)-4%631>&56-4%#'H!

=#%+#'.-%E!8HE!]#*$4E!YHE!\!>(%3#1.&#(%E!6H!BNORRDH!>*$(1(&*&(%)!$4*%)#!(%!;%+#')'*+;*&#!2SC9!

(%.&';$&(-%*1!5'*$&($#.W!Y%!*%*1<&($!'#@(#7!-0!&4#!1(&#'*&;'#H!:#5"'-.1#;1<838-"6=1%'1C6%8'681

D8-6=%'(?1@ABPDE!e^NLeP_H!
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f*$-I.#%E!`HE!9(.&#1#E!fH!9HE!\!2'('*:*%E!]H!BC+.HD!BNORNDH!/-4=8)-4%63148-6=8"18&56-4%#'1%'14=81

!5,.%61%'48"834H1,Y/H!

j-&&#'E!fH!/H!BNORNDH!S8-&%'(16=-'(8H!=*'@*'+!];.(%#..!/'#..H!

`*&;1(55#E!8H!BNOOeDH!C%$-;'*)(%)!#V$#11#%$#!(%!&#*$4(%)!:*&4#:*&($.W!9SY.F!+#.$'(5&(-%.!-0!

+#5*'&:#%&*1!.;55-'&H!<838-"6=1#'19"-&5-481C45&8'431-31D8-6=8"31#;1O'&8"("-&5-481

)-4=8)-4%63E1C45&%831%'19"-&5-481-'&17"#;833%#'-.1C45&8'41B8$8.#!)8'41B84*5&#'!^DH!6#7!

>-';:.!/'#..H!

`*;'.#%E!2H!`H!BNOReDH!S8$8"31;#"16=-'(8E10'1-33833)8'41#;1!"#("8331#'16=-'(%'(1CD>/1

%'34"564%#'H!Y:#'($*%!Y..-$(*&(-%!-0!&4#!Y+@*%$#:#%&!-0!2$(#%$#H!Y@*(1*I1#!-%1(%#W!

4&&5.Wpp777H***.H-')p.(&#.p+#0*;1&p0(1#.pNOReGOap1#@#'.G0-'G$4*%)#GXC]ROOwNOReH5+0!

`*;'.#%E!2HE!\!Y;.&(%E!YH!CH!BNONODH!Y5%.&%'(1(8'&8"18[5%4*1%'14=81-6-&8)*E12'34%454%#'-.1

34"-48(%831;#"16=-'(8H!f-4%.!=-53(%.!?%(@#'.(&<!/'#..H!

`*;'.#%E!2H!`HE!=*..(E!9H!`HE!j-)*%E!9HE!\!X#.&-%E!SH!fH!BNOR_DH!]#%#0(&.!0-'!7-:#%!*%+!:#%!-0!

(%T;('<GI*.#+!1#*'%(%)!(%!$-11#)#!:*&4#:*&($.W!Y!:;1&(G(%.&(&;&(-%!.&;+<H!:#5"'-.1;#"1

<838-"6=1%'1/-4=8)-4%631>&56-4%#'?1@]B_DE!_OgG_RPH!

4&&5.Wpp+-(H-')pROH^e^RpZ'#.#:*&4#+;$H_^H_HO_OgH!

`-'&(#E!"H!8H!BRea^DH!C6=##.48-6=8"E1013#6%#.#(%6-.1345&*H!?%(@#'.(&<!-0!84($*)-!/'#..H!

9$24*%%-%E!fHE!\!=<%#.E!/H!BNOO^DH!2&;+#%&!*$4(#@#:#%&!*%+!'#&#%&(-%W!8*%!5'-0#..(-%*1!

+#@#1-5:#%&!5'-)'*:.!4#15!0*$;1&<!bAY2/!(&U!D=81:#5"'-.1#;1\-65.4*1B8$8.#!)8'4?1J^BNDE!

PaGehH!

/(*)#&E!fH!BRe^^DH!D=81.-'(5-(81-'&14=#5(=41#;14=816=%.&H!9#'(+(*%!]--3.H!

/'#.(+#%&F.!8-;%$(1!-0!Y+@(.-'.!-%!2$(#%$#!*%+!S#$4%-1-)<!x/8Y2Sy!BNORNDH!>'(-(814#1>+68.H!

Y@*(1*I1#W!4&&5.Wpp-I*:*74(&#4-;.#H*'$4(@#.H)-@p.(&#.p+#0*;1&p0(1#.p:($'-.(&#.p-.&5p5$*.&G

#%)*)#G&-G#V$#1G0(%*1wNGN^GRNH5+0!!

A*4:*%E!rH!bH!BNORPDH!0&_5'6412'34"564#"3T1L!!#"45'%4%831;#"1S8-"'%'(1D="#5(=1>'(-(8)8'41

K%4=1-1<838-"6=UY-38&1/-4=8)-4%631N5""%65.5)H!S4#.#.E!"(..#'&*&(-%.!*%+!8;1:(%*&(%)!

/'-Z#$&.H!R^^H!4&&5.Wpp+()(&*1$-::-%.H:-%&$1*('H#+;p#&+pR^^H!!!

A#(%4-1ME!"H!`H!BNORPD!Y!5'(:#'!-%!.:*11!)'-;5!(%.&';$&(-%!(%!;%+#')'*+;*&#!:*&4#:*&($.E!

7<2/OC?1JABRODE!eO_GeReE!"d,W!ROHROPOpRO^RReaOHNORPHR_aRghN!

A#(%4-1ME!"H!`HE!\!Y53*'(*%E!6H!BNORPDH!>-;'!0'*:#.!0-'!.<.&#:($!$4*%)#!(%!2SC9!+#5*'&:#%&.H!

2'48"'-4%#'-.1:#5"'-.1#;1CD>/1>&56-4%#'?1]BRDE!RGROH!Y@*(1*I1#!-%1(%#W!

4&&5.Wpp.&#:#+;$*&(-%Z-;'%*1H.5'(%)#'-5#%H$-:p&'*$3p5+0pROHRRPgp._O^e_GORPGOROhGVH5+0!

A#(%4-1ME!"H!`HE!A*.:;..#%E!8HE!\!6*'+(E!CH!BNONODH!S(:#!0-'!B'#.#*'$4!-%D!$4*%)#!(%!

:*&4#:*&($.!+#5*'&:#%&.H!2'48"'-4%#'-.1:#5"'-.1#;1<838-"6=1%'1O'&8"("-&5-481/-4=8)-4%631

>&56-4%#'?1IE!R_aGR^PH!4&&5.Wpp+*%(#1'#(%4-1MH$-:p75G$-%&#%&p;51-*+.pNONOpOapNONOG

(ZA?9CGS(:#G0-'G84*%)#H5+0!

A#(%4-1ME!"H!`HE!2&-%#Gf-4%.&-%#E!YHE!\!24*4E!6H!BNONODH!X*13(%)!&4#!7*13W!;.(%)!$1*..'--:!

*%*1<&($.!&-!.;55-'&!(%.&';$&-'.!&-!*++'#..!(:51($(&!I(*.!(%!&#*$4(%)H!2'48"'-4%#'-.1:#5"'-.1;#"1

06-&8)%61B8$8.#!)8'4?1J]BhDE!N^eGNaNH!

2*($4*(E!jHE!\!S4#(.#%E!8H!=H!BC+.DH!BNONODH!25#$(*1!,..;#W!Y55'-*$4#.!&-!)'*+;*&#!.&;+#%&!

(%.&';$&-'!+#@#1-5:#%&!*%+!5'#5*'*&(-%H!Q8K1B%"864%#'31;#"1D8-6=%'(1-'&1S8-"'%'(E!RghH!

4&&5.Wpp+-(H-')pROHROONp&1HNO_Og!!

21#:5E!bH!AHE!`##E!9H!YHE!\!9-..:*%E!`H!=H!BNONRDH!,%&#'@#%&(-%.!&-!.;55-'&!*;&-%-:<E!

$-:5#&#%$#E!*%+!'#1*&#+%#..!%##+.!(%!-')*%(M*&(-%.W!Y!.<.&#:*&($!'#@(#7!7(&4!

'#$-::#%+*&(-%.!0-'!'#.#*'$4!*%+!5'*$&($#H!:#5"'-.1#;1L665!-4%#'-.1-'&1L"(-'%P-4%#'-.1

73*6=#.#(*E!R@BNDE!_NaG_^aH!

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' )*$



!

!

25##'E!6HE!\!=*1+E!dH!BNOOPDH!=-7!+-!:*&4#:*&($(*%.!1#*'%!&-!&#*$4U!,:51($*&(-%.!0'-:!'#.#*'$4!

-%!&#*$4#'.!*%+!&#*$4(%)!0-'!)'*+;*&#!.&;+#%&!5'-0#..(-%*1!+#@#1-5:#%&H!,%!9H!/H!8*'1.-%!*%+!

8H!A*.:;..#%!BC+.HDE!/-M%'(14=816#''864%#'E1<838-"6=1-'&1!"-64%681%'15'&8"("-&5-481

)-4=8)-4%6318&56-4%#'!B55H!hO^GNRPDH!9*&4#:*&($*1!Y..-$(*&(-%!-0!Y:#'($*H!

2;#E!"H!XHE!A(@#'*E!"H!/HE!X*&3(%.E!6H!`HE!j(:E!AH!=HE!j(:E!2HE!\!X(11(*:.E!8H!"H!BNORRDH!A*$(*1!

+(*1-);#.W!84*11#%)#.!0*$;1&<!-0!$-1-'!0*$#!(%!&4#!$1*..'--:H!N5.45"-.1B%$8"3%4*1-'&1>4='%61

/%'#"%4*173*6=#.#(*?1WZBhDE!hhRGh_OH!4&&5.Wpp+-(H-')pROHROhap*OON_ReOH!Y1.-!*@*(1*I1#W!

4&&5.Wpp5.<$4-1-)<H;:I$H#+;p0(1#.pNORgpROpA*$(*1G+(*1-);#.wG84*11#%)#.G0*$;1&<G-0G$-1-'G

0*$#G(%G&4#G$1*..'--:w2;#G#&G*1GNORRGH5+0!

S#;.$4#'E!"HE!9--'#E!jH!8HE!\!8*'1.-%E!9H!/H!BNORgDH!"#$#%&#'(%)W!Y!$-%.&';$&!&-!*%*1<M#!*%+!

#V51*(%!&#*$4#'!*$&(-%.!*.!&4#<!'#1*&#!&-!.&;+#%&!&4(%3(%)H!:#5"'-.1#;1/-4=8)-4%631D8-6=8"1

>&56-4%#'?1WRB^DE!_hhG_^gH!4&&5.Wpp+-(H-')pROHROOap.ROP^aGOR^GehO_GOH!!

S4#-I*1+E!CH!fH!#&!*1H!BNONODH!Y$&(@#!1#*'%(%)!%*''-7.!*$4(#@#:#%&!)*5.!0-'!;%+#''#5'#.#%&#+!

.&;+#%&.!(%!;%+#')'*+;*&#!.$(#%$#E!&#$4%-1-)<E!#%)(%##'(%)E!*%+!:*&4H!7"#688&%'(31#;14=81

Q-4%#'-.106-&8)*1#;1C6%8'683?1WWZBRNDE!g_agGg_PhQ!

4&&5.Wpp+-(H-')pROHROahp5%*.HReRgeOhRRaH!!

X(%&#'E!"HE!\!i*$3#1E!8H!YH!BNOOODH!6-@($#!(%.&';$&-'.!*%+!.&;+#%&G$#%&#'#+!(%.&';$&(-%W!

?%+#'.&*%+(%)!5#'$#5&(-%.!*%+!'#.5-%.#.!&-!$4*11#%)#.!-0!$1*..'--:!*;&4-'(&<H!7<2/OC?1

W^B_DE!NPeGhRPH!4&&5.Wpp+-(H-')pROHROPOpRO^RReaOOOPeg^egPH!
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!
"#$%&'(!)*!+,&$$!

-$&.(/0&12!34!53/16!78#9#:#!
!
!"#$%#%&'"(")*'%$')+,(-".%/'-"0%$")'(,*+123"-'($1+123"(1/"(&&'&&+12".()*'.()+,&"-'($1+12"+1")*'"
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!
H'69%$/&;!<#/1&'&<#13/2!8(#/$&$=>!#'?,&0&1&3$!8(#/$&$=>!"#8',8,0!@>!#00(00:($1!
!

)#$2!16(3/&(0!#$%!4/#:(A3/B0!(C&01!13!6(8<!/(0(#/'6(/0!1/2!13!,$%(/01#$%!16(!<6($3:($#!
34!1(#'6&$=>!8(#/$&$=>!#$%!#00(00:($1!A&16&$!:#16(:#1&'0!(%,'#1&3$!DE#%:(6/!F!G/#B(>!HIJKL*!
G,9&$0B2!#$%!)'G3$#8%!DHIIJL!01#1(%!63A;!M:3%(80!#$%!16(3/&(0!&$!:#16(:#1&'0!(%,'#1&3$!'#$!
0,<<3/1!</(%&'1&3$>!6#.(!(C<8#$#13/2!<3A(/>!9(!#<<8&'#98(!13!#!9/3#%!/#$=(!34!<6($3:($#>!6(8<!

3/=#$&N(!3$(O0!16&$B&$=!#93,1!'3:<8(C>!&$1(//(8#1(%!<6($3:($#>!0(/.(!#0!#!1338!43/!#$#82N&$=!
%#1#PQ!D<*HRSL*!@$!16&0!<#<(/!@!</3.&%(!#!4/#:(A3/B!%(0&=$(%!43/!#!8#/=(/!01,%2!16#1!A#0!,0(%!13!
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#$%!&$%&.&%,#8!'8#00/33:*!TA3!:#&$!8(#/$&$=!16(3/&(0!=,&%(%!16(!'3$01/,'1&3$!34!16(!</3<30(%!
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#00(00:($1!34!8(#/$&$=*!!
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0*+12+)&%"#(!"%>'21:$8!

U4#/%!DJKKVL!:(1#<63/&'#882!%(0'/&9(%!01,%($10W!%(.(83<:($1!34!B$3A8(%=(!,$%(/!
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&$1(/$#8&N#1&3$!34!B$3A8(%=(!&$!16(!8(#/$(/O0!:&$%!DU4#/%>!HIIZL*!!!

[6&8(!'/(#1&$=!16(!4/#:(A3/B>!@!/(48('1(%!3$!9316!:(1#<63/0!43/!8(#/$&$=>!#$%!'3$0&%(/(%!
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Mastery-based grading is not new, but it has begun to receive more attention from 
undergraduate mathematics educators who are looking for a different way to assign grades that 

and negative attitudes towards mathematics that their students may possess. In this study, we 
-based grading scheme being used in a 

semester-long precalculus course. The use of mastery-based grading is new for many students, so 
they may need more support to adapt to it. Our results give indications of where this support is 
needed and in what forms.  

Background 
Since there are many forms that mastery-based grading can take, we will begin by defining 

our method of mastery-based grading. We adapted the ideas of Nilson (2015), first developing a 
set of learning objectives for a precalculus course, then creating a direct link between the 

 based on 
how many of the course learning objectives they have mastered. Mastery of the learning 
objectives can be assessed in a variety of ways, for us this was done using tests, but a key feature 
of the system is that students do not receive partial credit for partial understanding, rather they 
must show the grader that they have full proficiency with the objective (Collins, et al., 2019). 
While students do not earn partial credit, a key element in mastery-based grading is that students 
are given multiple attempts to demonstrate proficiency on the learning objectives. In addition to 
the learning objectives, we also developed additional requirements including homework 
completion and projects to include in the criteria for each grade. 

The increase in implementation of mastery-based grading in undergraduate mathematics 
courses has brought with it an interest in studying the grading scheme and reporting on its effects 
and outcomes specifically in those contexts. Benefits have been noted in these settings, such as 

mathematical abilities (Stange, 2018), and giving the students more control over their final grade 
(Williams, 2018). Additional benefits were seen by Harsy and Hoofnagle (2020), who found that 
students felt that their final grade more accurately reflected their knowledge as opposed to grades 
in a traditional grading environment. Since students know the requirements for each grade from 
the first day of class, they are able to set goals and make choices to study objectives they feel 
will allow them to achieve those goals. 
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There is also evidence that the emphasis that mastery-based grading often puts on 
reattempting mastery can alleviate stress associated with tests (Stange, 2018) since the reattempts 
give flexibility for students to continue working on an objective over time. However, there may 
also be drawbacks to this in terms of student motivation; for example, students may be tempted 
to put off learning objectives or not take first attempts as seriously as they would in a traditional 
environment (Weir, 2020). One traditional purpose of mastery-based grading and learning is to 
allow each student enough time to master the content for the course (Bloom,1968). However, a 
course typically has a set ending date, limiting the time available. Instructors will need to think 
deeply about how they can support their students to set appropriate goals and strategies for 
success. To do so, it would be useful to understand s, which 
is the goal of this study. 

Research Question 
The results discussed in this paper are part of a larger study investigating mastery-based 

grading within college-level precalculus classes conducted by the authors. For the purposes of 
this paper, we will be discussing our findings related to the following research question: How do 

mastery-based grading change throughout the semester?  

Methodology 
This study collected data from three sections of precalculus taught at two different 

institutions in the same semester. One section was offered as a 3-credit course at a small, private, 
liberal arts college in the northeast United States (Institution 1) while the other two sections were 
offered as 4-credit courses at a medium, private university in New England (Institution 2).  

Course Structure 
The grades for students in the three sections were based on their proficiency on 27 learning 

objectives as well as their homework completion and their completion of up to two projects. 
Proficiency on the learning objectives could be shown on five test days, four during a regular 
class period and one in place of a final exam. Within the 27 objectives were 7 core objectives, 
which needed to be mastered to pass the class. The questions used for the tests were common 
across the three sections, as were the homework questions and projects. The base letter grade 
depended solely on proficiency on objectives and project completion. Students needed to 
complete one or two projects to earn a B or A in the class, respectively. After the base letter 
grade was decided, homework scores impacted whether the letter grade would have a plus, 
minus, or neither attached to it.  

Data Collection 
The data for the larger study consists of both quantitative and qualitative data, collected 

through student responses to three surveys, math autobiographies written by the students at the 
beginning of the semester, homework scores, and test responses and scores. To address the 
research question above, we use the qualitative data from the surveys and math autobiographies. 

Each survey contained various closed- and open-response questions. In this paper, we focus 
ng used 

in the class. The first survey was completed in the first two weeks of the semester and students 
responded to the open-ended question, 

 In the second survey, sent to students after they had taken two tests, the students 
responded to the open- At this point in the semester, what are your impressions 
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 A third and final survey was sent at the close of the 
semester, and students responded to four open-ended questions in which they discussed their 
ideas about the grading structure in the class, those questions being: 

1. In preparation for your tests, how did you choose which learning objectives to 
attempt?  

2. Do you believe the grade you will receive in this class accurately represents how 
much you have learned? Why or why not?   

3. Do you think your overall grade would have been better, worse, or the same in this 
class if you had been graded traditionally? Why?  

4. What are your impressions about the grading system used in this class?   
Math autobiographies were written by students at the beginning of the semester describing 

their past experiences with mathematics and their expectations for the current course.  

Participants 
Students in the three sections of Precalculus were emailed an invitation to participate in each 

in the study, as indicated by filling out a consent form on the survey. A total of 21 students 
agreed to participate in the study, twelve on Survey 1, thirteen on Survey 2, and ten on Survey 3. 
Out of the 21 participants, seventeen submitted math autobiographies but only eight of those 
referred to the grading used in the class. There were 8 participants from Institution 1 and 13 from 
Institution 2. 
participants referred to by code. Participants at Institution 1 are labeled using the letter N 
followed by two digits (ex. N20), whereas those at Institution 2 are labeled using the letter R 
followed by two digits (ex. R01). 

Data Analysis 
The math autobiographies and survey responses to open ended questions were analyzed using 

an inductive thematic analysis (Patton, 2002)
mastery-based grading 
perceptions, perceptions after taking two tests (midsemester), and their perceptions at the end of 
the semester. 

To analyze the initial impressions about the grading scheme we considered the responses 
from math autobiographies and from the first survey. To analyze the midsemester impressions 
that students had about the grading scheme, we analyzed their responses to the question from 
Survey 2 that was discussed above. Finally, t
system at the end of the semester we considered the responses to the four open response 
questions on Survey 3.  

Discussion of Results 
This section will briefly describe the categories discovered through the analysis of initial 

impressions, midsemester impressions, and final impressions that students had about the grading 
scheme. 

Initial Impressions 
There were four categories that emerged during our analysis of the responses to Survey 1 and 

the math autobiographies.  
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Confusing. Responses showed that several students saw the grading system as confusing or 

were not surprising since for many students this was the first class 
in which they had experienced mastery-based grading. 

Straight-forward. There were a few students who thought the grading was clear. N50 said, 
I love how straight forward, and easy the grading is

the learni I think they are really helpful in keeping me focused. Nothing 
feels jumbled together, I can clearly see what path I need to take.  

Retries. We also saw that students were excited about the ability to retry objectives that they 
had not shown proficiency on with their first attempt. I feel like it is way less 
stressful for us new incoming students who are use to just having to fail if we do bad on a test  
with the way you grade our tests I get to redeem myself with questions I may get wrong which is 
very comforting.   This was an aspect of the grading that students seemed to grab on to as a 
positive aspect I think 

y leisure 
into a disaster  

Pacing. Students also mention that the grading scheme will give them more freedom and/or 
independence to complete objectives at their own pace and that there is less stress due to the 
pacing of the class. 

  

Midsemester Impressions 
Through our analysis of the responses to Survey 2, three categories emerged. Two of the 

categories were similar to two found in the initial impressions, so we chose to use the same name 
and definition for them.  

Confusing. Even at the midsemester mark, after the students had taken two tests, there were 
still students who found the grading scheme confusing or strange. However, it seemed that there 
was some improvement in understanding. R10 said, 
each individual grade I  

Retries. Students continue to mention the benefit of being able to retry objectives. R10 says, 
 

Stress. 
levels in the course, with some students feeling that the level of stress was heightened by the 
grading scheme and some feeling that it was lessened. From R09, It makes the class feel more 
intense, like we have less room for error, and over all, just a really stressful and weird 
experience.

  

End of Semester Impressions 
Four categories emerged through our analysis of the four open-response questions from 

Survey 3. One of the categories, Stress, uses the same name and definition as was found in the 
midsemester analysis since the ideas were similar.  

Stress. A couple students mentioned opposing views on their perceived stress and anxiety 
Objective based learning didn't help me change how 

I study, but rather gave me huge amounts of anxiety as my failings kept weighing on me
wherea I think it showed that it is up to us to work hard but also it is okay if not 
every day is our best day because we get another shot. It took a lot of the anxiety down.  
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Strict. Students spoke more specifically about the requirements in the grading system, most 
likely due to the additional questions included in the final survey. Some students felt that the 
grading structure was too strict and that they were marked wrong for too small of errors along 
with not having enough opportunities or ways to show their understanding. there 
were small mistakes [they] made from calculation or missing one step of a five part problem 
where in any other class [they] would have gotten some type of credit for it because [they] 
clearly understood how to do the problem.

hrough doing the projects and homework I have done so much 
more and the projects will not even be factored into my grade unless I have everything done [that 
is necessary for an A or B]  

Effort. As we see in some of the examples for Strict, students also discussed that their effort 
in the class has affected their feelings toward the grading system. Several students felt that the 
effort they put in for the course was not reflected in their grade, as we saw from R06 above. 
However, there was also a student, N04, who mentioned that because they always felt they had 
more chances to complete objectives, f it was graded 
t

  
Core. Several students mentioned the core objectives in their responses. This was often 

relating to how they chose which objectives to study for, stating that they focused on the core 
objectives first, but we also had students say that they believe the expectation of and focus on 
mastering Most 

 It is worth 
noting that of the 18 participants that did not withdraw from the course, only 7 had completed the 
core objectives prior to the final, so the concern about core has some merit for our sample. 

Implications 
-based grading is important to 

understanding how we can support them in our courses. By considering three different points in 
the semester, we were hoping to gain insight into how support can adapt to the changing 
concerns of students. Our results indicate that there are some concerns that remain present 
throughout the semester, while others may emerge later after the students have been able to 
experience more of the consequences of the grading. Understanding these concerns is useful in 
planning for a course, especially for instructors who are new to this grading style. 

For example, while emphasizing the opportunities for students to retry objectives can 
alleviate some of their concerns early in the semester, it may be beneficial to have specific 
recommendations about how to take advantage of these opportunities so that the pressure is not 
just pushed to the end of the course or due date. This agrees with findings by Matz, Derry, 
Bennett, LaRose, and Hayward (2022), who found that the use of behavioral nudges can lead to 
better outcomes for students. In their study, personalized email reminders were sent prior to 
assessment due dates. Other ideas could be to have class discussions about study strategies, hold 
individual meetings to plan for future assessments, or to structure the course with some 
intermediate deadlines. 

These results represent a portion of the data we collected. In addition to the math 
autobiographies and survey responses, we also collected tests, homework scores, projects, and 
grades. We hope the RUME community can provide insights on how to further explore these 
results and make connections to the other data sources. 
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The nfluence of an xperiential earning ocial ustice lass

Linda C. Burks Kathy Liu Sun 
Santa Clara University Santa Clara University 

In this study, we explore the influence of an experiential learning social justice math class on 
  Twenty-three 

undergraduate students participated in this ten-week long class. Students reflected on their 
learning by responding to weekly journal prompts and designed a learning product for the high 
schools. Stu  project design will be analyzed to answer three research 
questions.  How does the class influence students' beliefs about mathematics? How does the 
class influence students' perceptions about who does mathematics? How does the class influence 
students' understandings of how to teach math equitably? Preliminary results suggest the 
following: Students' views of mathematics expanded from a focus on application and problem 

perception of mathematicians became more inclusive.  
teaching varied. 

Keywords: Experiential Learning, Social Justice, Reflection, Beliefs 

Introduction 
For over two decades, there has been a call for undergraduate mathematics to become a 

, 2017; Bryk & Treisman, 2010; Cooper, 1996). 
Mathematics educators have been identifying equitable teaching methods (Ching & Roberts, 
2022; Martin, 2019; Hand, 2012) and focusing on the teaching of mathematics for social justice 
(Branson & George, 2022; Su, 2020; Gutiérrez, R. 2018; Leonard et al., 2010). As equitable 
teaching practices are gradually being established, promoted, and practiced in undergraduate 
mathematics (Leyva et al., 2022), there is an opportunity for mathematics departments to go 
deeper. In particular, the authors designed an experiential learning class to delve directly into 
issues of mathematics education and social justice. 

In this study, we consider three research questions about the impact of this class on the 
undergraduate students who participated. 

1. How does the experiential learning social justice class influence undergraduate students'
beliefs about mathematics?

2. How does the experiential learning social justice class influence undergraduate students'
perceptions about who does mathematics?

3. How does the experiential learning social justice class influence undergraduate students'
understandings of how to teach math equitably?

Literature Review 
In this review, we first present literature related to beliefs about mathematics, beliefs about 

who does mathematics, and equitable math teaching. These correspond to three themes common 
to research on equitable mathematics teaching: positioning of mathematical power, 
psychological approaches to teaching, as well as specific pedagogical approaches (Yolcu, 2019). 
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We then highlight literature related to the role of experiential learning courses in deepening 
 

Beliefs about mathematics 
Ernest (1989) and Muhtarom (2019) highlight three philosophies of mathematics which are 

prevalent in the teaching of mathematics: beliefs: instrumentalist, Platonist, and problem solving 
or constructivist.  

 is that 
mathematics is an unchanging product of interconnected structures and truth which is invented, 
but not created. The problem solving or constructivist view is that mathematics is a dynamic 
field open to revision and connected to other disciplines.  

represents a shift from a deficit orientation to asset orientation (DiGregorio & Hagman, 2021; 
McGee et al., 2021). This language shift also represents a change in thinking about mathematical 
power. Rather than demonstrating power in achievement to reduce the education gap, there is a 

contribute to mathematics (Gutiérrez, 2018; Ching & Roberts, 2022). A narrow view of 
mathematics limits the diversity of people who do mathematics.  In Mathematics for Human 
Flourishing, Francis Su (2020) argues that mathematics meets the intrinsic human desire to build 
virtues: virtues such as exploration, play, truth, beauty, justice, struggle, and power. 

Beliefs about who can do mathematics 
Representation is important for students to identify as someone who can do mathematics 

(Oyserman & Lewis, 2017; Boaler & Greeno, 2000). Productive learning mindsets are also key 
to helping students identify as someone who can do math (Casad et al., 2018). Having a mindset 
of relevance is related to the idea that mathematics is relevant to the individual learning it 
(Romero, 2019). A mindset of belonging is about learning mathematics within a welcoming 
community (Romero, 2015). Growth mindset is the idea that intelligence can be developed 
through effort rather than being an innate ability; in a classroom this means mistakes are 
opportunities to grow and asking questions deepens understanding (Latterell & Wilson, 2022; 
Sun, 2018; Dweck, 2014; Boaler, 2013). 

Equitable Math Teaching  
Equitable math teaching is student centered. Equitable teaching methods includes active 

learning (Burke et al., 2020), flexible structures (Levya et al., 2022) and grading systems 
(Fernandez, 2021), and a focus on high expectations (Jamar & Pitts, 2005) cultural relevance 
(Bartell et al., 2017), and student engagement in which problem solving is key (Samson, 2015; 
Hake et al, 2003; Suh & Fulginiti, 2011). Along with teaching in ways that promote social 
justice, equitable practice also involves math that teaches social justice (Gutstein & Peterson, 
2005). As we search for ways to teach math in ways that promote social justice, we consider five 
basic questions: Who, What, Where, Why and How we teach (Branson & George, 2022). 

Experiential Learning and Social Justice 
Experiential learning and reflection are critical components of deepening understanding of 

social justice. Experiential learning provides a tangible way for students to grapple with the 
abstract concepts of social justice (Pugh, 2014). Online service experiences have also been 
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shown to contribute to students' understanding of social justice (Ahmad & Gul, 2021). Group 
discussions and individual reflections help students synthesize and analyze the issues within the 
context of their teaching experience (Jacob, 2006). It is also thought that reflection is a key piece 
of developing effective tutoring strategies (Johns & Burks, 2022). 

 
Context 

The authors designed an upper division undergraduate math class, Mathematics Education 
and Social Justice which examines issues of social justice surrounding mathematics education in 
U.S. public schools. Topics included problem solving, pedagogy, power, meaning, struggle, and 
freedom. Class time was split between student-led discussions of the readings and small group 
problem solving tasks. The immersive experience involved tutoring precalculus onsite at local 
high schools whose student body was an underrepresented population; due to the pandemic, 
seven of the twenty-three undergraduates tutored online through Zoom. The experiential learning 
social justice component cultivated social justice, civic life, civic perspective, and civic 
engagement. The tutoring component helped the undergraduate students grow in their ability to 

understanding of precalculus content. Three overarching themes were presented.   
 What is math?  
 Who does math?   
 How can we teach math more equitably?  

Mathematics Education and Social Justice was first taught in the ten-week long spring 
quarter of 2022 at a mid-sized private university on the west coast. The twenty-three students 
enrolled in the class included math, computer science, engineering, finance and economics 
majors. Weekly readings included chapters from Mathematics for Human Flourishing (Su, 2020) 
supplemented by readings about pedagogy and equity in mathematics. Students responded to 
weekly journal prompts to reflect on their tutoring experiences within the context of the readings 
and discussion. For their final project, the undergraduate students designed a learning product 
which could be used by teachers in the local high schools where they tutored.   

 
Methods 

We will use the constant comparative process to analyze the journal entries (Yin, 
2009).  First, the authors will identify incidents, or idea threads, which demonstrate any of the 

  To reach an agreement on the incident, we will identify incidents together for two 
randomly selected transcripts and then do so independently for the remaining entries. We will 
then meet to assess agreement on the incidents. Note that a single incident may contain two main 
ideas. For example, the idea thread from Student 4, Journal 1 in Table 1 addresses both the ideas: 

 This thread illustrates the belief that math is useful for the 
th and 

that effort can help a student succeed in school mathematics. 
Once the idea threads for the week one journal entries are identified, we will develop a code 

book using inductive and deductive processes.  In the idea thread from Student 4, Journal 1, the a 
 will be instrumentalist, because this student sees math as 

threads when one of the three a priori codes do not apply. For example, the idea thread from 
Student 3, Journal 1 in Table 1 indicates that the student thought of math as memorization. 
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Table 1. Sample codes 

Parent Code Sub Code  Example 

What is 
math 

Instrumental  Once I got to high school, I started putting a little more effort 
into math, mostly because I knew my grades were going to 
matter for applying to colleges. The real switch, however, came 
about halfway through high school when I started looking at 
what major I wanted to pursue. From that point on, I realized 
the importance of math for my life and aspirations.   
(Student 4, Journal 1) 

 
Who does 
math 

Innate gift 
 

Effort for 
grades 

 

 
What is 
math 

 
Memorization 

 I felt like multiplication tables were too hard. I had a difficult 
time focusing in order to memorize them and it took a lot of 
effort from my parents and myself in order to work through that 
difficulty. (Student 3, Journal 1) 

 
We will follow a similar process to address the second research question.  A priori codes will 

be based on the beliefs that mathematics intelligence is an innate gift or achieved through 
effort.  In the incident above from Student 4, Journal 1, the a priori code applied will be an innate 

Emergent codes will be developed as different 
views of mathematicians arise in the idea threads. That same incident will have an emergent code 

s that is different from effort for growing math intelligence.   
We will follow a similar protocol for the third research question.  A priori codes for teaching 

exploration, problem solving, and play. After coding journal entries, we will develop a rubric to 
analyze the final project in terms of those same equitable math teaching practices. 

Upon completion of the codebook, we will divide remaining journal entries between the 
authors to identify and re-code the idea threads. We will then engage in a two-step process to 

all idea threads in the journals were captured and identified accurately. We will then calculate the 
percent agreement between the authors. The second process of reliability assessment will be 

journals will be exchanged and the percent agreement calculated.   
To address the first research question, we will examine general trends across the beliefs 

about mathematics. To address the second research question, we will examine patterns across 
beliefs about who does math
understanding of equitable teaching with different student characteristics, such as college major. 

 
Preliminary Results 

While the full data analysis has yet to be completed, these are some preliminary findings 
related to each of the three research questions.   

How does the experiential learning social justice (ELSJ) class influence undergraduate 
students' beliefs about mathematics?  

the quarter, most of the undergraduate students described mathematics as memorized facts, 
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procedures, or a tool; in contrast, the four mathematics majors tended to see math as problem 
solving and logical thinking.  By the end of the quarter, most students moved from seeing 
mathematics as a set of rules to a set of ideas and a way of thinking. In addition to seeing math as 
a toolkit, students became aware of the intrinsic value of mathematics and see mathematics as a 

instrumentalist to a problem-solving view of mathematics.   
How does the experiential learning social justice class influence undergraduate students' 

perceptions about who does mathematics?  
expanded their perception about who does mathematics. Undergraduate students, who saw 
themselves as innately good at math, grew to recognize that through persistence and effort, 

encourage or discourage that persistence and effort. Students began to see that all students have 
the potential to be mathematicians. In their last journal entry, one business major enthusiastically 

 
How does the experiential learning social justice class influence undergraduate students' 

understandings of how to teach math equitably? 
thoughts about teaching math equitably, such as high expectation, relationships, motivation and 
engagement, and such; the final projects revealed the depth of their understanding. Some groups 
were able to identify ways to provide higher order thinking and problem solving; this aligned 
with equitable teaching. Some other groups focused more on basic concepts and rote learning, 
which tend to perpetuate inequities. 

 
Implications and Future Research 

math, and how to teach math equitably. In person tutoring gave undergraduate students a chance 
to get to know underrepresented high school students, to build a joint learning community with 
them, and to experiment with what types of teaching strategies helped the students learn.  

These undergraduate students scratched the surface of learning what equitable math 
education looks like. We need to continue to study equitable teaching practices at all levels: 
elementary through graduate school.  At the undergraduate level, we can cultivate an open 
mindset about mathematics, an awareness of the disparities that exist, and highlight equitable 
practices such as building learning communities among students from different backgrounds. 

The mathematics learning center is a natural place to cultivate that awareness (Reinholz et 
al., 2020). Tutors have a unique opportunity to develop a relationship with their students, to 

on their individual mathematical strengths. Raising tutor awareness of social justice issues and 
having tutors try out different teaching methods is one way to build a diverse learning 
community. Creating a sense of belonging in the math learning center is a critical first 
step.  From there we can explore other teaching methods to promote equitable math teaching and 
make a difference in the mathematical future of the students who come. 

 
Questions for Audience 

1. Two key components of the class are the immersion experience and the reflection 
piece.  What questions do you have about either of these?   

2. What questions do you have about the specific reflection prompts? 
3. How do these preliminary results impact what you will do in your own classes? 
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A Precalculus Student’s Use of Slope in Finding Linear Equations and Linear Approximations  
 

Kyunghee Moon 
University of West Georgia 

 
This article reports mathematical understanding of one of the precalculus students who 
participated in a teaching experiment. The experiment was designed to help students 
strengthen the understanding of the concept of rate of change and linear equations to prepare 
them for the calculus concepts: tangent line equation and linear approximation. Before the 
experiment, the student understood slope mostly as an algebraic ratio and could not use the 
slope to determine the y-intercept of the line. With the intervention, she strengthened her 
knowledge of slope as both algebraic and geometric ratios and used her knowledge to 
construct linear equations. In addition, she was able to use slope to determine linear 
approximations of function values in various functions. The results suggest that when provided 
with appropriate tasks and prompts, precalculus students can be better prepared for their 
upcoming calculus concepts.  
Keywords: Slope, Linear equation, Tangent line, Linear approximation 

Do precalculus students adequately understand linear equations for their upcoming calculus 
courses? In my teaching experience, I found that most calculus students struggled to find the 
equations of tangent lines or linear approximations. I initially thought that their struggles 
stemmed from their insufficient skills or understandings related to derivatives. However, after 
realizing that many students with correct derivatives could not construct tangent line equations, I 
speculated that their struggles were also due to their lack of understanding of linear equations. So 
I conducted a survey with precalculus students on two conversion problems from graph to 
equation and confirmed that students indeed had difficulty constructing a line equation unless the 
y-intercept could be easily observed from graph. Thus, in order to help them develop 
understanding of slope and linear equations, I designed and researched a teaching experiment 
(Steffe & Thompson, 2000) with a research question: How do precalculus students understand 
linear equations and in what ways understanding linear equations helps them construct equations 
of tangent lines or approximate function values? In this report, I share my preliminary findings 
and seek for suggestions and inputs for the future direction of research. 

Theoretical and Concept Background 
Slope as Algebraic and Geometric Representations 

Representations, especially algebraic and geometric, play a central role in mathematics 
curriculum and instruction. Yet many students do not understand mathematical concepts by 
connecting representations or have difficulty connecting representations in mathematical problem 
solving (Dufour-Janvier, 1987; Even, 1998). Among the concepts requiring the connections of 
representations, rate of change has attracted a lot of research (such as Carlson et al., 2002; Nagel 
et al., 2019; and Thompson & Carlson, 2017). I here describe the rate of change in linear 
equations—slope—, using the framework by Nagle, Martínez-Planell, and Moore-Russo (2019). 

Nagel et al. (2019) categorizes the concept of slope within the APOS framework (Arnon et al., 
2014). Slope as an algebraic ratio is the formula, !"#!$%"#%$

. At an action stage of slope as an algebraic 
ratio, an individual knows the formula as a memorized fact and can compute the value with the 
ordered pairs provided. At the transition level (from action to process) of slope as an algebraic 
ratio, she understands that slope is independent of any two points and may also imagine obtaining 
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the equation y-y1 = m(x-x1) or y = mx+b  without explicitly doing it. Yet she may understand 
slope only in algebraic aspect and has no geometric referents to justify the formula, !"#!$%"#%$

. 
In comparison, slope as a geometric ratio is the rise over the run in a geometric figure. At an 

action stage of slope as a geometric ratio, an individual may see slope as a static image and do a 
simple counting to find slope. At this stage, she has no understanding that the numerator changes 
as the denominator changes; as such, she may struggle with the sign of slope. At the transition 
level (from action to process) of slope as a geometric ratio, the individual knows that slope is 
independent of the size of the triangle being used. As such, she may use slope to determine 
relationships of properties or to describe the behaviors of a line, such as increasing or decreasing.  

When an individual reaches the transition level of slope as both algebraic and geometric ratio 
as well as understands slope as a parameter in y = mx+b  by freely moving between algebraic and 
geometric ratios, she reaches a process stage of understanding of slope. With a process 
conception, she could imagine conversions of slope among arithmetic, algebraic, and geometric 
representations, without explicitly doing the conversions (Nagle et al., 2019). 
Tangent Line and Linear Approximation 

When a function f is differentiable at a point, & ' &(, one can determine its tangent line to the 
curve with the formula, ) * +,&(- ' +.,&(-,& * &(-/0Unfortunately, neither the derivative nor 
the tangent line equation itself involved in the formula is easy for students. Many students do not 
conceptually understand that +.,&- is the limit of the average rate of change (Asiala et al., 1997; 
Orton, 1983; Thompson, 1994). Neither do they understand the structure or meaning of the 
tangent line, making errors such as claiming the slope of the tangent line as +,&(- (Orton, 1983) 
or the tangent line as the derivative of ) ' +,&- (Amit & Vinner, 1990). Further, many 
individuals may not be much familiar with point slope form in which the formula is presented. 
According to Nagel and Moore-Russo (2013), preservice secondary teachers rarely hold the 
point slope form in their concept map of slope. While 11 of 19 teachers included the slope 
intercept form, only 3 included the point slope form in their concept map.  

There are two common ways to find a linear approximation. The first is to find the tangent 
line equation using the formula ) * +,&(- ' +.,&(-,& * &(- and to determine y = +,&1- by 
substituting x = x2 into the equation. The second is to find the slope of the tangent line at x = x1 , 
+2,&(-, find 3)0as +2,&(-3&, and add 3) to +,&(-, yielding +,&(- 4 3) (see Figure 1). The 
cognitive processes involved in the two ways are quite different, although they may be 
intrinsically the same—as ) * +,&(- ' +.,&(-,& * &(- can be converted to ) '
+,&(-4+.,&(-,& * &(- ' +,&(- 4 3)/0 

 
 
 
 
 
 

 
 

Figure 1. Linear approximation.  

Methodology 
The participants of this study were three precalculus students at a small state university in the 

southeast region of the US. I asked precalculus instructors to recommend their students who are 
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active in classroom. I sent an invitation email to all 15 students recommended by their 
instructors. Three students responded to my email and participated in this study. Student 1 was a 
local high school student and had an Algebra 2 course at her high school prior to precalculus. 
Student 2 was a sophomore in biology and had a college algebra course at our university prior to 
precalculus. Student 3 was a freshman in computer science and had an advanced mathematics 
course at a high school in southeast Asia where English was the primary language of instruction. 

Each of the three students were interviewed for a total of 5-7 sessions, with each session 
lasting about one and a half hours. The interviews were conducted in two stages. At the first 
stage—for the first one or two sessions—I used a form of semi-structured clinical interview 
(Ginsburg, 1997) to assess their level of understanding. The interview questions were designed 
to investigate their understanding of various forms of linear functions and quadratic functions as 
well as their ability to use rate of change in constructing function equations. 

At the second stage—for the remaining sessions—I used a form of teaching experiment 
(Steffe & Thompson, 2000) to intervene their understanding, in particular, to strengthen their 
understanding of rate of change as well as to have them use slope in constructing equations and 
finding linear approximations. I began interviews with pre-designed tasks. As the interviews 
progressed, the tasks were modified and more tasks were created based on their responses.   

The analysis of data began at the onset of the interviews. After each interview, I viewed the 
video recordings and prepared a time-coded written record of the content, including rough 
transcriptions of interesting episodes. At the same time, I developed codes based on the research 
questions, the framework of the study, and students’ understandings observed in the data. During 
this initial stage of analysis, I came up with hypotheses on students’ understanding and difficulties 
described in this report. In the next stage, I plan to review data by constantly comparing and 
revising codes in the spirit of constant comparative method by Glaser and Strauss (1967), which 
will help me confirm, rebut, or revise the hypotheses I made at the first stage of analysis.  
 

 
 

 
 

 
 

Figure 2. Linear equation task in pre-intervention. 

Preliminary Findings 
The results presented here are for Student 1 mostly from the interview and written data on the 

problems in Figures 2 and 3. The first graph of Figure 2 shows an integer valued y-intercept, but 
the second and third graphs do not. Figure 3 is three linear approximation problems designed at 
the level of precalculus or algebra. The problem 2 was provided with graphs of the function and 
the tangent line. Problems 3 and 4 were not provided with any graphs. Before given these 
problems, students were explained that a tangent line is almost identical to a curve at a given 
point and that the tangent line can be used to approximate function values.  
Line Equations 

Slope as an algebraic ratio and the Cartesian Connection. When constructing an equation 
for line graphs in Figure 2 during the assessment (at the first stage of the interviews), Student 1 
chose two lattice points through which the line passes and found the slope of each line by 
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calculating !"#!$%"#%$
 (action as an algebraic ratio). For the first graph, she read the y-intercept (0, -2) 

from the graph and successfully used the slope intercept form to determine the equation, ) '
(
5 & * 6. For the second and third graphs, she wrote ) ' (

7 & 4 8 and y =  (5 & 4 8, respectively, 
but incorrectly determined the value of b as -0.3 and 3.3, respectively. When asked how she 
determined b, she said she guessed the values based on the locations of the y-intercepts. 

 
 

 
 
 
 
 

 
 

Figure 3. An example of linearization problem in teaching experiment. 

During the intervention, I asked her if the y = 3x+1 graph passes through the point (2, 7). She 
answered yes because 3(2) + 1 = 7, showing her understanding of the Cartesian Connection—“a 
point is on the graph of the line L if and only if its coordinates satisfy the equation of L” 
(Moschkovich et al., 2013, p. 73). I also asked her what the value of h was when the point (4, 1) 
was on the ) ' (

7 & 4 90graph. She wrote : ' (
7 ,;- 4 9 and successfully solved for h, confirming 

her understanding of the Cartesian Connection in the problem context. I then asked her to 
determine b in the third graph of Figure 2, which she struggled prior to the intervention. She 
wrote 6 ' (

5 ,*<- 4 8 by using the point (-5, 2) from the line graph and claimed that b = 13/4. 
This suggests that students may have difficulty activating their understanding of the Cartesian 
Connection when the whole graph is presented without a reference of a specific point.   

Transition level as algebraic and geometric ratios. When asked to find the value of b, with 
(3, b) on the graph in Figure 4a, she picked two points, (4, -1) and (0, -2), found the algebraic 
ratio, #1#,#(-=#5 , and simplified it to ! (action as an algebraic ratio). She then wrote >#,#(-7#5 ' :?; 
and solved for b, showing the understanding that slope between any two points on the line is 
constant (the transition level of slope as an algebraic ratio). When asked what the change in y is 
if 1 is the change in x, she said ! without any hesitancy or work, confirming her understanding 
of slope as an algebraic ratio in the transition level. When I asked her to use the idea on the graph 
to determine the value b, she drew a triangle using points, (4, -1) and (3, b), wrote -1 and -1/4 for 
the horizontal and vertical segments (Figure 4a), and found b as -5/4 after subtracting 1/4 from -
1, showing a transition level of slope as a geometric ratio. I then asked her to use her geometric 
strategy to find the equations of the second and third graphs in Figure 2. She successfully found 
equations for both. For the third graph, for example, she came up with ) ' (

5 & 4
(7
5  by writing b 

as 3+1/4 with no drawing, by increasing @) of ! to the y-coordinate of (-1, 3), hinting her 
understanding of slope as a process. 
Linear Approximation 

When asked to estimate A:/B< using the given tangent line (problem 2, Figure 3), she first 
determined the slope of 1/2 from the line graph and then the value of b based on the point (1, 1), 

 

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' )&#



 

by thinking @) ' * (
1 when @& ' *:, without drawing (the transition level of slope as an 

algebraic ratio). She then substituted x =1.05 into the tangent line equation, ) ' (
1 & *

(
10C and 

found the value of y for the approximation of A:/B< (the Cartesian Connections). When asked if 
there was any other way to find the estimate, she drew a triangle (see Figure 4b), found @) '
/B6< by setting up " = @!=/=DC0and added 0.025 to 1, showing the transition level of slope as a 
geometric ratio and possibly a process stage of slope. 
 

 
 
 
 
 
 

 
 
(a)                                                       (b)            

Figure 4. Slope in linear equation and its use in approximation. 
 

For both problems 3 and 4 (in Figure 3), she first attempted to represent the functions in  
graphs. For y = 2x2+1, she correctly drew a graph and its tangent line (Figure 5a) and found an 
estimate of f(2.1) by performing a similar work to her work in the problem 2 in Figure 3. For 
problem 4, however, she asked for my help for the ) ' A&E   graph as she did not remember the 
graph. When asked if the shape of a curve mattered in the previous approximation problems, she 
said no and randomly drew a smooth curve along with its tangent line at x = 1 (Figure 5b). She 
then successfully estimated A:/B<E  by doing a similar work to the previous problems. 

 
 
 
 
 
 
 

 
(a)!  Estimate of 2(2.01)2+1                              (b) Estimate of A:/B<E  

Figure 5. Use of slope in approximation. 

Discussion and Future Research  
As for the other two students, Student 2 showed at most an action conception of slope as both 

algebraic and geometric ratios throughout the intervention. Student 3 initially showed the 
transition level as an algebraic ratio, with little conception of slope as a geometric ratio. With the 
intervention, he developed a transition level as a geometric ratio. The results suggest that tasks 
such as those used in this study can strengthen student understanding of slope and linear 
equations that is necessary for the concepts of the tangent line and linear approximation. 
However, for students who profoundly lack the understanding of slope and linear equations, such 
as Student 2 who remained at the action stage despite intervention, more research is needed to 
investigate their underlying problems. 
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The Teaching TRIOS project aims to promote strength-based faculty peer-observation of 
teaching for professional development. In this project, we present preliminary work from a 
comparative case study of two teaching TRIOS groups, one largely strength-based and the other 
primarily weakness-based. We seek to understand the levels of reflection facilitated by a 
strength-based and weakness-based approach to observation through the lens of the Onion 
Model for levels of change (Korthagen, 2004). Preliminary results indicate that a strength-based 
approach may promote more frequent reflection upon deeper aspects of oneself, such as beliefs, 
identity, and mission.  

Keywords: Faculty Development, Peer Observation, Teaching TRIOS, Core Reflection 
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Instructors who prepare prospective teachers should provide opportunities for them to make 
connections between Abstract Algebra and secondary mathematics. This study focuses on an 
instructor who guided prospective teachers to connect properties of algebraic structures with 
equation solving procedures by evoking their intellectual needs (Harel, 2013) for computation, 
structure, causality, and communication. The students resolved such intellectual needs by using 
ring properties as tools to justify their solutions to equations. We characterize the intellectual 
needs the instructor evoked, along with her pedagogical moves used to evoke them during class 
discussion. We discuss how we will extend this analysis and provide implications for teaching. 

Keywords: Abstract Algebra, Equation Solving, Prospective Teachers, Intellectual Need 
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Eigentheory concepts are central in mathematics and physics; they serve multiple functions, such 
as symbolizing physical phenomena and facilitating mathematical computations. The words 
associated with eigentheory develop and vary over time (e.g., eigenvector, eigenstate), as do the 
associated symbols (e.g., Ax = x, H|En> = En|En>). The focus of this study is how the concept of 

s over time for a quantum mechanics classroom community. We analyze the 
public displays of form-function relations used in the classroom community (Saxe, 1999). In this 
preliminary report, we summarize the forms and functions identified in the first 19 class sessions 
and share progress on our analysis of shifts in the uses of forms and functions over time. 
 
Keywords: eigentheory, linear algebra, quantum mechanics, form-function, classroom analysis 
 

Eigentheory concepts are central in mathematics and physics. They serve multiple functions, 
such as symbolizing associated physical phenomena and facilitating mathematical computations. 
Physics students reason about eigentheory concepts in Linear Algebra courses where eigen-
equations often first look like , with  matrix ,  in  or , and  is a scalar; 
they may also encounter , where  is a linear operator on vector space  Students 
further reason about eigentheory in quantum mechanics, where eigenvalues of various Hermitian 
operators represent possible measured values of corresponding observables. Furthermore, 
physics students learn Dirac notation, in which eigenequations take on forms, such as  

 and , and function to convey information related to spin and 
energy, respectively. In quantum mechanics, 
2012, p. 30). 

Several verbal, symbolic, and written forms can be associated with the same eigentheory 
concept, and many of these forms can serve different functions (Saxe, 1999) in both math and 
physics. These form-
ground is negotiated through verbal or written communication. This development for eigentheory 
concepts in a Quantum Mechanics course is the focus of this study. We pursue the following 
research question: over time for a quantum mechanics 
classroom community? To do so, we leverage a form-function analysis (Saxe, 1999), analyzing 
the public displays of form-function relations used in the classroom community. We identify 
each form that was used during whole-class discussion and infer the function of the form. So far, 
we have identified forms and functions from the first 19 class sessions. Our current analysis 
involves examining how shifts in the uses of these forms and functions occurred over time. 

 
Literature Review 

There is a growing body of literature on student understanding of eigentheory and teaching 
innovations that support student reasoning about eigentheory (e.g., Altieri & Schirmer, 2019; 
Beltrán-Meneu et al., 2016; Bouhjar et al., 2018; Gol Tabaghi & Sinclair, 2013; Karakok, 2019; 
Manogue et al., 2001; Plaxco et al., 2018; Pollock et al., n.d.; Salgado & Trigueros, 2015; Serbin 
et al., 2020; Wawro et al., 2019b). There are many conceptually complex aspects to a deep 
understanding of eigentheory. For example, interpreting the symbols  can involve 
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recognizing the matrix-vector product  as the same mathematical object as the scalar-vector 
product  (Thomas & Stewart, 2011). It can also involve conceptualizing eigenvectors as those 

 which are stretched by matrix  (e.g., Henderson et al., 2010; Sinclair & Gol Tabaghi, 2010). 
These correspond to a relational meaning of the equals sign (Knuth et al., 2006) and a functional 
interpretation of  (Larson & Zandieh, 2013), respectively, and have also been 
documented with quantum mechanics students (Wawro et al., 2019a; Wawro et al., 2020b).  

Physical science students face additional complexities in reasoning about eigentheory, given 
that the mathematical objects and symbols relate to physical referents (Rodriguez et al. (2018). 
Researchers have suggested that interpreting mathematical symbolic expressions in terms of 
physical phenomena is a nontrivial endeavor for students (e.g., Caballero et al., 2015; Her & 
Loverude, 2020; Serbin & Wawro, 2022). Physics students face challenges in interpreting 
eigentheory symbols because those symbols and their word forms take on additional meanings in 
quantum mechanics contexts (Dreyfus et al., 2017; Gire & Manogue, 2011; Pina et al., 2022; 
Wawro et al., 2020a). For example, Wawro et al. (2020a) found that as physics students 
interpreted the meaning of the symbols in the eigenequations  and , a 
student was unsure how to resolve the disconnect between their geometric interpretation of the 
first equation and their quantum mechanical interpretation of the latter equation. Pina et al. 
(2022) also demonstrated different meanings students had for an eigenequation. They identified 
three different symbolic forms (Sherin, 2001) that physics students had for a position operator 
eigenequation that share a symbol template but have different conceptual schemata: a 
transformation which reproduces the original, an operation taking a measurement of state, and a 
statement about the potential results of measurement. These studies illustrate the complexity 
associated with interpreting eigentheory symbols and the varied meanings these symbols convey.  
 

Theoretical Background 
Through his anthropological work on the cultural development of mathematical ideas, Saxe 

(1999) created a framework for investigating the form-function relations created by individuals 
and a community over time. A form is a verbal, symbolic, graphical, or physical representation 
that takes on mathematical meaning. As individuals engage in activity or communication, they 
tailor forms to serve certain functions in activity, thereby establishing form-function relations. 
Functions 
accomplish practice-
different functions, and functions can be served by different forms. For example, the form 

can function to conveying a constant rate of change or exhibit covariation of two variables, 
and the forms e and 1 can both serve the function of symbolizing a group identity (Plaxco, 2015).  

Saxe and colleagues leverage this fram

2021, p. 8). Common ground is created 
of mathematical thinking, making use of representational forms (linguistic, graphical, gestural) to 
serve communicative and problem-
interaction, and is at best taken-as-shared by community members. To identify how forms serve 
certain functions and how form-function relations shift over time, we perform microgenetic and 

19 class sessions. 
Microgenesis is the process by which individuals construct representations by tailoring forms 
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to serve functions that accomplish goal-directed activity (Saxe et al., 2015). This often occurs in 
public displays during class and contributes to the alteration of a common ground. Individuals 
are enabled and constrained by the common ground as they create new form-function relations. 
They can use familiar forms to serve new functions or recruit new forms to serve existing ones. 
Saxe et al. (2015) referred to the use of familiar forms or functions as continuity and the use of 
new forms or functions as discontinuity. Ontogenesis is characterized by shifts in microgenetic 

individuals reproduce and alter form-  
 

Methods 
The data analyzed in this paper come from an in-person, senior-level Quantum Mechanics 

course taught in a medium, public, research-active university in the northeast US. The semester-
long, 3-credit course met three times a week for 50 minutes per class. The first nine weeks (23 
days) of class sessions were video recorded, with a focus on capturing the professor and whole-
class discussions. The professor was an experienced quantum mechanics instructor and physics 
education researcher. The course had 17 students and used McIntyre et al. (2012) as its textbook. 
The data sources were video recordings and associated transcriptions. Only exchanges that 
occurred with the entire class (as compared to small groups) were analyzed. 

We imported transcripts into MaxQDA, which is a qualitative and mixed methods data 
analysis software (Kuckartz & Rädiker, 2019). We inductively coded (Miles et al., 2013) of both 
transcript and screen captures of slides and boardwork. We coded together while watching the 
videos, discussing our codes, and resolving inconsistencies as needed. We coded the instances in 

e
implicit uses occurred when words such as state, value, or  were used in ways compatible 
with eigen-related interpretations. Our coding system had a nested organization according to 
form. At the primary level, main forms were separated according to what was characterized by 

e.g., eigenstate, eigenbasis). The second organization level separated main forms into 
the speci - 

 was said, - 
 - bol  was used 

to convey eigenvector meaning. The final level of coding corresponds to the function that we 
interpreted the form to have when the form-function relation was detected. For example, any of 
the aforementioned eigenvector forms could have associated functions such as being an element 
of a basis that diagonalizes a spin operator or being part of the computation for determining the 
probability of measuring a certain spin value. If an instance involved more than one form  for 
insta  the same function was assigned twice; this 
resulted in two form-function pairs for that instance. We started preliminary ontogenetic analysis 
by examining how forms, functions, or form-function pairs were used throughout the data. 

 
Preliminary Results 

At the time of this preliminary proposal submission, we have coded the whole-class 
discussions of 19 consecutive class sessions for a total of 576 instances in which a form-function 

a for the distribution of 
those instances over the days. We have a small amount of remaining refinement to do (codes 
from Day 6 and some of Day 9 need to be added, Day 10 needs a final confirmation). We will 
complete this refinement prior to the conference and will integrate it into our presentation.  
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(a)   (b)  
Figure 1. Bar chart indicating the frequency per day of the instances in which a form-function pair for the 

 (a), and summary of the various types of form-function pairs (b). 
 

The form-function pairs are summarized in Figure 1b according to the six main forms of 
eigenvalue, eigenvector, eigenstate, eigenequation, eigenbasis, and miscellaneous uses (e.g., 
eigen-esque-ish, eigen math, eigen-ness). The numbers in the square brackets, which sum to 576, 
indicate the total number of times a form-function pair occurred in the data. The middle three 
columns organize unique form-function pairs with specificity regarding the form. For example, 
there were 32 different functions that were associated with a symbolic form accompanying 

an could be the form used to symbolize the eigenvalue in 
an eigenequation, the eigenvalues along the diagonal of a diagonalized matrix, or the expectation 
value of a measurement corresponding to an eigenstate; these are three of the 32 functions for the 

an - Eigenvalue row / Symbolic column. On the other hand, the form 
En - pair with these functions in the energy context, such as symbolizing 

the nonzero entries of a diagonal energy Hamiltonian; that form-function pair is a fourth of the 
aforementioned 32 form-function pairs. In total, there were 349 unique form-function pairs.  

 

 
Figure 2. The dispersion of forms with the same function of being the result of a measurement. 

 
Functions Associated with Several Different Forms 

We performed a preliminary ontogenetic analysis by documenting the instances that different 
forms were used to serve the same function and determining the dispersion of those forms over 
time throughout the 19 class days. For example, conveying the result of a measurement (Fig. 2) 
and a structure inherently tied to an operator (Fig. 3) were two commonly-used functions, each 
associated with several forms in our dataset. The dispersion of the forms that served the function 
of being the result of a measurement is shown in Figure 2, and the dispersion of the forms that 
served the function of being a structure inherently tied to an operator is in Figure 3. The width 
of the black bar conveys the number of times the form occurred on that day (e.g., in Figure 2, the 

 symbolic form occurred twice on day 5, once on day 8, and four times on day 10).  
We identified seven forms that were each associated with the function of being the result of a 

measurement (see Figure 2). This function was conveyed during ten of the class days, spread 
between days 1 and 15. Furthermore, in one class session (day 10), the class community used 
five of the seven different forms to serve this same function (see Figure 2). This illustrates how 
the class community associated the different eigenvalue forms of  - symbolic,   - verbal,  
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 - verbal,    verbal   - verbal  
with the same function all in the span of one class session. Furthermore, we identified 15 forms 
that were each associated with the function of being a structure inherently tied to an operator 
(see Figure 3). By this function, we mean that the speaker was conveying some sort of structural 
quality imbedded in or inextricable from the operator. For example, a student claimed that 
certain are eigenstates of the operator. This conveyed  
form, that eigenstates belong to or are a property operators, an inherent relationship between 
eigenstate and its operator. This function was conveyed in ten of the class days, spanning from 
day 5 to day 18, which illustrates a wide dispersion of the use of this function during class. On 
both day 7 and day 14, there were five different forms used that were all associated with this 
same function. Overall, these findings from the preliminary ontogenetic analysis illustrate how 
the class community used several different forms to convey the same function, even within the 
same class day. The recurrent use of the same functions over time demonstrates the continuity in 

ays 
over time. The class members altered existing form-function relations as they tailored different 
forms to serve the same function. Our remaining ontogenetic analysis will involve additional 
fine-grained examination of change over time; for instance, how the eigenequation itself changed 
form across contexts (e.g., abstract, spin, energy, position) but what threads of continuity exist 
and were leveraged throughout the semester as the classroom engaged with quantum mechanics. 
 

 
Figure 3. The dispersion of forms with the same function of being a structure inherently tied to an operator. 

 
Conclusion 

In this study, we are investigating 
eigentheory over a span of 19 class days. We performed microgenetic and preliminary onto-
genetic analyses (Saxe, 1999) of form-function pairs that the class used to communicate about 
eigentheory concepts. We plan to continue this analysis, as well as examine how these form-
function relations are reproduced and altered over the remaining class days in our data set that 
address content related to wave functions. At the conference, we will engage the audience with 
discussion questions related to the pros and cons for various axial coding choices and the grain 
size of our codes, as well as solicit feedback specific to working with longitudinal classroom data 
and communicating about data related to both mathematics and physics. 
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The inclusion of mathematical creativity as a learning outcome in mathematics courses and 
programs has been discussed in numerous research studies and curriculum-standard documents 
(e.g., Askew, 2013; Levenson, 2013; Schumacher & Siegel, 2015; Silver, 1997; Sriraman, 2009). 
Despite these calls, the growth of explicit curricular work on creativity in mathematics courses, 
and professional development on teaching to include mathematical creativity at the tertiary level, 
has been slow. Recent work at the tertiary level has been limited to pre-service teachers (e.g., 
Bicer, 2021), mathematics majors in mathematics seminars (e.g., Mayes-Tang, 2020) or upper-
division courses beyond Calculus (e.g., Omar et al., 2019). Thus, our overarching goal is to 
challenge 
mathematical creativity and explicit teaching strategies to foster it. 

In this preliminary report, we first describe our work with Calculus instructors. We discussed 
strategies to implement Calculus tasks geared towards fostering mathematical creativity in a 
semester-long online Professional Development (we refer to this professional development as C-
PD here). Our project focused on Calculus 1 as this course 
persistence in science, technology, engineering, and mathematics (STEM) programs (Rasmussen 
et al., 2019) and creativity is often overlooked in this course (Ryals & Keene, 2017). We also 
share results of preliminary analysis of data from the qualitative case study designed to explore 
the lived experiences of Calculus 1 -based tasks (El 
Turkey et al., 2020
within a coordinated Calculus course. Our focus on coordinated Calculus 1 course was 
intentional - course coordination is considered a driver for instructional change (Rasmussen et 
al., 2019), and we believe it is timely to explore individual  experiences within such 
structures. The research question of this study is: What are the experiences of Calculus 1 
instructors in a coordinated Calculus course when utilizing teaching strategies to foster 
mathematical creativity? 
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Conceptual Framework 

theoretical perspective (Kozbelt et al., 2010). The primary assertion of this theory is that 

actions as opposed to the product created by them. Within this theoretical framing, we consider 
mathematical creativity as a process of offering new solutions or insights that are unexpected for 
the student with respect to their mathematics background or the problems they could have seen 
before (Savic et al., 2017). Fostering mathematical creativity with this conceptualization requires 
instructors to take intentional actions to engage students in the creative process of problem 
solving (Sriraman, 2005, Cilli-Turner et al., 2019).  

In Tang et al. (2022), we examined teaching actions that students reported as contributing to 
their sense of creativity in their Calculus 1 course during which the instructors participated in C-
PD. The student-reported teaching actions focused on designing and implementing creativity-
based tasks using inquiry-or
affect. These teaching actions centered around 

implementing creativity-based tasks and teaching strategies in a coordinated setting.  
We utilize a theoretical model proposed by Goos and colleagues (Goos, 2009, Goos et al., 

2007; Goos & Bennison, 2019) to examine teacher learning and development, which applied and 

socio-
 and through their interactions with 

other C-PD participants while trying to utilize the C-PD materials.  
Goos et al. (2007) describe three zones, each of which focuses on different aspects of teacher 

learning and development: the Zone of Proximal Development, the Zone of Free Movement, and 
the Zone of Promoted Action. Adapted from Vygotsky  (1978) work, the Zone of Proximal 
Development (ZPD) refers to the possibilities for developing new teacher knowledge and beliefs 
on content and pedagogy. The Zone of Free Movement (ZFM) 

views of curriculum design and assessment methods, and their connections to institutional 
culture and so forth are part of the ZFM. The third zone, the Zone of Promoted Action (ZPA), 

focuses on active-learning strategies (i.e., institutional norm), an instructor may utilize teaching 
practices learned in a professional development on inquiry-based learning, which represents 
ZPA.  

Overall, Goos et al. (2007) observed that these zones complement each other in the effort to 
For teacher learning to occur, 

professional development strat
[ZPD] and promote teaching approaches that the individual believes to be feasible with their 

 Also
inter-related 
important role on learning and development of teaching strategies. For our study, this zone 
theory approach provides a structure to better understand the experiences of participant
teaching to foster mathematical creativity in a coordinated course environment.  
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Methods 
We report on two instructor-participants at a university in the Northeastern United States. 

This works falls within a larger research project investigating 
and the ways in which it can be fostered through teaching of Calculus I. Even though the larger 
research project consisted of 3 cohorts with 14 instructors total, we focused on only two 
participants, as they were in the same cohort and at the same institution in which the course was 
coordinated.  

The two instructors chose their pseudonyms, and we also report their self-identified 
pronouns, genders and race: Farah Nurhalizah (They, Male, Asian) and On the 1s and 2s (She, 
Female, Black). These instructors formed the case for this study. At the time of the C-PD, Farah 
was a full-time instructor and On the 1s and 2s was an assistant professor, and both were in their 
first year teaching at this particular institution. Both participants had taught Calculus 1 more than 
5 times previously with 6-10 years of teaching experiences.  

Both instructor participants attended weekly online professional development with members 
of the research team to discuss the different components of the project: creativity-based task 
design and implementation; implementation of a reflection tool for formative assessment 
(Karakok et al., 2020); pedagogical actions; and attending to . All participants 
were asked to implement two common creativity-based tasks in their courses and design at least 
four additional tasks to implement. Participants could decide how to implement these tasks 
according to their setting. During the C-PD, they discussed implementation strategies with the 
research team and other instructor participants. We collected various data: Calculus teaching 
artifacts from prior semesters, video recordings of all C-PD sessions, part
tickets to weekly C-PD, video recordings of teaching of creativity-based tasks, and end-of-
semester interview with participants. In this report, we share some of our initial analysis of 
video-recorded interview data from each participant. We started our data analysis with the 

experiences before engaging with other data sources. For this initial coding (Saldaña, 2013) as 
the first cycle in our analysis, the first two authors read through the interview transcripts to get 
analytic leads to explore the lived experiences of teaching Calculus while attending to the C-PD. 
From this coding, we started our second cycle with a deductive approach to structure the 
observed experiences through a zone theory with ZPD, ZFM, and ZPA constructs. By the time of 

tickets and conversations during C-PD sessions with ZPD, ZFM, and ZPA constructs to describe 
their experiences.  

Preliminary Results 
We first note that both participants implemented only two creativity-based tasks, due to 

interruptions in teaching modality caused by the COVID-19 pandemic in the middle of the 
semester.  

Farah Nurhalizah (They, Male, Asian)  
Farah described their teaching 

significant feature of their environment (ZFM) and Farah seemed to believe that it hindered their 
access to their already- t 
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took a while for me to get used to it  And I think students could feel that I wasn't like totally 
buying into the structure.  

recommended focus on conceptual understanding from the coordinator (ZFM) and the newly 
added focus on creativity from C-PD (ZPA) created a tension with their existing beliefs on 
teaching Calculus (ZPD). When asked how they could have adjusted pre-designed worksheets to 

underemphasized the 
conceptual unde

,
definitions, and some proofs, which the course did not design to deliver them. For their section 
of the course, -
supposed to do. The inclusion of definitions and some proofs for Farah was about being 

mathematics and teaching 
mathematics (ZPD).   

As Farah tried to reconcile their existing teaching Calculus practices with these pre-designed 
worksheets and the coordination structure, they identified some aspects of the worksheets that 
could potentially foster mathematical creativity (ZPA). Incorporating their experience with C-PD 
on features of creativity-based tasks (El Turkey et al.

- all 
students got to these questions nor was there an emphasis to discuss or do these questions in 
class (ZFM). However, Farah thought that there was a possibility to foster creativity if they had a 
chance to discuss these questions. These observations highlight the dynamic and inter-related 
relationship of ZFM and ZPA in 

class discussion speaks to their developing ZPD on teaching Calculus 1 to foster mathematical 
creativity and navigation through the tension they experienced between their existing ZPD and 
the professional environment (ZFM).  

On the 1s and 2s (She, Female, Black) 
Calculus 1 in a coordinated Calculus to foster 

creativity highlights explicit aspects of the ZFM/ZPA complex. Speaking about her experience 
teaching coordinated calculus (ZFM) and participating in C-PD (ZPA), she thought her teaching 
did not necessarily change in the current course, but this C-

 
For On the 1s and 2s, one of the important differences between the coordinated worksheets 

(ZFM) and the creativity-based tasks (ZPA) was the goals of these tasks. She identified one of 
the goals of the creativity-

interactions with Farah and other participants of the C-PD (ZPA), she was able to change some 
elements of the professional environment (ZFM). For example, they (all Calculus instructors, 
including Farah and the course coordinator) used one of the creativity-based tasks in their weekly 
check-in assessment. This task asked students to create a function where the limit exists at -1, but 
not continuous. Even though all instructors did this task in the same format on an assessment, On 
the 1s and 2s followed up with students, after the assessment, with a whole-class discussion on 

nges and you have to 
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-PD on how to design and implement creativity-based tasks 
provided her opportunities to envision how to navigate in her environment (ZFM).  

Even though she and Farah were teaching their own sections of the same coordinated 
Calculus 1 course, her experience with the worksheets or the coordinated structure 
(environmental constraints) mostly interacted with the ZPA to form a ZFM/ZPA complex that 
informed her evolving ZPD. These ZFM/ZPA negotiations played a 
teaching experience for mathematical creativity.  

Conclusion and Questions 
Coordinated courses have opportunities to create coherent experience for students taking 

Calculus 1 and subsequent courses at the same institution. For instructors, coordinated structure 
could provide several opportunities: collaboration among faculty with shared objectives, 
professional development, and building of common tools and resources. Furthermore, Williams 
et al. (2022) claim that course 
(p. 126). However, some instructors may feel loss of autonomy and flexibility in their teaching. 

coordinated independence intended to 
embrace how in-step elements of a calculus program work together with elements that allow for 
individual autonomy As many institutions use or aim to use 
coordination for Calculus courses, it is important to explore the coordinated independence 
construct. This construct could allow us to understand the barriers and opportunities to create a 
coherent course design for students.  

professional development in a coordinated structure. Our preliminary analysis results relate to 

ZFM/ZPA complex. For Farah, this complex created a tension with thei
existing ZPD was more aligned with the ideas promoted in C-PD (ZPA) than the coordinated 
calculus structure (ZFM). On the other hand, On the 1s and 2s identified certain aspects of the C-
PD (ZPA) to make changes in her professional environment (ZFM) and had a vision to do more 
in her teaching practices (developing ZPD). These experiences, with their differing tensions and 
negotiations, may explain formally why it is difficult for teachers to incorporate creativity into 
their classrooms, particularly in a coordinated setting. We must acknowledge the unique nature 
of the setting in our analysis  COVID-19 forced many to use pedagogical tools that were not in 
their ZPD at all. In our future work, we will continue to explore these areas as they relate to the 

  
We are interested to learn from audience:  

1- What strategies do instructors use when they experience tensions between their zones 
of development? 

2- What strategies do professional development facilitators need to adopt when 
instructor participants experience such tensions? 
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Mathematical microaggressions (MM) refer to the subtle ways in which mathematical 
authorities use language, behavior, and assumptions that communicate negative messages to 
students that they do not belong in mathematics (Su, 2015). This study analyzes the reflections of 
173 undergraduate mathematics students who were asked to reflect on an article (Su, 2015) 
about MMs. Findings show that students experience different types of MMs, including 
microslights, microinsults, and environmental microaggressions. Our results indicate that female 
students were more likely to report experiences with MMs than male students. This research 
supports the need to investigate this phenomenon further and to develop initiatives at 
departmental and institutional levels to encourage more inclusive spaces in math classrooms. 
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Microaggressions (MA) have been characterized as the intentional or unintentional 

and/or their marginalized group (Sue, 2010). Within the realm of education, the prevalence and 
effects of MA
in a university context, refers to the perceived social support and the experience of mattering or 
feeling cared about, accepted, respected, valued by, and important to the classroom and campus 
community (Strayhorn, 2018). Recent scholarship has revealed that MAs are prevalent in 

marginalized groups (Solórzano et al. 2000; Yosso et al., 2009). As an example, Lewis et al. 
(2021) reported that a higher frequency of racial MAs significantly predicted lower overall sense 
of belonging for students of color, and similar connections between MAs and sense of belonging 
can be found in studies centered on women (McCabe, 2009).  

Microaggressions have been well reported as widespread in academic spaces and detrimental 
to student outcomes. Within STEM departments, which already face issues in representation 
from marginalized communities, reports of MAs are distinctive. Students of color, especially 
Black students, report racial MAs from STEM instructors, advisors, and peers (Lee et al., 2020). 
Further work shows that the effects of MAs can be magnified in STEM spaces. Leyva and his 
colleagues (2021) report how discouraging classroom practices, many of which can be 
characterized as MAs, had discriminatory impacts on women and students of color. Marshall et 
al. (2021) noted that in the context of STEM, MA
to participate in the academic pipeline, especially for students historically excluded from the 
sciences on the basis of race or ethnicity. MA
STEM, and more needs to be done at an institutional level to better support student retention and 
sense of belonging within STEM fields (Lee et al., 2020; Rainey et al., 2018).   

Our paper is framed through the subtle layers of microaggressions and how they can be 
received by mathematics students (Marshall et al., 2021; McKenna et al., 2021; Su, 2015). As an 
extension from discussions of racial microaggressions, Francis Su (2015) used the term 
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mathematical microaggression (hereby labeled as MM), which refers to the subtle ways that 
mathematical authorities (such as instructors, classmates, or textbook authors) communicate that 
one does not belong in mathematics. Su offered 

comments can convey negative messages towards students (e.g., their knowledge is lacking, their 
questions are unwelcome, their potential in mathematics is limited). In order to highlight the 
undeliberate intentions in which MMs are often exchanged in math classrooms, he used the term 
microslights, which are defined as unintentional comments or language in which the aggressor is 
often unaware could be exclusionary. Accounting for more intentional and/or aggressive MMs 
from instructors toward students, McKenna et al. (2021) define microinsults 

ability. Marshall and her colleagues (2021) define environmental microaggressions (EM) as 
relating to MAs that exist in the environment in which a person exists, not directly received by 
an individual. EMs to include any MM that exists 
in the experience of learning but is not inflicted by any one person to another person directly. For 
example, an EM could be witnessing peers understand a topic quickly or a professor moving 
quickly through a mathematical explanation. Because a student understanding a topic quickly is 
not done purposely to harm another person, we categorize this MM as subtly different than 
microslights or microinsults, which are more directed towards individuals. 

Our study focuses on the MMs that mathematics students reflect on experiencing throughout 
their learning. This paper focuses on the following three research questions: 1) How do 
mathematics students describe experiencing MMs? 2) What types of MMs do students 
experience? 3 MMs vary by gender? 

Methods 
This study took place at a large public university on the West Coast of the U.S., designated as 

a Hispanic-serving Institution. Data for this paper were collected between Fall 2019 and Spring 
2022. The sample included 173 participants enrolled in calculus I (47 students in two sections) or 
abstract algebra (126 students in four sections), taught by the same instructor (Author 4). Course 
modalities included both in-person and virtual instruction. These classes incorporated inquiry-
based learning and active learning and provided a significant amount of time for student 
collaboration and discussion during class instruction. Based on institutional data of the 173 
students, 42.8% were female and 57.2% were male. 50.9% of the students were Latine1, 3.5% 
were Black, 18.5% were AAPI, 13.3% were white, one student was Native American, 6.9% were 
undocumented2, 3.2% two or more races, and 4% where race was unknown. 

Throughout the course, students were asked to submit reflection assignments. In one of these 
assignments, students were asked to read article on MMs, to reflect on the paper, and 
to describe if they have ever been made to feel like they do not belong in mathematics. Students 
could reflect on any moments in their math experience. The instructor created this assignment as 
part of a series of assignments for the purpose of creating a more inclusive classroom space for 
collaborative learning. The 173 reflections form the data set for this study; each reflection was 
given an identifier that included the course  gender, race/ethnicity, and major.  

 
1Latine is a gender-neutral replacement of the term Latino. It has been used as a more linguistically natural 
alternative to Latinx or Latin@ for Spanish-speakers (Celis Carbajal, 2020).  
2 We note that undocumented  is not a race or ethnicity, however, the university uses this category.  
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The data were analyzed using constant comparative methods (Corbin & Strauss, 2008). The 
first round of coding utilized deductive coding. All de-identified reflections were initially coded 
by all authors to identify microaggressions that students experienced in STEM, specifically 
mathematical, racialized, and gendered microaggressions. For purposes of this paper we focused  
on MMs and therefore analyzed these data in the second round of coding. First, we coded for 
Who Received a MM with four sub-codes emerging: i) student has directly received/experienced 
an MM, ii) student has never received/experienced an MM, iii) student has not directly 
received/experienced an MM but can imagine how it could affect others, and iv) student has 
inflicted an MM on another person (reflections could be coded for more than one sub-code). 
Next, for those students who indicated directly receiving an MM, we coded for Type of MM 
discussed and Who/what inflicted the MM. Finally, we coded for Pushback to the concept of MM. 
Pushback could include a student stating that MMs were not real or a student explaining away 
the MM by claiming that they themselves lacked discipline or knowledge or should be a better 
student. A third round of coding commenced where authors grouped types of MM directly 
received and labeled each as a microslight (Su, 2015), a microinsult (Mckenna et al., 2021), or an 
EM (Marshall et al., 2021). After each round of coding, the authors cross-coded a subset to 
verify validity of application of codes. Authors met to discuss any disagreements of codes.   

Findings 
From the 173 student reflections, 69.9% indicated having directly received a MM, 4% have 

never directly received a MM, 20.8% could imagine how MMs can negatively affect others, and 
6.4% indicated that they have inflicted MMs on others. Students who directly received an MM 
(N=121) indicated 11 distinct types of MMs (see Table 1); 65.3% of students indicated a 
microslight, 16.5% indicated a microinsult, and 19.8% indicated an EM.  

From the 121 students who received an MM, most indicated having received microslights, 
with 40.5% of students indicating the MM It s obvious/trivial/easy . Representative of other 
entries, Edwin, a Black male student in abstract algebra said I heard a professor say that a 
proof to a lemma was obvious. I didn t ask about it, although I didn t understand it, because I 
didn t want to look dumb in front of my peers for not seeing an obvious proof . Other students 
described similar experiences. Subsequently, 14% of students reported being told You should 
have learned this before , and 9.9% reported hearing The rest is just algebra  or not being given 
enough wait time. Typical of No wait time  examples, Lianne, a white female student in 
abstract algebra described experiencing professors say,  with 

Sometimes it takes a few seconds to build up the courage 
to ask a question, but when the teacher moves on too quickly it makes you wonder, How does 
everyone else understand but me? . The remaining three microslights represented less than 10% 
of student responses and will not be discussed here. 16.5% of the students reported hearing the 
microslights that Su (2015) wrote in his paper, but did not specify the type. 

Table 1: Frequencies by type of mathematical microaggression students reported directly receiving (N=121) 

Type of Mathematical Microaggression Frequency (%*) 
Microslight 79 (65.3%) 

It s obvious, trivial, easy  49 (40.5%)  
You should have learned this before  17 (14%)  
The rest is just algebra   12 (9.9%)  

No wait time  12 (9.9%)  
Ignoring/dismissing questions, see me after class  8 (6.6%)  
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The concept is not that bad   6 (5%)  
There is no such thing as a dumb question  6 (5%)  

Microinsult 20 (16.5%) 
Belittle/shame student  12 (9.9%)  
Not believing in a student, ou re not good enough  8 (6.6%)  

Environmental 24 (19.8%) 
Seeing others get it quickly  18 (14.9%)  
Professor moves too quickly/Skips Steps  7 (5.8%)  

MM not specified 20 (16.5%)  
Other  11 (9.1%)  
*Note that totals are greater than 100% as some students reported more than one MM 

Students reported experiencing microinsults less often than microslights; 70% of microinsults 
were reported by students in abstract algebra. Students discussed instructors belittling them or 
shaming them (9.9%) or not having an instructor believing in their ability to do mathematics 
(6.6%). For example, Reese, a Latino male student, felt belittled during class when he wrote a 
problem that he struggled with on the board . When she 
got to the problem she said, 

 This made Reese feel embarrassed 
and less intelligent than the other students in his class. Students described two ways of 
experiencing EMs; 14.9% of students indicated feeling like they did not belong when they saw 
other students understanding the material quickly while 5.8% of students described feeling 
excluded when instructors skipped steps or moved too quickly through the material.   

Students who directly received a MM indicated receiving them from professors (63%), K-12 
teachers (11.5%), peers (16.5%), and the textbook (6.6%). Alice, a female Asian American 
calculus student, explained how she experienced receiving MMs during class group work:  

There were times where I was in group work settings and I would ask a question and all 

briefly. It made me think that I am not qualified enough to be in this class because I was 
not able to learn my basics well enough. 

Eleven students admitted to being a microaggressor toward a peer who was struggling with 
course material or students they were tutoring. All but two of these students were male. As an 
example, Douglas, a Latino male abstract algebra student menti

personally consider the perspective of students who may be experiencing these same topics 
. For most of these students, their reports of being 

microaggressors at a previous time were combined with reflections of their own teaching 
philosophy, newly informed by the potential negative effects of their previous comments.  

Of the 173 reflections, 17 students (9.8%) demonstrated pushback against the discussion of 
MMs. Reasons behind pushback varied but largely arose from three perspectives toward MMs: i) 
MAs are unintentional and do not warrant emotional response, ii) MAs are an opportunity to call 
out a student s shortcomings, and iii) discourse regarding MAs is a politicized diversion from 
addressing lack of effort. An example provided by Garrett, a white male calculus student, 
exemplified how MMs are an excuse for students to maintain poor effort:  

I feel that the use of microaggressions as an excuse to why a student feels like they are 
failing a math class is concerning. I feel that too many students do not put in the effort to 
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learn how to do math and refuse to ask questions which results in students blaming so 
called "microaggressions" on their failure. 

All but one of the 17 students who demonstrated pushback to the idea of MMs were majors 
within the colleges of science and engineering. Five of the 17 students who displayed some 
pushback against MMs were female. We should note that these five students focused on the 
unintentional nature of MMs as a reason to push back and argued that they themselves may have 

MM.   
There is evidence to show other findings when comparing gender. Female students more 

frequently experienced MMs than male students; 78.4% of female students (N=74) reported 
experiencing an MM compared to 63.6% of male students (N=99). Female students indicated 
higher experiences with microslights and EMs. A notable discrepancy occurs specifically with 
reports of microslights, where 52.7% of the female students reported having experienced 
microslights, compared to the 40.4% of male students. Male and female students indicated 
receiving microinsults at similar rates (12.1% compared to 10.8%). It should be noted that all 
students who indicated that they had never experienced a MM were male; none were female. 

Discussion 
Our study showed that a large proportion of students have directly experienced a MM. Most 

students This microslight may have been 
discussed more than others as Su (2015) lists this in his paper as the first example of a MM. It is 
particularly notable that female students reported experiencing MMs more than male students. 
We believe that it is important for instructors to attend to the way these microaggressions acutely 
affect women. Findings indicate that the nature of MMs are carried on through students in their 
interactions with others. Microinsults are more severe forms of MAs, and even though they were 
less frequently referenced by students in their reflections, we need to consider how microinsults 
affect all groups of students. While students reported experiencing most MMs from instructors, 
students did indicate receiving them from peers, which is an important factor to consider when 
attempting to create a safe and welcoming classroom climate while utilizing active learning 
teaching techniques.  

Types of MMs experienced align with previous findings, specifically that students do feel the 
impact of seemingly innocuous comments often found in mathematics classrooms (Leyva et al., 
2021; Su, 2015). These MMs can directly impact sense of belonging in STEM, and is 
very impactful on marginalized students (Rainey et al., 2018), specifically women. This study 
points out that more research is needed to understand the ways both students and instructors 
experience and internalize MMs. It also suggests potential for including MMs in professional 
development for college math instructors, specifically examples of MMs and how they are 
received by math learners. We hope to learn from the RUME community ways that they 
acknowledge MMs with their students to form a more inclusive learning environment, as well as 
different ways to interpret our data.  

While this study focused on understanding and categorizing the types of mathematical 
microaggressions students have experienced, we have begun preliminary analysis of the data in 
other ways. First, we continue to analyze the MM data for any differences by participant race and 
gender. While the Su (2015) paper focused on mathematical microaggressions, some student 
discussed racialized or gendered microaggressions within their reflections. Future analysis will 
explore the ways students talk about these important microaggressions and how they impact 
sense of belonging in math classrooms.   
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A key feature of inquiry-based instruction is to develop formal mathematics by directly building 
on student thinking and contributions, which often requires engaging students in refining their 
work. In our experiences we have noticed that it is challenging for instructors to support this 
refining activity and so we see a need to better understand what instructors can do in-the-
moment to initiate refinements. In this study, we investigated how three instructors across four 
courses guided their students through the refinement of one definition. We identified three 
different moves that these instructors used to support the definition refinements: (1) suggest an 
edit with implicit mathematical reasoning, (2) suggest an edit with explicit mathematical 
reasoning, and (3) ask a question to create a problematic situation. The first two moves focused 
on the refinement itself whereas the third move focused on a problem to motivate a need for a 
refinement. We discuss future research directions and implications of our work.  

Keywords: Defining, intellectual need, teacher moves 
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Networks are an established vehicle for effecting pedagogical change (Lewis, 2015). 
Networked communities exist in a variety of STEM education contexts; such diversity merits the 
investigation of a variety of network models that may contribute to large-scale pedagogical 
reform in STEM. For example, the Academy of Inquiry Based Learning provides a network for 
individual instructors seeking to adopt inquiry-based pedagogical practices in their classrooms 
(Yoshinobu et al., 2022), while the SEMINAL project established a network of university 
mathematics departments pursuing the implementation of active learning strategies in 
Precalculus through Calculus courses (Smith & Funk, 2021). The overarching goal of our WA-
STELLAR project (NSF DUE #1950332, #2150054) is to grow and support a sustainable 
network of K-12 STEM instructional change agents (teacher leaders) across Washington state. 
Through this project, we will support the development of teacher leaders to mentor other STEM 
teachers in using effective STEM pedagogy (Objective 1); we will then support the systemic 
change efforts of the teacher leaders via network activities that promote collaboration among a 
range of STEM stakeholders (Objective 2). 

Education networks vary in their motivations and goals, their participation and leadership 
structure, and their processes for catalyzing organizational change. Regardless of localized 
complexities, effective network collaboration is predicated on the following eight features: (1) 
focusing on ambitious student learning outcomes linked to effective pedagogy; (2) developing 
strong relationships of trust and internal accountability; (3) continuously improving practice and 
systems through cycles of collaborative inquiry; (4) using deliberate leadership and skilled 
facilitation within flat power structures; (5) frequently interacting and learning inwards; (6) 
connecting outwards to learn from others; (7) forming new partnership among students, teachers, 
families, and communities; and (8) securing adequate resources to sustain the work (Rincón-
Gallardo & Fullan, 2016). In this report, we share preliminary results identifying a stakeholder-
informed vision of ambitious student learning outcomes linked to effective STEM pedago
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(Feature 1; Project Objective 1). In particular, we recognize that professional development 
associated with this project  will only be effective if the aforementioned vision is 
truly shared  Subsequently, we discuss implications for 
achieving project Objective 2 and conducting further research during this second project phase.  

Theoretical Framing 
This project is grounded in communities of practice theory (Wenger, 1998). Schools or 

districts form individual communities of practice. Through the WA-STELLAR network, we (the 
project leadership team) and teacher leaders act as brokers (Wenger, 1998) between these 
communities by translating, aligning, and facilitating coordination of perspectives, creating the 
possibility for collective meaning-  simultaneously 
influenced by obligations to the discipline, themselves, others, and the institution or school 
(Herbst & Chazan, 2012)
existing instructional situations and breac . With teachers 
from schools and districts across Washington state, the WA-STELLAR network can serve as a 
tool to breach existing norms while accounting for existing conditions. The network can unify 
strategies for supporting student success by leveraging the strengths of all members. 

Methods 

Research Questions and Design 
The following research questions guided the first phase of this project (Objective 1) in order 

to determine what attributes WA-STELLAR network stakeholders value in a STEM teacher 
leader, and what program components the stakeholders view as likely to develop these attributes: 

RQ 1: What are principles and practices that advance STEM education and that a STEM 
Leadership program can support? 

RQ 2: Who is the target audience for a STEM Leadership program? 
RQ 3: What are the skills, certifications, and responsibilities necessary for an effective 

STEM leader, thus establishing guidelines for program curriculum? 
Utilizing a mixed-methods approach, we first surveyed 290 STEM stakeholders from four key 
groups: administrators, STEM support specialists, STEM teachers, and other STEM community 
and industry partners. Follow-up emails and phone interviews were conducted with seven survey 
participants, with four additional survey participants attending in a focus group. This report 
focuses on the first and a portion of the third research questions, as these results offer insight into 
how we might establish shared vision for essential feature 
(Rincón-Gallardo & Fullan, 2016) needed to sustain the work of the WA-STELLAR network. 

Participants and Sampling 
To answer the research questions from the perspective of STEM stakeholders in Washington 

state, we developed and administered a survey online via Qualtrics. Stratified convenience 
sampling was employed to collect survey data. Members of the Apple STEM network, members 
of the South Central Washington STEM network, members of the Washington state Science 
Teachers Association, and graduates of our undergraduate STEM teacher preparation program 
were contacted until a minimum of 100 responses were received from STEM teachers and at 
least ten responses were received for each of the three other subgroups of stakeholders. In total, 
290 participants consented to be part of the study and completed at least part of the survey. Their 
positions are summarized in Table 1. 
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Educational Position/Role Count 

Administration (District Superintendents, School Principals) 
STEM Support Specialists (Curriculum and STEM Specialists, Coaches) 
STEM Teachers (Math, Science, Technology, Computer Science) 
STEM Partners (STEM community and industry advisors, Other) 

13 
18 
208 
51 

Quantitative and Qualitative Data Sources 
The skills and responsibilities included in quantitative survey questions were based on the 

characteristics of effective STEM leaders identified in literature on the topic (The Aspen 
Institute, 2014; National Council of Supervisors of Mathematics, 2008; Sublette, 2013; 
Tanenbaum, 2016; Toncheff, 2020). Prior to administering the survey, we incorporated feedback 
from other STEM educators to establish face validity (Gravetter & Forzano, 2012). In this 
preliminary report, we focus on results from two questions pertaining to establishing a shared 
vision of effective STEM pedagogy.  

Qualitative data was collected to supplement and triangulate quantitative results from the 
survey and consisted of the following three data sources. At the end of the survey, participants 
were given an opportunity to share their thoughts in an open-ended question: What would you 
like to tell us about STEM education? You can explain responses, add new ideas, or ask 
questions. Follow-up phone and email interviews were conducted with seven survey respondents 
including representatives from all categories of stakeholders. Finally, we organized one focus 
group with four survey respondents including three STEM teachers and one STEM coordinator.  

Results 

Thematic Analysis of Qualitative Sources 
In addition to triangulation of three data sources, we used analyst triangulation methods to 

strengthen the credibility of inquiry (Patton, 2002). Two of the authors independently analyzed 
qualitative sources, identifying repeated themes within and across participant subgroups. The 
two researchers then met to compare findings and understand any inconsistencies, generating a 
final list of four themes; three are related to a shared vision of effective STEM pedagogy: 

1. All stakeholder subgroups stated STEM content needs to be integrated across disciplines. 
2. All stakeholder subgroups identified the importance of promoting equity and diversity in 

STEM education. Several responses suggested meaningful community partnerships and 
project-based learning might help address equity issues. 

3. From a curriculum standpoint, we need rich and engaging activities as well as meaningful 
applications connecting to industry.  

Participant responses related to these themes are integrated into the next results section. 

Quantitative Survey Results 
In question one of the survey, participants were asked to rank a list of statements in order of 

importance for advancing STEM education. Table 2 provides average rankings of each statement 
for each stakeholder subgroup of participants. To determine the overall ranking, each stakeholder 
subgroup was treated as equally weighting the overall ranking. Thus, the ranking provided in 

 average of the four numbers to its right. 
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Table 2. Statement rankings in order of importance for advancing STEM education (1=most important, 5=least). 

Statement Rank Average Admin Support 
Specialists Teachers Partners 

A. STEM projects should be 
integrated into all STEM courses. 1 1.89 1.85 1.71 2.14 1.86 

B. STEM education principles are 
best advanced by hiring effective 
math, science teachers. 

2 2.14 2.08 1.93 1.91 2.62 

C. STEM education should focus 
on Career and Technical Education. 4 3.32 3.08 3.50 3.37 3.33 

D. STEM education principles are 
best advanced through programs 
with industry, community partners. 

3 3.15 3.46 3.29 3.13 2.71 

E. STEM education principles are 
best advanced through 
extracurricular programs. 

5 4.51 4.54 4.57 4.46 4.48 

For all stakeholders, the two most important principles/practices for advancing STEM 
education were integrating STEM projects into all STEM courses (Statement A) and hiring 
effective math and science teachers (Statement B). These findings were further triangulated with 
qualitative results, in that all stakeholder subgroups mentioned that STEM content needs to be 
integrated across disciplines. In particular, as one STEM coach/coordinator expressed, The 
trend and long-standing practice of trying to do each one of these [disciplines] exclusive of the 
other is the biggest hurdle we face.  Community partners, CTE support, and extracurricular 
programs help foster and grow STEM learning experiences; however, effectively implemented, 
integrated STEM projects must be the foundation of STEM education. Any STEM program must 
have integrated, project-based learning at its center. Additionally, STEM partners advocated for 

ence, and industry partners into  
In question four of the survey, participants were asked: How important are the following 

responsibilities for a STEM leader? Table 3 provides a weighted average for each stakeholder 
subgroup and each responsibility the following 

0. A 
score close to 0 indicates the subgroup views the feature as less important. A score closer to 1 
indicates the subgroup views the feature as more important.  

The most highly valued STEM leader responsibility was utilizing culturally responsive 
teaching practices. This finding was also substantiated in open-ended responses, where 
participants voiced a need for promoting diversity and equity in STEM education. For instance, 

see professionals they identify with in STEM professions. In order to draw more diversity into 
the STEM field, we need more STEM leaders with diverse backgrounds. Programs should 

-on problem 
solving has a better chance of bridging gaps with equity issues and schools that struggle with 
cultural responsiveness, better  
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Table 3. Weighted averages for different stakeholder subgroups addressing question four. 

Responsibility Admin Support 
Specialists 

Teachers Partners 

Lead Professional Development in Designing 
and Teaching Problem-based Instruction 

0.78 0.76 0.67 0.72 

Initiate and Administrate Community-based 
STEM Projects 

0.73 0.71 0.62 0.73 

Coach colleagues in effective STEM Teaching 0.84 0.97 0.76 0.82 

Coordinate STEM education district curriculum 
and programs 

0.75 0.88 0.72 0.78 

Lead professional development in integrating 
engineering practices for STEM courses 

0.80 0.91 0.68 0.70 

Utilizing culturally responsive teaching practices 0.90 0.94 0.79 0.87 

Additionally, administrators, STEM support specialists, and community and industry partners 
identified initiating and administrating community-based STEM projects as an important 
responsibility of STEM leaders. However, STEM teachers felt support from their district and 
other STEM educators is essential to assist STEM leaders in both using STEM projects in their 
own classrooms and becoming STEM champions of district and community-wide projects. 

Discussion and Implications 
These results evidenced the need to redesign our (previously) traditional, content-focused 

to train teacher leaders (Objective 1) in a way that better aligns 
with the values of the larger collective of STEM stakeholders. In our talk, we plan to provide a 
brief overview of the novel graduate STEM Leadership program we designed to serve as a 
network hub (Bryk et al., 2015) for the WA-STELLAR network. 

As we move toward the next phase of our project (Objective 2), we will implement the 
Keck/PKAL change model (Elrod & Kezar, 2016) to facilitate the work of the WA-STELLAR 
network. This model has been used in higher education settings to coordinate multiple 
stakeholders and has eight stages, the first of which is: establishing a shared vision for improving 
STEM student learning outcomes and success. This next phase of our project will be guided by 
the research question: What is the efficacy of the Keck/PKAL model in facilitating cross-
institutional systemic change toward the adoption of STEM best practices? 

Our intended questions for the RUME audience concern ways in which we can leverage 
preliminary results to maintain a vision of effective pedagogy throughout implementation of 
network activities that is shared by all network stakeholders. We are interested in identifying 
potential opportunities/barriers to implementation that might impact the efficacy of our 
implementation of the Keck/PKAL model. 
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Introductory calculus is an essential course for many students; it can bridge the secondary-
tertiary transition. As such, it -12 knowledge and a 
gatekeeper to more advanced mathematics (Bressoud, 2015; Rasmussen et al., 2019). Despite its 
importance, students continue to struggle to make it through the course in postsecondary settings 
(Bressoud et al., 2013). One issue facing instructors at the postsecondary level, many of whom 
have been trained as mathematicians and not as teachers, is the varying levels of prior knowledge 

knowledge might be the various paths to get to postsecondary introductory calculus (i.e., having 
seen calculus in high school or not) (Sadler & Sonnert, 2018; Schraeder et al., 2019). Research 
has shown that student understanding of prerequisite knowledge connects to student success in 
calculus (Rasmussen et al., 2019); therefore, it is important to understand how instructors engage 
in practi  Studying instructional 
practices that may strengthen student prior knowledge can help researchers understand more 
deeply practices that might be leveraged in the classroom to help more students succeed. 

Theoretical Background 

Introductory Calculus Instruction 
Despite research on the impacts of and barriers to success in postsecondary calculus, 

mathematics instruction at the postsecondary level remains comparatively unexamined (Speer et 
al., 2010). Some researchers have looked at the instructional format in calculus, finding that 
calculus classes typically feature lecture and demonstration (Biza et al., 2016; Larsen et al., 
2015). Other researchers have shown that instruction in introductory calculus classrooms may be 
more varied. For example, while lecture continues to be the most common mode of instruction 
for postsecondary mathematics, recent arguments suggest that this mode can help to model 
mathematical discourse (Viirman, 2021). In addition, Bressoud and Rasmussen (2015) found that 
while university instructors considered themselves fairly traditional (i.e., they thought that 
calculus students learned best from clear, organized lectures), they were open to trying other 
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instructional approaches. Finally, several studies have pointed towards instructional practices in 
calculus courses that move away from lecture; recent work in math and related STEM fields has 
shown that university faculty do attempt to combine content- and student-centered practices and 
that these practices increase student achievement (Bressoud & Rasmussen, 2015; Hovey et al., 
2019; Rasmussen et al., 2019; Tang & Titus, 2002).  

Prior Knowledge & Introductory Calculus  
In my dissertation study, I frame prior mathematics knowledge as the mathematical 

reasoning and skills students bring into the classroom from their previous mathematics classes or 
e
knowledge deals with familiarity with general information in an area, even though it may not be 

etween my definition of 
prior mathematical 

borrow the concept of mathematical experiences as part of prior knowledge from Campbell et al. 

prior knowledge, I can consider students' specific mathematics content exposure and how this 
exposure happened (e.g., procedural instruction in algebra courses). I also conceptualize prior 
mathematics knowledge as distinct from prerequisite knowledge because not all prior 
mathematics knowledge is important for calculus understanding.  

One reason that instructional support of student prior knowledge is important is that it allows 
students to connect old and new ideas, creating opportunities to make sense of them. Neumann 
(2014) argues that student prior knowledge is brought to the surface in encountering new ideas. 
Furthermore, learning occurs when this prior knowledge and new ideas are worked through 
together. One way to understand where opportunities for prior knowledge and new ideas to be 
worked together is to examine instructional practices. 

, Campbell et al. (2017) developed a framework to 
study how postsecondary courses might cluster by pedagogies and included instructional 
attention to supporting prior knowledge in their pedagogical characterizations. They found that 
both lecture and active learning strategies can be used to support student prior knowledge. 
Campbell et al. (2020) explain that while strides have been made in postsecondary institutions to 
have student-centered classrooms (which may promote discussions and use of prior knowledge), 
instructor attention to prior knowledge in college classrooms is still uncommon. This line of 
inquiry provides evidence that support of prior knowledge (though perhaps rare) does occur in 
postsecondary classrooms and that there may be observable instructional practices among those 
who consider prior knowledge in their instruction. I further this line of inquiry by asking the 
following research question: How and to what extent do introductory calculus instructors report 
engaging in practices that promote students to make mathematical connections to their prior 
knowledge? Results that answer this question help us better understand if and how these 
practices are being put into use by introductory calculus instructors around the U.S.  

Methods 

Participants and Procedures 
The data for this study were collected using a survey distributed to postsecondary instructors 

at institutions across the United States in Spring 2022. The population of interest for this survey 
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included full-time instructors at 4-year universities with a Carnegie classification of R1, R2, 
Doctoral, or Arts & Sciences Focused Baccalaureate who have taught introductory calculus at 
least twice. The choice to sample full-time instructors at these types of institutions was informed 
by research on where most students take introductory calculus (Blair et al., 2015). After 
excluding responses that did not participate past questions about demographic information, there 
was an analytic sample of 142 respondents. I received 42 responses from R1 instructors, 32 
responses from R2 instructors, 39 responses from Doctoral institution instructors, and 29 
responses from instructors at Baccalaureate Arts & Sciences focused institutions. In addition, 61 
participants identified as female, 79 participants identified as male, 1 participant identified as 
non-binary, and 1 participant chose not to disclose gender identity. 13 participants identified as 
Asian, 3 participants identified as Black or African American, 117 participants identified as 
White, and 8 participants chose to not identify their race. In addition, 70 participants identified as 
Tenured Faculty, 15 as Tenure-Track Faculty, 57 participants as other full-time faculty. Finally, 
23 participants indicated that they had taught introductory calculus 2-5 times before the survey, 
32 had taught the course 6-10 times, and 87 had taught it more than 10 times.   

Survey Construction 
The survey data used here was intended to capture how often instructors engaged in practices 

that have been theorized to strengthen student prior knowledge. I developed a set of questions to 
measure this construct, drawing from the C-SAIL Mathematics Teacher Survey (California 
Version, 2017; Edgerton & Desimone, 2019). As written, this survey did not specifically 
measure practices that engage student prior knowledge. However, it was appropriate for this 
purpose because the questions were structured and validated to ask about instructional practices. 
I selected specific items based on theoretical grounding in prior literature. For example, I chose 
items asking about discourse in the classroom, teaching foundational skills, and presentation of 
multiple strategies (Chappell & Killpatrick, 2003). As the C-SAIL Mathematics Teacher Survey 
was written primarily for use in K-12 classrooms, I adjusted wording for the calculus and 
postsecondary contexts when necessary. It included 12 items measuring frequency on a 5-point 
Likert scale that indicated instructors engaged in these practices: Never, Once or Twice a 
Semester, Once or Twice a Month, Once a Week, or Almost Every Class Session. A higher score 
indicates that an instructor engages in the practice more often.  

Additionally, data presented here was gathered from a single open-ended question at the 

understanding students bring when they come into your class at the start of the s
question was intended to gather information on any instructional practices that my survey 
questions may not have caught.  

Analysis 
Analysis for this set of survey data occurred along three lines. First, de-identified data from 

the participants was used to validate the survey. Second, the survey data were analyzed to 
understand which practices instructors used more frequently. For these analyses, only data from 
instructors who had completed the full set of questions was considered (N=136). Finally, 
qualitative data was open-coded (Corbin & Strauss, 2014), to understand additional practices 
espoused by instructors; 127 instructors responded to this question.  

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !*##



Results 

Reliability 
Internal consistency of the items was analyzed using a correlation matrix and 

alpha. Inspection of the correlation matrix showed that all items except for one 
you have students solve practice problems using explanations or solution strategies you have 

 had correlation coefficients greater than 0.3. The one item with no 
correlation coefficients greater than 0.3 was dropped from the analysis, leaving 11 items for 
analysis. These 11-items 
alpha of 0.81. 

Survey Response Instructional Practices 
Overall, participants in this sample reported that they engaged in some form of instructional 

practice that may strengthen student prior knowledge. I calculated a composite score for each 
participant by averaging their item scores. I then calculated the mean across the participant 
sample. The mean was 3.77, indicating instructors in my sample participate in some of these 
instructional practices between once or twice a month and once a week. Additionally, there were 
practices that instructors were engaging in less or more (see Table 1). For example, instructors 
reported assessing students in prerequisite skills the least, with a mean of 2.93 (nearly once or 
twice a month). They also reported most often building calculus knowledge by connecting it to 
prior knowledge, with a mean of 4.42 (between once a week and every class). 

Interestingly, the lower reported practices seem to align with a more procedural approach to 
strengthening student prior knowledge (e.g., reteaching or simplification of problems). In 
contrast, the higher reported practices involved a less procedural approach (e.g., engaging in 

Interestingly a one-way 
ANOVA showed no significant difference between instructors at different institution types for 
each item or across items. This implies that regardless of institution type instructors are engaging 
in similar practices. 

Table 1. Means for Instructional Practices for Student Prior Knowledge. 

 

Practice 
Build calculus content by connecting it to prior knowledge 
Correct or refine 
presenting their ideas 
Provide opportunities for students to discuss their mathematical 
reasoning in class 
Assess students in procedural skills taught prior to calculus 
Reteach content using simpler numbers if students are 
struggling 
Teach foundational skills students have not yet mastered 
Have students apply prerequisite mathematics skills in the 
context of calculus concepts 
Simplify the context of word problems by re-writing them 

   Mean 
4.42 
4.14 

 
4.20 

 
2.93 
3.47 

 
3.29 
4.40 

 
    3.07 

Std. Deviation 
0.80 
0.91 

 
1.08 

 
1.26 
1.15 

 
1.01 
0.82 

 
           1.36 
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Present multiple solution strategies for a given problem or 
problem type 
When a problem can be solved multiple ways, use strategies 
that students most often use 

 

    3.84 
 
    4.07 
   
    3.68 

           0.83 
 
           0.93 
 
           1.01 

 

Short Answer Responses 
During the open coding of the short-

instruction affected by the mathematical understanding students bring when they come into your 
how introductory calculus 

knowledge. Initially, this coding prompted me to divide the responses into five categories: 
instructors who said that their instruction was affected and gave me specific examples, 
instructors who said that their instruction was affected but gave me no or vague examples of 
instruction, instructors who said that it did not affect their instruction, instructors who gave an 
unclear response, and instructors who gave a student-focused response. Many (71 out of the 172 
responses), instructors provided examples of instruction they engaged 
prior mathematical knowledge. Although many of these align with the surveyed practices, a few 
new ideas came up. For example, explicit review was a common response. One respondent 

I assume most students need a "reminder" of the prerequisite topics. If they ask [or] 
seem to need more I do more review as part of my in-class explanations of problems.  In 
addition, many instructors seemed to anticipate and build review into their plans for the course. 
This indicates that instructors can articulate practices they engage in to activate and connect to 
student prior knowledge and that they may do so in different ways than the literature has 
previously noted.  

Discussion  
 
These results are emerging as part of a more extensive dissertation study but indicate that 

introductory calculus instructors are mindful of the need to activate 
the course. Additionally, they report engaging in practices that might help students strengthen 
their prior knowledge during introductory calculus instruction. Further, they might be engaging 
in more and less procedural instruction to support students (e.g., reteaching prerequisite skills 
versus engaging students in discourse). This finding is in line with previous research (Hovey et 
al., 2019; Rasmussen et al., 2019). Qualitative data supports the idea that instructors can identify 
and describe practices they engage in to respond to studen  prior knowledge. Future research is 
needed to understand exactly how these practices are implemented and which are most 
accessible or provide the best student outcomes. Work in this vein can help the field move 
towards an incremental improvement approach (e.g., Litke, 2020) to better support calculus 
students without asking current instructors to overhaul their entire instructional approaches to 
introductory calculus.  
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We address the transformation of instruction in entry-level college mathematics courses, such as 
College Algebra. Our research question is: What do instructors view as benefits and challenges 
when implementing novel digital graphing activities in College Algebra? We report on a case 
study of two instructors who implemented the activities during both semesters of one academic 

viewed it as beneficial to implement these activities as part of a community. They also found the 

with existing online learning management systems challenging at times, and they wished their 
students were more engaged when implementing activities asynchronously. Overall, the 
challenges were not roadblocks, and the benefits outweighed the challenges. We conclude with 
discussion and implications for research and practice. 

Keywords: undergraduate education, instructional activities, communities of practice, technology 

The transformation of instructional practices in introductory college math courses, such as 
ng, and 

Mathematics (STEM) degrees (e.g., Freeman et al., 2014; Henderson et al., 2011; Herriott & 
Dunbar, 2009). Yet, instructional materials in such courses tend to privilege a status quo of 
finding numeric answers at the expense of promoting reasoning (Mesa et al., 2012). When 
instructors implement digital activities designed to press against a status quo of answer finding, 
there can be tension regarding the status of the activities within the course (Olson & Johnson, 
2022). For this preliminary report, we investigate the question: What do instructors view as 
benefits and challenges when implementing novel digital graphing activities in College Algebra? 
We report on a case study of two instructors, Riya and Carol (pseudonyms), who implemented 
activities in both semesters of one academic year in conjunction with their participation in a 
faculty learning community (FLC) (Cox, 2016). 

College Algebra is an entry-level undergraduate course at many U.S. institutions. The 
Committee on Undergraduate Programs in Mathematics (2015) has recommended revisions to 
College Algebra, including rethinking the class to better support students as logical and 
quantitative thinkers. However, change has been slow to develop (Tunstall, 2018). Working with 
innovative digital activities can make room for instructors to question conventions in their 
curricular materials (Sinclair et al., 2020) and deepen their understanding of mathematical 
relationships (Moore et al., 2019). By incorporating novel digital graphing activities into College 

views on the benefits and challenges of implementing such activities while discussing 
implications for research and practice. 
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Background 
To explain how instructors may make changes to their instruction via implementing novel 

Practice (CoP) theory. From this perspective, practice is not something people hand down from 
one group to another; it is ongoing and continually evolving. One way to engage instructors in 
new practices is to make room for negotiation between the core members of a community and 

without demanding full participation. For example, instructors may participate by listening to 
others implement the activities or trying out a new digital activity in their class.  

FLCs are common in higher education (Cox, 2016; Kezar et al., 2018). They can form when 
instructors connect through a common scope of practice and come together to learn and share 
about a concept or process over time. Communities of Transformation (CoTs) are a special type 

idea to challenge the status quo, the space to carry out practices, and a group with which to 
sustain those practices (Kezar et al., 2018). For example, focusing on reasoning rather than 
finding answers is one way to challenge the status quo in early undergraduate mathematics 
courses. Interacting with CoTs allows instructors to have space to conduct new practices with 
colleague collaboration and support. 

Methods 
Our case study (Yin, 2016) stems from a larger, National Science Foundation-funded project 

spanning multiple institutions. The project intends to address the overemphasis on finding the 
correct answer in U.S. undergraduate mathematics education by prioritizing mathematics 
reasoning. The project aims to transform instruction in College Algebra via instructo
implementation of digital graphing activities, techtivities, 
over answer-finding. We report on a case of two College Algebra instructors, Riya and Carol, 
who participated in the project for one academic year. 

Techtivities 
The techtivities are digital graphing activities developed in the free, Desmos platform 

cannon and then parachuting back to the ground. Students explore the change in two attributes 
identified in the situation (e.g., height from the ground and total distance traveled) and create a 
Cartesian graph relating the attributes. They compare their graph to a computer-drawn image and 
graphs generated by their classmates and reflect on their observations. Then, students sketch 
another Cartesian graph representing the same relationship between attributes but with the 
attributes on different axes. 

Data Collection 
Instructors participated in the project while receiving stipends on a semester-by-semester 

basis. In their first semester of implementing the techtivities in their College Algebra courses, 
instructors attended four professional development (PD) sessions via videoconference to 
accommodate participants from multiple institutions. During these sessions, participants 
explored features of the techtivities, discussed strategies for implementation, and reflected on the 
role the techtivities played in their instruction. Co-investigators of the larger project held PDs 
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roughly once per month. After the first semester, instructors met in small group CoT meetings at 
their institution to debrief their implementation of the techtivities and share related ideas. 

At the end of each semester, instructors participated in 30-minute, individual, semi-structured 

interview had four topics: benefits and challenges of teaching College Algebra, benefits and 
challenges of participating in the p

subsequent semesters, the interview revisited benefits and challenges and student interactions, as 
w

aduate research assistants produced 
verbatim transcripts for each of the instructor interviews. 

Analysis 
Instructor interviews were our source of data, analyzed using a modified form of open coding 

enjoyable. By a challenge, we meant something an instructor perceived to require thought, skill, 
or innovation to address. 

Whitmore and Knurek led the coding and data analysis. They began by reading the 
transcripts and watching the videos. Then, they identified excerpts (uninterrupted speech turns 
from instructors), which they coded as benefits or challenges for the instructor. For each excerpt, 
they wrote a short field note explaining how they viewed the excerpt to represent a benefit or 
challenge. To vet the codes, they met in pairs to agree and brought the codes to the larger author 
team, who weighed the codes against the evidence in the interview and refined the themes 
emerging from the excerpts and codes. 

Results 
Our analysis revealed four themes related to benefits and challenges. Instructors' views of the 

benefits related to the techtivities outweighed the challenges they faced. Benefits included their 
participation in an instructor community and the value of focus on reasoning. Challenges 
included integrating the new activities with existing learning management systems and 
engendering student participation in asynchronous settings. 

Benefits 
Participating in an Instructor Community. Riya and Carol acknowledged the value of 

meeting regularly with other instructors while implementing the techtivities. In her second 
interview, Riya described structuring their small group CoT meetings around discussions about 
instruction. 

Riya: In terms o
visiting each other's classes to check how these go with other instructors. And our 

after that. We discussed the recording and giving kinds of answers also about the set of 
questions, what was our challenges, what we like, what we faced, how things were going. 
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And also, you see like the same video from a different instructor perspective, that was 
really helpful. 

Carol 

nted to the ongoing nature of developing new 
practices, as put forward by Wenger (1998). Their implementation of the techtivities was 
something that continued to develop, not something the research team handed down for them to 
replicate. 

Focusing on Studen  Riya and Carol saw benefits for their students as well as 
themselves. In their view, the focus on reasoning over answer-finding was a positive aspect, 
which Carol stated that she appreciated in both interviews. In her second interview, Carol shared 
that this focus was something she wanted to expand in her teaching. 

Carol: I really liked the techtivities, and I would try to continue to have the students focus 
more on the reasoning and what they think rather than whether they get the right answer, 
so I'm hoping to maybe do this longer, um, incorporate this into my course, to get them to 
think versus just trying to find the right answer. 

first intervi
and engagement. 

Interviewer  
Riya: Yeah, sure. I am sure about that one. Most of the answers they were saying that they 

new skills. 
hat they were comfortable making room for 

students to think and hear  insights from their work on the techtivities. Notably, their 

as part of their instruction. 

Challenges 
Navigating multiple online platforms. Implementing the new activities meant that 

instructors needed to navigate both the Desmos platform and their learning management system, 
Canvas. Sometimes the challenges were specific to the platform, and sometimes they involved 
integration within the system. During her second interview, Riya talked about difficulties she 
experienced when trying to switch between techtivities on the Desmos platform. She stated: 

 to, to go back it takes a while to go back to the techtivity 

Both instructors were new to using the Desmos platform, and the research team worked to help 
them navigate the online venues, both with facilitation guides and online modules. 

The research team created a Canvas module for instructors to support different delivery 
formats. The first semester, Carol had a major challenge integrating the module into her Canvas 
course. Her upload inadvertently overwrote her course settings. She was quite frustrated and 

the problem and decided to stay on with the project. She reflected on this in her second 

Canvas site. There was just a technical problem that I had, but it was something that I had last 
allenges pointed to the complexities of implementing new 
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digital activities. Not only had they needed to learn the activities, but they also needed to learn to 
navigate and connect within different online platforms. 

Encouraging student participation with asynchronous implementation. Both instructors 
had autonomy in implementing the techtivities in their courses. When the activities were 
asynchronous, even in face-to-face courses, instructors found it challenging to encourage student 
participation. During her second interview, Carol talked about decreased student participation 
when she assigned the techtivities asynchronously through Canvas. 

Carol: They were always lower for the ones that I assigned through Canvas, where I just 
tell them, here, this is what you need to do. And I'm just wondering whether there's 
anything I can do to get them to actually do the ones through Canvas. 

when possible. She said in her second interv
than last semester. I think the plan is to have the time for all of them to be implemented in the 

spoke to the uti -
as recommended by Olson and Johnson (2022). 

Discussion/Conclusion 

implementing the novel techtivities in their College Algebra classrooms. While the instructors 
encountered challenges, they were not roadblocks to their implementation. A key benefit was 

on their practices. 
Our case study aims to illuminate how implementing novel digital activities can engender 

instructional transformation in College Algebra. We offer three emerging contributions. First, 
-led PD, is crucial for 

instructors to develop agency in their practice and to allow for new approaches to take hold. 
When the community is also a CoT (Kezar et al., 2018), instructors have a space to develop new 
practices to push back against the status quo of answer-
reasoning in courses such as College Algebra. Second, the status of the new activities makes a 

participation (Olson & Johnson, 2022).  Riya and Carol found it difficult 
to encourage student participation when implementing the activities asynchronously within a 
synchronous course. Third, implementing new digital activities involves navigating new online 
platforms, and instructors need to have space to learn that navigation. 

Our analysis is ongoing. To further develop the case of Carol and Riya, we will analyze their 
small group CoT meetings to learn more about how their interactions support their evolving 
practices. Then, we will triangulate those analyses with evidence from their classroom practices. 

Questions for Audience 
1. What are your experiences implementing digital activities (or active learning elements) 

into early undergraduate mathematics courses? What were the benefits and challenges?  
2. How do you see FLCs, specifically CoTs, contributing to instructional transformation in 

undergraduate mathematics? 
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Physics Student Understanding of Divergence and Curl and Their Constituent Partial Derivatives 
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This work is part of a broader project to investigate student understanding of mathematical 
ideas used in upper-
the divergence and curl operators as applied to vector field diagrams. We examined how 
students reason with partial derivatives that constitute divergence and curl of the vector field 

, and curl of a 2D 
vector field were collected and coded. Students were generally successful in determining the sign 
of some of the constituent derivatives of div and curl, but struggled in one case in which 
components were negative. Analysis of written explanations showed confusion between the sign, 
direction, and change in the magnitude of vector field components. 
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Introduction 
Many physical quantities, such as force and momentum, are represented with vectors. For 

several topics in physics, e.g., interactions in gravitation and electricity and magnetism, it is 
useful to define a vector field: a vector quantity is assigned to every point of a subset of space. 
Vector fields can be represented in different ways, with field lines, an array of arrows, or a 
symbolic expression like . Students are introduced to vector fields in introductory 
courses, typically in the contexts of electric and magnetic fields. These vector fields vary in 
space, and vector calculus provides several ways to describe this variation, including the 
gradient, divergence, and curl of the vector field. Several significant physical quantities are 

relationships between the divergence or curl of electric or magnetic fields and other physical 
quantities, and the fields themselves can be expressed in terms of derivatives of scalar and/or 
vector potentials. While most students have not encountered vector calculus the first time they 
study vector fields, those who go on to major in physics and electrical engineering will use these 
ideas extensively in a junior-level course in electricity and magnetism. Students encounter vector 
field representations for electric and magnetic fields in an electromagnetism course, and research 
involves electric and magnetic fields and even gravitational fields. Students are expected to 
reason with symbolic equations but also with vector field representations of divergence (

 and curl ( . We expect students to look at the vector field 

and find the appropriate components and see how the proper components are changing as we 
move to certain directions. 

Several previous studies in physics education research (PER) have examined student 
understanding of divergence and curl in post-introductory courses (Baily & Astolfi, 2014; Bollen 
et al., 2015; Gire & Price, 2012; Singh & Maries, 2013). Generally these studies have involved a 
two-dimensional representation of a field as an array of vectors. Singh and Maries (2013) 
reported that even though graduate students successfully calculated divergence and curl of the 

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !*)(



vector fields, they were unable to interpret the div and curl of vector field plots. Baily and Astolfi 
(2014) and Bollen et al. (2015) repeated the previous study with different diagrams, reporting 
that around 50% of their students could correctly determine divergence and curl given the vector 

them into three approaches: description based, concept based, and formula based. For example, 
determining div or curl based on a description of its meaning was categorized as description 

respectively, it was categorized as concept based.  
While previous studies have focused on the divergence and curl, the classroom experience of 

one author of this study suggested that reasoning with the partial derivatives that constitute these 
operations, e.g., and for divergence or and  for curl in Cartesian coordinates, might 
be one element of the challenges faced by students. Previous studies have asked students to 
determine the sign or value of the divergence and/or curl for a given field diagram, but there has 
not been as much focus on their constituent derivatives.  

Prior PER studies have documented student difficulties with partial derivatives, often in 
thermal physics contexts (Bajracharya & Thompson, 2016; Thompson et al., 2006). Student 
understanding of derivatives is studied widely in RUME. Zandieh (2000) developed a theoretical 
framework for student understanding of derivatives, which was extended by Roundy et al. (2015) 
to include partial derivatives. Wangberg and Gire (2019) investigated student understanding of 
partial derivatives of scalar fields represented as surfaces  

The derivatives in the expressions for divergence and curl have the additional complication 
that they are derivatives of vector components. In these partial derivatives,  refers to the -
component of the vector field, so  is the partial derivative with respect to  of the -
component of the vector . Extracting information about the derivatives from a vector field 
diagram involves multiple steps. Existing frameworks are restricted to derivatives of scalar 
functions, and need to be extended to deal with the derivatives of vector quantities. While prior 
frameworks have offered insights into student reasoning, they do not account for functions of 
multiple variables, nor for the vector nature of the derivatives. 

We set out to develop and implement tasks that used similar questions to prior studies 
investigating div and curl for vector field diagrams, but with added explicit questions about the 
constituent partial derivatives. The goal is to begin to answer the following research questions: 

To what extent can students determine the sign of the constituent derivatives of
divergence and curl given a vector field diagram?
To what extent are student responses to tasks focused on the signs of constituent
derivatives related to success in determining the sign of divergence and curl?

Methods 
Written data were collected at two universities in sections of Mathematical Methods for 

Physics, post-introductory courses for physics and engineering physics majors and minors that 
are intended to cover the advanced mathematics students will encounter in upper-level theory 
core courses like Electricity and Magnetism or Quantum Mechanics. All students (N=32) had 
completed introductory sequences in both physics and calculus, and the data were collected in 
the course after instruction on vector calculus. One campus serves a diverse student population in 
the southwest, the other is a predominantly white institution in the northeast. Responses from the 
two universities were similar and are thus combined and reported together in this paper. 
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In each course, the students had considered similar representations of vector fields in class 
and answered questions relating the features of a field to its divergence and curl. In one 
university, students had completed a research-based instructional tutorial; in the other, these 
questions were presented as a whole-class discussion. After instruction, the questions shown in 
Fig. 1a were posed on a course midterm exam. Students are shown a 2-d field representation and 
asked to determine the signs first of the divergence and curl, then of the constituent derivatives. 

In the broader study, different versions of this task were used. In this report, students 
responded to a task asking first about the derivatives and then about div and curl. With this 
sequence, we hoped to see whether the reasoning for div/curl included derivatives or if other 
reasoning would emerge. 

The coding process began with general codes for both correctness of the sign and the 
correctness of reasoning provided by students. After the lead author generated the initial codes, 
other members of the team independently coded several student responses to refine the coding 
scheme. Answers without explanations (i.e.,  is zero ) or explanations that were not clear 
enough to be understood were coded as unclear reasoning. 

Figure 1b (not given to students) shows which components students are expected to use to 
determine the sign of  . 

 
Figure 1. (a) The research task asked to probe . (b) The figure for the task, 

with components of the vector field students are expected to examine to determine .

Results and Discussion 
The numbers of students that correctly determined the constituent derivatives and the 

distribution of correctness of student reasoning are shown in Table 1.  
Only 4 of 32 (13%) students answered all parts of the question (all derivatives, divergence, 

and curl) correctly, suggesting that the set of questions was especially challenging. Most students 
successfully identified the constituent derivatives in three out of four cases: for , , and , 
success rates were over 75%. For two of these derivatives the vector field component was not 
changing in the indicated direction, and for the third it was positive and decreasing. 

In contrast, only 21% of the students correctly determined that  was positive with correct 
reasoning. Because this derivative was the most challenging, we examined the reasoning 
required in some detail. The first step was identifying the appropriate components; Figure 1b 
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shows the components that students were expected to examine to determine . Analysis of 

student responses showed that most (<90%) used the correct components to determine . For 
the given vector field diagram, the absolute value of  is getting smaller with respect to the -
axis, but due to the direction of , the change in  ( ) is positive. Written responses did not 
show evidence of explicitly attending to subtracting the two components. Instead, students wrote 
about the trends in the magnitude of the components, whether that component was increasing, 
decreasing, or staying constant when you move in a certain direction. In one incorrect student 
responses, shown in Figure 2a, the student wrote arrows getting smaller and seemed to 
associate this with the resulting negative value for . This response, while incorrect, included 
some correct reasoning. Responses that associated the component with the appropriate direction 
but reversed the sign were coded as correct reasoning with a sign mistake. However, this student 
wrote about change in magnitude rather than change in component. 

Table 1. Performances and distribution of student reasoning for , ,! , and  of the diagram. Correct 

answers for the derivatives are given in parentheses. (C: Correct, I: Incorrect). 
Constituent derivatives 

for divergence 
Constituent derivatives 

for curl 
N=32  (+) (0)  (0) ) 

Reasoning C I C I C I C I 
Correct  7 17 21 2 18 2 19 1 
Incorrect  1 4 0 1 1 3 3 2 
Unclear or none 3 0 4 4 6 2 1 6 

Figure 2. (a) Incorrect response to , reasoning about the decreasing arrow length to justify the response. (b) and 
(c) Example responses of students relating derivatives with the direction of the vector field component.

Previous studies conducted in introductory physics courses reported student difficulties in 
subtracting negative vectors when given as a graphical representation, even though students were 
very successful enacting the procedure of subtracting when vectors are provided in an equation 
with coordinates (Barniol & Zavala, 2014; Susac et al., 2018). Our results suggest similar 
difficulty among students in this more advanced context.  

While students had good success with many of the constituent derivative tasks, only 38% of 
students determined the correct signs for divergence and curl with correct reasoning, as shown in 
Table 2. For the divergence, most of the responses coded as incorrect signs with correct 
reasoning stem from finding  as negative, as described above. Student responses included 
several alternative forms of reasoning for divergence, such as inferring flux from the vector field 
diagram, or identifying changes relative to a perceived source  of the arrows. 
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There was also no clear relationship between success on derivative task and on the curl task. 
Many of the students coded with incorrect reasoning for curl answered that the  component of 
curl was zero and referred to the problem statement that the vector field had no  component. 
This may reflect a misinterpretation of the question or a misunderstanding of the relationship 
between components of the vector field and those of the curl. A previous version of this question 
did not include this text and more students did find the curl correctly for the diagram.  

Table 2. Student performances for divergence and curl of the diagram (C: Correct, I: Incorrect). 
N=32 Divergence Curl 

Reasoning C I C I 
Correct  12 10 12 3 
Incorrect  1 6 1 13 
Unclear or none 2 1 1 2 

Another small set of student responses show confusion between the direction of the vector 
field component and the change of the vector field component, as shown in Figure 2b and 2c. 
Similar confusion between a quantity and its change or rate of change has been widely reported 
in both mathematics and physics contexts at the introductory level (Meltzer, 2004; Trowbridge & 
McDermott, 1981). Our data show examples in a more advanced population, suggesting the 
persistence of this confusion. 

Conclusions and Future Work 
Our results were consistent with previous studies that reported that divergence and curl are 

challenging for students. For this task and population, students were largely successful in 
determining the sign of the constituent derivatives of div and curl. Incorrect responses showed 
confusion between the sign, direction, and change in the magnitude of vector field components; 
this confusion seems reminiscent of previous findings in both introductory physics and 
mathematics classes. 

Determining the constituent derivative incorrectly did result in an incorrect divergence sign, 
but correct responses on constituent derivatives were not sufficient for success on divergence and 
curl. Students seemed to confuse components of curl with components of the field itself.   

Explicit attention to the derivatives in expressions for divergence and curl seems to be a 
fruitful direction for future research and curriculum development. We plan to collect additional 
data, including student interviews, to further investigate the understanding of these derivatives as 
well as of divergence and curl, including relationships between quantities. We also intend to re-
examine existing data through the lens of covariation (Carlson et al., 2002) and to examine 
whether it is possible to extend existing frameworks to vector derivatives.   
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Introduction 
Professional research mathematicians are constantly engaging with highly-abstract, advanced 

mathematical concepts in their academic endeavors, especially if they study pure mathematics. 
Nevertheless, even with the heavily abstract nature of the mathematics, mathematicians are 
successful at answering mathematical problems and publishing new research. Therefore, it is 
worth investigating how professional mathematicians engage with and understand highly-
abstract, advanced mathematical concepts. Some research has investigated how mathematicians 
understand mathematical concepts (e.g., Flanagan, 2022; Shepherd & van de Sande, 2014; 
Sinclair & Gol Tabaghi, 2010; Soto-Johnson et al., 2016; Wilkerson-Jerde & Wilensky, 2011). 
Despite this, there is certainly a need to further analyze the intricacies of how mathematicians 
understand these concepts, and specifically what factors influence how mathematicians engage in 
this understanding. This preliminary research study aims to address this need. 

Literature Review and Conceptual Framework 
The study of mathematical understanding has been addressed in a variety of ways, including 

procedural versus conceptual understanding (Hiebert and Lefevre, 1986), intuitive, relational, 
symbolic, and logical understanding (Byers & Herscovics, 1977; Skemp, 1976, 1987), and the 
Pirie-Kieren dynamical theory of understanding centered on how one experiences growth in 
understanding mathematical concepts (Pirie & Kieren, 1989, 1994). Additionally, distinguishing 
between different types or levels of understanding has appeared in the research on proof, such as 
the distinction between semantic and syntactic proof productions (Weber & Alcock, 2004) and 
the need for strategic knowledge (Weber, 2001). Furthermore, research has demonstrated that 

 they 
work closely with. Fully understanding a mathematical concept is impossible to define precisely, 
but a demonstration of a lack of full understanding could include choosing to use a theorem in a 
proof without knowing why the theorem is true, or accepting a proof is valid without being able 
to deduce why each step logically proceeds from the previous one. 

In the context of proof-reading and validation, there is strong evidence that professional 
mathematicians will accept a proof as true or valid without using deductive reasoning (e.g., 
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Weber et al., 2014; Weber et al., 2022). For example, Weber (2021) provided evidence that even 
set theorists, who work closely with the building blocks of mathematics, are sometimes content 
without being able to construct certain details of their derivations. In addition, professional 
mathematicians have demonstrated that they sometimes use authoritative reasoning when reading 
and validating proofs (e.g., Inglis & Mejía-Ramos, 2009; Mejía-Ramos & Weber, 2014; Weber, 
2008; Weber & Mejía-Ramos, 2011). Harel and Sowder (1998) defined an authoritarian proof 

or a textbook. Instead of teachers or textbooks, mathematicians sometimes appeal to the 
authority of reputable journals and famous mathematicians. 

Research Questions 
Two primary research questions guided this research study. The first question captures the 

broad purpose of the research, while the second pertains to the specific goals of this study. 
1. (Broadly) How do mathematicians successfully work with and understand highly-

abstract, advanced mathematical concepts? 
2. (Specifically) What reasons do professional mathematicians give for why they believe 

they fully understand  or do not fully understand  the mathematical concepts they use in 
their own work?  

Methodology 
To address the above research questions, a one-hour, semi-structured Zoom interview was 

conducted with one professional research mathematician. This mathematician, Callie 
(pseudonym), was a female algebraist who specializes in coding theory. She was specifically 
chosen for this study because her area of research was tangentially related to my own 
mathematical expertise, which would allow for me to better understand the mathematics she 
discussed in the interview. This interview was video-recorded, and the audio was transcribed for 
data analysis. Furthermore, this interview consisted of three phases. Callie was first asked some 
basic questions to better understand her mathematical background. Afterwards, we discussed 
specific components of one of her own research journal publications. Questions were centered 
around aspects of the article where she referenced mathematics from other sources, to help assess 
whether she believed that she understood the mathematics she was using from other sources that 
she did not publish herself. The final phase consisted of questions directly pertaining to the 
research questions, two of which are provided below for reference. 

1. Are there any times where you believe that you have encountered a new advanced or 
highly-abstract mathematical concept where you were able to successfully work with it, 
but did not truly understand  the concept? 

2. Have there been any incidents where you read a research paper relevant to your own 
research where you utilized some of the mathematics in the paper, but did not understand 
why it was true? 

The interview transcript data was subsequently coded in two phases. The initial phase of 
coding looked for general codes pertaining to the research questions. These initial codes were 
then refined and grouped together into more precise codes, which were applied to the transcript 
in a second phase of coding. After final adjustments were made, these codes were organized into 
four themes, which will be discussed in the following section. 
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Results 
The results from the data analysis will be presented as a thematic analysis (Braun & Clarke, 

2012) of the reasons that Callie provided for having certain levels of understanding for the 
mathematical concepts she uses in her own work. The coding process revealed four major 
themes, which are (1) authoritative reasoning, (2) external pressures, (3) academic influences, 
and (4) intellectual factors. Each of these themes will be addressed individually, with supporting 
evidence provided from the interview. 

Authoritative Reasoning 
One pattern that appeared frequently in the data was authoritative reasoning. This consists of 

when Callie stated that she believed or accepted something was true because it came from a 
trustworthy or authoritative source, such as a reputable journal. In the case of appealing to the 
authority o
process, and all of that, typically I feel confident that results that have appeared in the literature 

addition to the peer review process providing Callie with confidence in the validity of results, she 
expressed that if a result is important, then likely enough people have looked over the result to 
verify its correctness. Regarding a 

 
Another facet of authoritative reasoning came in the form of believing results were true because 
certain people were involved. When discussing an area of her own field of research where she 
did not understand all of the results, she stated 
use something and we trust that the people who have done the work have done it correc  

External Pressures 
Another theme that came out of the interview data with Callie was external pressures. This 

theme consists of when her choice to try to understand a mathematical concept was directly 
influenced by external factors, such as time constraints due to academic duties. The most 

 its influence 
on her ability to take time to deeply understand all the mathematical concepts in her work was 
summed up when she stated: 

have to worry about. I also hav -time job, 
 

actually create some
mathematics can take time to understand, and there is a lot of it being produced. According to 
Callie, this makes it unrealistic to produce new results and fully understand  all related results. 

Another type of external pressure is the natural influence of what the current research 
community believes is important. For example, Callie described how she and her colleagues 
were looking to find a sufficient condition for a mathematical result, even though they were not 

well-
her research pursuits  

The field has moved a bit, and so I kind of like to move a little bit too in order to stay 
current, you know, in terms of applications and things that people actually care about, 
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like for funding agencies or journals...because I'm having to pivot. I shouldn't say having 
to; I'm choosing to pivot based on some internal motivation to follow external factors. 

Even though these are reasons why a mathematician might choose to pursue certain research 
questions, they also demonstrate that there are academic pressures that influence what one 
chooses to focus on and try to better understand. 

Lastly, Callie shared how her level of understanding on certain mathematical concepts has 
likely been affected by the availability of resources now versus when she was starting her career. 
In particular, now there are a whole host of relevant journal articles that we can access on the 
internet with minimal effort. However, twenty years ago, Callie described in contrast to having 
twenty-

-
This comment is especially interesting because it highlights that the extent to which 
mathematicians choose to understand mathematical concepts for their own research may be 
changing due to technological advancements, which would need further research to verify. 

Academic Influences 
A third pattern that emerged from the data is academic influences. This consisted of when 

Callie discussed anything influenced how the actual mathematical results would be used or the 
nature of the mathematical content itself, including what field of study that the mathematical 
content came from. Callie explained how the field of study influences what she chooses to fully 
understand  
many many papers, you know, traversing other fields. So, it might be outside of what would be 

mathematics you are using, if you need to use advanced concepts that are outside of your area of 
expertise. Moreover, it is also possible that the field of research you engage in might influence 

ty years. And 

with a mathematician who focused deeply on one idea for the entirety of his career, where he 
may deeply understand everything that he uses in his own work. 

 

concept for a journal article influenced how much effort she put into understanding it. Generally, 

of the journal article from the interview, she mentioned: 
You know there are times when you know, maybe you need to reference something and, 
you know, the results are there or you can see them, but you don't have full awareness of 
the supporting evidence. It certainly happens a lot, but in this case, you know we were 
trying to really nail down this value, and so I had spent some time with the techniques in 
that paper. 

This sentiment was reoccurring in our discussion of her journal article, because she said that she 
understood the important references well but did not fully read or understand some of the 
references that were only provided for context or background. 
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Intellectual Factors 
The final theme from the interview data was intellectual factors, which were any mentions of 

 mental capacity and 
how reasonable a mathematical statement appears. For instance, Callie expressed how the 
reasonability of a mathematical statement influences how much effort she needs to put into 
deeply understanding the mathematics. 

So sometimes my knowledge and awareness might come from hearing a talk about it and 

surprising.  
It is possible that when a mathematical statement appears reasonable, that this is influenced from 
other mathematics you know. In this case, one might believe that the statement is probably true 
based on other mathematical expertise or intuition. In addition to reasonability, Callie mentioned 
how she only has so much mental capacity to understand mathematical facts. She discussed this 
phenomenon by stating that most mathematicians cannot know everything in their field, and 
verbalized, 

to fully understand  everything they work with, even if they would like to. 

Discussion 
The above thematic analysis provided supporting evidence that professional mathematicians 

do not always fully understand  the mathematical concepts they use in their work. Moreover, 
there are a plethora of reasons for why mathematicians have certain levels of understanding for 
these concepts. However, despite this, this study was preliminary in many ways and has some 
limitations. Most noticeably, this study only consisted of one mathematician researching coding 
theory. To further support these claims, it is important to research other mathematicians in 

aticians. A second 
limitation was that the chosen journal article was written over fifteen years before the interview. 

misremembered, and she was not able to 
share as much detail about aspects of her producing the paper. In turn, much of the data came 

interview data collection is valuable, but further data collection is certainly needed. 
Moreover, the results from the analysis support the claims of the aforementioned literature 

that mathematicians appeal to authoritative reasoning and fully 
understanding al concepts they use (e.g., Inglis & Mejía-Ramos, 2009; 
Weber, 2008). In addition, this study contributed a concrete example of a mathematician who 
demonstrated numerous reasons for the understanding she had. However, further research is 
needed to delineate these various reasons why mathematicians do not fully understand  
concepts. Is it mostly because of external and academic factors? Or is it also due to mathematical 
factors, such as using the concept in rich, mathematical  (Pirie & Kieren, 1994; see 
also Hadamard, 1945) or that the concept is too advanced or abstract for the individual? The 
above analysis provided some evidence that these could all be at work, but further research needs 
to be conducted. Lastly, the evidence in this study has implications for the teaching of advanced 
mathematics to students. If professional mathematicians are influenced in various ways on what 

are similarly 
influenced. Instead, focus should be given to helping students learn to navigate what 
mathematical concepts  
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This study explored pre-service teachers’ (PSTs’) initial experience connecting mathematics and 
social justice. This work is part of an on-going action research project on improving 
mathematics PSTs’ experiences in their methods courses, specifically focusing on culturally 
responsive mathematics teaching. Research stresses the need to prepare teachers who can teach 
a diverse student body, are mindful of differences in student backgrounds and, are cognizant of 
their own biases (Mark & Id-Deen, 2020; Brown et al., 2019; Gallard, Mensah, & Pitts, 2014; 
Johnson & Atwater, 2014; Lemons-Smith, 2013; Leonard, 2008; Lewis, Pitt, & Collins, 2002). 
PSTs developed lesson plans balancing both mathematics and social justice goals. Lesson plans 
were analyzed to find initial connections PSTs made between mathematics and social justice. 

Keywords: Pre-service teachers, mathematics for social justice, mathematics teacher education. 
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Investigating Student Use of Representation in Quantum Mechanics Change of Basis Problems 
 

 Idris Malik Warren Christensen 
 The Ohio State University North Dakota State University  

Meta-Representational Competence (MRC), first theorized by Andrea diSessa, has been used 
widely in Math Education studies. It has been recently used in Physics Education Research in the 
domain of Quantum Mechanics. Specific problems within Quantum Mechanics have a foundation 
in Linear Algebra, and may be approached or perceived differently based on the notation used 
(either Dirac, Matrix, or Spinor notation). Semi-structured interviews were conducted to present 
physics students with content questions and then ask them about MRC concepts directly, as it 
related to the content questions or other situations in Physics or Math. Student statements were 
coded to indicate both previously identified and novel facets of MRC in the context of change of 
basis problems in Quantum Mechanics. The preliminary analysis of two student interviews 
demonstrates , and suggests extending the Wawro, 
Watson, & Christensen (2020) MRC statement codes. 

!"#$%&'()! Quantum Mechanics, Meta-Representational Competence, Physics, Linear Algebra, 
Representation. 

Literature Review 
Notions involving representation and notation in Quantum Mechanics have often been 

investigated in Physics Education Research (PER). Fredlund, Airey & Linder (2012) noted that 

representations to become legitimate within a discipline such as physics. Physics learning then, 
 Airey 

& Linder, 2012). Additionally, Gire & Price (2015) id individuation, degree of 
externalization, compactness, and symbolic support  

-Representational 
Competence (MRC) Theoretical Framework (2002), (2004). 

Investigations using MRC have been recently conducted in the context of Quantum 
 

In a 2020 study, Wawro et al. enumerated the different MRC concept-related codes that arose in 
their interviews which were structured around Eigentheory concepts. These codes were in part 

along with additional codes that were organized and explained through the MRC framework. 
The Wawro et al. (2020) study has been cited in a recent paper by Corsiglia et al. (2022), 

which focused on QM Change of Basis problems. However, the Corsiglia study focused on a 
phenomenographical approach and did not implement the MRC theoretical framework used in 
the Wawro study. This current research seeks to incorporate MRC at a boundary between realms 
of RUME and PER in the specific context of QM Change of Basis problems. This is done 
through the coding of MRC concept statements that involve codes listed in Wawro et al. (2020) 
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here as a concept/statement that could be analyzed by the MRC Theoretical Framework. 

Theoretical Framework 

framework, Meta-Representational Competence (diSessa, 2002). Meta-Representational 
 full range of capabilities that students (and others) have 

Iszák, n & Olive (2009) mention 

reported that different students can make systematically different judgments about external 
 

This framework has seen significant use in the Research in Undergraduate Math Education 
community (Hillel, 2000; Arcavi, 2003; Iszák, 2003; Iszák, n & Olive, 2009) but has 
seen little use in Physics Education Research. Notions involving representation and notation in 
Quantum Mechanics have been often investigated in Physics Education Research (PER), but 
only one paper incorporated Meta-Representational Competence as a framework, Wawro et al. 
(2020). In Wawro et al. (2020), MRC statement codes were created based on the data observed 
(see Fig. 1) and proved to be very fruitful in parsing the data observed. However, the theoretical 
framework was applied post-hoc. This work aims to use an interview protocol designed 
specifically to parse out student statements regarding MRC in the context of Quantum Spin 
states.  
 

 
Figure 1. Table of MRC categories and codes from Wawro et al. (2020) 

Background 

physically spinnin
the use of Eigentheory. Spin states of a particle or system are represented by Kets (|Psi>), which 
function similarly to vectors. For Spin-! particles, the most common type in Intro-Quantum 
Mechanics situations, applying a directional Spin Operator can only result in one of the two 

-
eigenvector with a corresponding eigenvalue of - -

eigenvalue of ). In a certain coordinate direction (namely , , or ), a spin-
state can be described as a linear combination of these  - -  kets.  

These state vector kets, defined as linear combinations of eigenvector kets, can also be 
written in terms of 2 by 1 matrices. Here, the first entry represents the  ket (usually in the z-
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direction), and the second entry represents the  ket. Introductory units of instruction may 
present the same information in both Dirac and Matrix form, so that students can see how one 

statements without explicitly using a Dirac ket or a column vector for the eigenvectors. 
In any notation, the relations of the eigenvector kets, the spin operators, and the eigenvalue 

kets can be written in eigenequation form: . Figure 2 (below) includes an 
example of the 3 notations used in the context of a state vector equation: 

 
Figure 2: Equivalent state vectors, or wavefunction kets, written in different notations 

Methods 
A semi-structured interview was designed to provide participants with content questions and 

ask them about MRC concepts directly (Browner et al., 1988). Content questions were adapted 
from questions from the Corsiglia et al. (2022) study, which focused on Change of Basis, 
including concept-focused and computational-focused questions. The questions were adapted to 
provide a context for discussing MRC statements, rather than pure tests of conceptual 
understanding. For some of these content questions, multiple versions were made with different 
representations in the questions (See Fig. 2). After each set of content questions, a verbal follow-
up question was asked. The follow-up questions were intended to target MRC concepts directly. 
At first, these follow-ups treaded lightly on MRC concepts and focused more on content, but as 
the interview progressed, the follow-ups were directly aimed at MRC concepts.  

This interview structure was selected to organically ease students into talking about MRC 
concepts without directly explaining the MRC theoretical framework. To avoid dead-ends due to 
content issues, hints were structured into the content questions, or ready to be provided by the 
interviewer. The structure of the interview questions was meant to guide students through the 
most efficient path (Corsiglia et al., 2022) through answering the questions.  

Three student interviews were conducted at a midwestern, land-grant research university, 
each lasting about one hour long. Of these 3 interviews, we elected to focus the preliminary 
analysis on the interviews of participants PS and CG, as their interviews were the most unlike 
each other. After the interviews were transcribed, one of the authors reviewed the transcriptions 
to code mentions of MRC statements, guided by the codes delineated in Wawro et al. (2020).  

Preliminary Results 
The depth and amount of MRC statements made by student participants with relatively little 

direct prompting were surprising and encouraging. While physics students may unknowingly 
make MRC-related statements with their peers (e.g., preferences for notation, etc.) while 
working on group assignments, there is little evidence that they are instructed or directly graded 
on MRC concepts within physics courses. However, the interview participants all had some form 
of vocabulary for expressing some MRC concepts, to varying degrees, without being explicitly 
introduced to the terminology. Additionally, interview participants seemed to accept and use 
vocabulary that was explicitly introduced during the interview with good facility.  

We focused our preliminary study on Student Participants PS and CG, as they had distinct 
interview experiences from an MRC concept standpoint. They performed differently on the 
tougher content questions. They also articulated different preferences in notation. We share some 
preliminary analyses of each interview separately to best highlight the most prominent features 
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of each participant's interview experience. Future work will aim to synthesize these and other 
 

 
PS Interview: PS is a Physics Undergraduate student, who had taken two semesters of 
undergraduate Quantum Mechanics from a midwestern land-grant research university. PS 
identifies as a white, cis-gendered man. PS made fewer MRC comments in total, and it took 

elaborating on their thought process while working on content questions when prompted. 
-  

Within the first 10 minutes of the interview, PS made statements involving their belief in a 

defined a new code to encapsulate this. Much later in the interview, PS made a similar remark 

(emphasis added in bold): 
PS: There's a reason that I already like this notation way better, I got to be honest. 
Interviewer: Why do you like it better? 
PS: But again, you know, it's like, hey, spin up -- 1 0, spin down -- 0 1, and like, like I said 

before, I just I like the given - what exactly given values for just like shorthand [points 
at Q5] like Psi, Psi plus that's the spin-up, and you know, I kinda get, like all screwed up 
in my mind, like - how do I do this again? 

PS:  Like, [points at Q5 page] can one 
over square root of three be multiplied times Chi spin up? Whereas here [Q7] it's like, I 
know I can, you know? 

computations in Matrix notation. Additionally, PS mad

 
PS spent significant time on Q5 but was not able to complete it. They expressed that they did 

not have enough equations to solve for the constants they wanted. When given Q7, which was a 
Matrix notation focused instead of Spinor notation focused, PS responded with the reaction in 
the interview transcript above. Even though the problems were similar, PS was able to complete 
Q7. Afterwards, PS made conflicting statements regarding their success in Q7 compared to Q5. 
Initially, they made statements indicating that they understood the question better after they saw 
it presented in Matrix notation (Q7). However, a couple minutes later, they said that they 

have been due to just seeing the same question a second time. A goal of future work is to 

of concepts that fall under Meta-representational Competence.  
 

CG Interview: CG, a current Physics graduate student, has taken Quantum Mechanics at both an 
Undergraduate level at a small, private college in the midwest, and at the Graduate level at a 
midwestern land-grant research university. CG identifies as a white, cis-gendered man. CG, who 
performed extremely well on content questions, spoke fluently about how they represented their 
work verbally, on the page through equations, and using hand gestures.  Relative to PS, CG made 
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MRC statements earlier and more often over the course of their interview. Many of these 
statemen -

were often made by CG in support of Dirac notation and against Matrix notation. CG also made 
-

 

made many (at least 10) distinct statements in this category; the first one coming during an early 
follow-

 

-up questions and while considering how to 
begin working on Q5. 

CG made many statements involving 
CG, Matrix notation was very visible. They used hand gestures to set up a 3-dimensional 
coordinate system to communicate state vectors. CG then mentioned understanding Matrix 
notation as applying a linear transform to a vector, to change the direction of the state vector. In 

ithout any loss 

the Wawro, Watson & Christensen (2020) MRC codes related to expectation values (See Fig. 1).   
Discussion / Conclusion 

MRC concepts, which involve the capability to use external representations (diSessa & 
Sherin 2000), are likely related to skills developed by individuals by the time they are considered 
an 
content questions, successfully represented their work verbally, on the page through equations, 
and using hand gestures. Interviewee PS struggled with several content questions and did not 
demonstrate many MRC statements outside of the Value-based Preference category. How and 
when MRC concepts are developed and the role it plays alongside content understanding in 
Upper-division Physics is still unclear. Future research may shed additional light onto the 

representations and their performance on content questions in Upper-division Physics. 
Questions for Audience 

If students are not directly taught or coached regarding MRC concepts, how do they develop 
it in a Quantum Mechanics spins context which draws heavily on Eigentheory concepts? 

Would directly instructing students on understanding their thinking of how to use different 
representations help students become adept at this and content understanding? 

At what points throughout a mathematics or physics curriculum could instruction be initiated 
and subsequently revisited to support MRC concept development across a curriculum? 
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In the growing call from research and professional organizations within mathematics 
education to create more equitable and just mathematics classrooms (e.g., Mathematical 
Association of Mathematics Instructional Practices Guide, 2018; National Council of Teachers of 

mathematics and their perceptions of themselves as a doer of mathematics, including their beliefs 
about ability and participation, sense of belonging, and institutional and interpersonal supports 
(Voigt, 2020). Research suggests that gendered and racialized mathematical discourses play an 
im
scholarship exists that acknowledges and explores mathematics identity at the intersection of 
gender and race (Leyva, 2016, 2021; McGee, 2016).  

Recent scholarship proposes a connection between identity and values, such as mathematics 

values (Kalogeropoulos & Clarkson, 2019; Mandt & Afdal, 2022). There is general consensus 
that values are sociocultural in nature, embodying cultural norms about what is bad or good, or 
worth avoiding or doing (Hill et al., 2021; Schwartz et al., 2011). Thus, values in mathematics 

 doing in mathematics, as well 
as what drives one course of action over another (Hill et al., 2021; Seah, 
we value reflect years of learning and influence from our historical experiences and social 
interactions as members of the cul I argue that the 
relationship between identity and values in mathematics must be similarly influenced by 
gendered and racialized mathematical discourses. To this point, undergraduate mathematics in 
the United States often does not reflect the cultural values of women or students of color 
(Abrams et al., 2013; Fong et al., 2019; Leyva, 2016, 2021). Various scholars recognize how 
mathematical discourses in the US often align with, and thus give power to, dominant masculine 
and white values such as competition, risk, and individualism (Bullock, 2019; Jaremus et al., 
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2020; Leyva, 2016, 2021; Martin, 2006). Thus, unique and possibly additional tensions within 
mathematical spaces emerge at the intersection of race and gender for women of color as they 
develop their mathematical identity while negotiating their values with dominant mathematics 
values (Carlone & Johnson, 2007; Leyva, 2017; Rodd & Bartholomew, 2006). Supporting and 

thin undergraduate mathematics may help 

(Battey & Leyva, 2016; Hunter, 2021; Seah et al., 2016). Thus, this research engages critical 
frameworks at the intersections of gender and race to challenge exclusionary adherence to 
dominant values and encourage counternarratives to white, masculine mathematical discourses. 
In this research I ask, (1) What do women of color STEM majors describe as valuable/important 
to their undergraduate mathematics education? And (2) In what ways, if any, are these 
valued/important components connected to their mathematical identity? 

Theoretical Perspective 
I utilize sociopolitical theory and an intersectional lens to inform this work (Adiredja & 

Andrews-Larson, 2017; Crenshaw, 1991). This decision stems from the sensitivity of 
mathematics educational values to both the culture of the learner and societal influences (Hunter, 
2021; Lee & Seah, 2015; Zhang, 2019). Given the white, patriarchal discourses within 
undergraduate mathematics, an intersectional lens helps describe the ways in which interactions 
between race, gender, class, and other social constructs account for overlapping discrimination 
imposed on people with multiple marginalized identities within societal systems (Crenshaw, 
1991). Within the cultural system of mathematics, we recognize that the values women of color 
hold are both individually unique as well as shaped by societal influences related to gender and 
race. In particular, sociopolitical theory emphasizes the ways in which knowledge, power, and 
identity emerge and are often constrained by the values and norms of the mathematics 

cult
doers of mathematics (Adiredja & Andrews-Larson, 2017). Sociopolitical theory rejects student 
assimilation into the current dominant culture and instead promotes a system that considers, 
supports, and affords space to various backgrounds and identities. Thus, I chose to center women 
of color in this analysis to provide counternarratives to the white, patriarchal mathematical 
context without comparisons to the dominant group. Instead, I highlight the often submerged and 
undervalued variety of experiences of women of color related to mathematical identity and 
values. 

Methods 

Data Context and Participants 
The data for this study include transcripts of follow-up interviews and mathematics 

autobiographies from participants who completed the S-PIPS-M survey instrument administered 
by the Progress through Calculus (PtC) project in 2017-2018. This survey collected information 

lus and calculus, including mathematical 
activities, interactions, and affect (Street et al., 2021). To recruit participants for this study, I sent 
out an interest survey in Spring 2022 to all women of color from the survey who consented to 
future contact (n = 1121). Women of color within this dataset includes any participant who 
selected at least woman from the following select-all response options related to gender: Man, 
Transgender, Woman, Not listed (please specify) and who selected at least one of the following 
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select-all response options related to race and/or ethnicity: Alaskan Native or Native American, 
Black or African American, Central Asian, Hispanic or Latinx, Middle Eastern or North African, 
Native Hawaiian or Pacific Islander, Southeast Asian, South Asian. The recruitment email 
described the study as an exploration of women of color STEM major  experiences in 
undergraduate mathematics and thus participants self-selected as a woman of color to participate 
in this follow-up study. The interest survey included questions about demographics, various 
experiences and feelings related to undergraduate mathematics, and how those experiences and 
feelings related to race and/or gender, if at all.  

Of those who responded to the interest survey, I selected participants based on results from a 
previous analysis as well as aiming to diversify the sample in terms of gender, race/ethnicity, 
university, and major. Previous analysis using this dataset grouped the full S-PIPS-M survey 
sample of women of color into clusters based on components of mathematics identity. Thus, I 
selected 12 participants to interview that span across these clusters while attending to the 
characteristics listed above. For this analysis, I focus on two participants, Lyka and Callie. Brief 
descriptions of Lyka and Callie are presented in Table 1. The participants self-described their 
gender and racial identities through an open-ended question on the interest survey. 
Table 1. Description of participants. 

Lyka Callie 

Lyka (she/her) is a Filipino and white cisgender 
woman. She recently graduated with degrees in 
Biomedical Engineering and Multidisciplinary 
Studies from a public university in the Eastern 
half of the United States. Within the 
mathematics department at her university, she 
completed College Algebra, Trigonometry, 
Calculus I, Calculus II, Multivariable Calculus, 
and Ordinary Differential Equations. 

Callie (she/her) is a Hispanic/Latino 
cisgender woman. She recently graduated 
with a degree in Biology from a public 
university on the East coast. Within the 
mathematics department at her university, she 
completed College Algebra, Precalculus, 
Trigonometry, Statistics, and Calculus I. 

Data Collection 
In Spring 2022, I conducted 60 - 90 minute, semi-structured virtual interviews with each 

participant. The interview protocol included 
feelings related to undergraduate mathematics, including their perceptions of themselves as doers 
of math and what they found to be supportive and valuable in mathematics spaces. I divided the 
interview 
mathematical identity and one focused specifically on the potential connections to gender and/or 

mathematical identity as well as components they felt were important and valuable in their 
mathematics education. I also asked participants to write a brief mathematics autobiography 
using an open-ended prompt. The prompt encouraged participants to highlight memorable and 
influential moments in their life related to mathematics up to and including college, along with 
any ways in which race and/or gender interacted with these moments. I asked participants to 
complete the mathematics autobiography prior to their interview. 

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !!'$



Data Analysis 
-coding, first cycle, and second cycle 

coding methods. Pre-coding occurred during the interviews and during the transcription process, 
whereby I noted particularly interesting or powerful statements. During the first cycle I utilized 
open coding to label any statements related to the research questions, including statements 
related to cultural values, mathematics education values, and the components of mathematical 
identity. These codes became the basis of the second cycle coding process which involved 
categorizing the initial codes into theoretical codes to help describe the overall story connecting 
the data to the research questions. The coding process is still in progress and thus the results 
section that follows includes preliminary findings and developing themes. 

Results 
Initial findings suggest mathematics education values associated with learning from 

mistakes, connecting to the real-world and future careers, clarity in mathematical explanations, 
and social relationships, such as with their instructor and peers. There also appears connections 
between these mathematics education values and their mathematical identity. Intertwined within 
these mathematics education values and connections to mathematical identity, I also note the role 
of cultural values, especially related to gender and race. I present here two examples, one from 
each participant, to exemplify some of these points. Future analysis will provide more detailed 
and potentially addition results and overarching themes. 

 
In her mathematics autobiography, Lyka describes a stigma she perceives in STEM, where 

-based upper-
level calculus courses where she felt that having the opportunity to work through her mistakes 

I was able to focus on the 

mathematics minor. This suggests that seeing her mathematics education values reflected in her 

experience, we see how cultural values around making mistakes in mathematics, and how those 
interacted with being a woman of color in STEM, were challenged within her mastery-based 
math courses. When instead the value of making mistakes aligned with her values around 
learning and improvement, she added a mathematics minor, suggesting a strengthened 
mathematics identity. 

 
Callie describes both positive and negative experiences within undergraduate mathematics. 

She acknowledges how her performance often related to her feelings toward the courses. 
However, how she describes the importance of social support emerges across these experiences. 
When detailing her math courses, she recognizes 

mathematics and her major. When describing a fellowship she engaged in during college 
specifically geared toward marginalized students in STEM
that I had is like a very big reason why I continued to do so well in all these [math] 
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to talk about how the importance of this social support intertwined with her gender and race, 

negative feeling toward mathematics, having a space that reflected her values around social 
support and made her feel less alone as a woman of color in STEM provided a positive 
connection with mathematics and her major. 

Discussion 
The above preliminary results suggest various values women of color relate to their 

experiences in mathematics. These include social relationships, such as the importance of peer 
support and organizational support for Callie, learning from mistakes, such as Lyka described in 
her mastery-based math courses, connections to the real-world and future careers, and clarity in 
mathematical explanations. Additional values may emerge as I complete the analysis. There also 

identity. In particular, they both mention the importance of a value-related component in their 
STEM degree considerations. Future analyses will explore this connection in more detail, 

also support the use of sociopolitical theory and an intersectional lens given the inclusion of 
statements regarding the influence of gender and race on their experiences. Once the findings 
and overall themes are established, I will more robustly consider in what ways these women of 

mathematical identity and how these results intertwine with gender, race, and the tensions often 
present within dominant mathematical systems. The implications of this work aim to consider 

ge in mathematical spaces and the role of the university to 
incorporate those values to better support women of color in undergraduate mathematics. 
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As English is increasingly seen as the language of mathematics instruction in the United 
States and the world (e.g., Gerber et al., 2005; Planas, 2018), it is crucial to interrogate the role 
of the English language in mathematical understanding. Prior research suggests that the structure 
of the English language may be less effective than some other languages, say the Chinese 
language, for facilitating mathematical performance at primary and secondary school levels (e.g., 
Han & Ginsburg, 2001). This paper investigates the role of the English language at the 
undergraduate level in the context of limits and linear independence, as these are two central 
topics of study in mathematics education (e.g., Larsen et al., 2017; Rasmussen & Wawro, 2017). 

Literature Review 
Most English mathematics words at the K-12 levels have been created from Greek or Latin 

(Milligan & Milligan, 1983). For example, the term quadrilateral comes from two Latin words: 
quadri latus -speaking 
students are not taught Latin or Greek, so many of them may come to see math terms as random 
combinations of letters with no inherent meaning (Johnston-Wilder et al., 2016). In contrast, 
Chinese math words appear to have been created as descriptive and conceptually clear compound 
phrases (Han & Ginsburg, 2001). For example, the Chinese term for quadrilateral literally 
translates into English as four sides shape, which clearly depicts the concept of quadrilateral. 

Yet, many undergraduate math terms in English such as linearly independent already seem 
conceptually clear to the 

undergraduate learner? Research on linear (in)dependence and limit documents a diversity of 
student conceptions of these topics. For example, Plaxco and Wawro (2015) analyzed data from 
clinical interviews with students from a linear algebra course that used a travel-oriented 
curriculum (Wawro et al., 2012). They identified four student conception categories of linear 
(in)dependence: travel, geometric, vector algebraic, and matrix algebraic. The travel conception 
described linear (in)dependence in terms of movement. The geometric conception used language 
about spatial reasoning or graphical representations. The last two conceptions focused on 
operations on algebraic representations of vectors and matrices, respectively. 

Williams (1991) investigated the following student models of limits: (a) dynamic-practical, 
(b) acting as a boundary, (c) formal, (d) unreachable, (e) acting as an approximation, and (f) 
dynamic-practical. He found that it was common for students to exhibit a dynamic view of limit 
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and organized this view into three variants: squeezing a value from both sides, finding 
approximations, and coordinating changes in x with changes in y. Building on William s (1991) 
work, Oehrtman (2009) characterized student  spontaneous metaphors for limits and identified 
five often used student metaphors of limit: as physical limitation, with infinity as number, as 
proximity, as collapse, and as approximation. He also identified three less often used student 
metaphors of limit: as motion, as zooming, and as informal version of correct definition. Of all 
these metaphors, Oehrtman found limit as an approximation to be the most productive. 

My study investigates the uses of the terms limit and (in)dependent in relation to student 
understanding of limits and linear (in)dependence. Here, student understanding is conceptualized 
as any or all of the following elements of mathematical knowledge: meanings, images, ideas, 
connections, ways of comprehending situations, and explanations (Lobato, 2014). With this 
framework in mind, the research question is: What is the role of language in student 
understanding of linear (in)dependence and limits? 

Methods 
To gather background information on student understanding of linear (in)dependence and 

limits, the research team conducted clinical interviews (Ginsburg, 1997) with two groups of 
undergraduate students across two universities in the southwest of the United States. One group 
consisted of 4 students who had recently taken linear algebra and was asked questions about their 
understanding of linear (in)dependence. The second group had 6 students who were enrolled in 
Calculus II or III and were asked about their understanding of limits. Student interview responses 

the data using open coding from grounded theory (Strauss, 1987)
of limits, we used a list of a priori codes from prior research (e.g., Williams, 1991), while 
allowing room for other codes to emerge from the data within a grounded theory approach 
(Strauss & Corbin, 1990). 

Next, we analyzed the previously identified student understandings of limits and linear 
(in)dependence, considering the role of language. First, we determined which, if any, student 
model of limit related to the non-mathematical meaning of limit. Then, we analyzed student 
responses to the interview question regarding why the words independent and dependent are 
used for linear (in)dependence. In each response, we determined if the student used meanings of 
(in)dependence from outside linear algebra to interpret linear (in)dependence. Finally, we 
analyzed the relationship between each student understanding of linear (in)dependence and their 
use of outside meanings of (in)dependence. 

Results 
Background Findings: Student Understanding of Linear (In)dependence and Limits 

Three student models of linear (in)dependence emerged: (a) A set of vectors (viewed as a 
matrix) is linearly independent if and only if it is reducible to the identity matrix; (b) A set of 
vectors is linearly independent if and only if no two vectors in the set are scalar multiples of each 
other; and (c) A set of vectors is linearly independent if and only if at least one vector is a scalar 
multiple of another vector in the set. Student models (a) and (c) were used by one student each 
(Marco and Arletta, respectively), whereas student model (b) was used by two students (Edward 
and Alana). While none of these student models was completely correct mathematically, some 
were more correct and conceptually oriented than others. Student model (a) was more 
computationally oriented, focused on reducing a matrix through row or column operations. On 

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !!(*



the other hand, models (b) and (c) highlighted connections between linear (in)dependence and 
the idea of scalar multiples, with model (b) being more logically correct than (c). 

Regarding the limit analysis, each student had multiple conceptions of limit in calculus. We 
identified eight student models of limit: Coordinating x and y (n=6 students), 
approaching from both sides (n=5), function value (n=5), continuity (n=3), boundary (n=4), 
unreachable (n=6), exception (n=2), and stopping point (n=1). The model of limit coordinating x 
and y described a limit in terms of how the function value changes as x approaches a certain 
value. Approaching from both sides a -value 
the graph approaches from the left and from the right of a. Function value treated the limit value 
and the function value as the same. Continuity viewed the limit  as equivalent to the 

s continuity. Boundary conceptualized a limit as a number or point past which the 
function cannot go. Unreachable conceived of a limit as a number or point that cannot be 
reached by the function graph. Exception viewed the limit as something that does not follow a 
rule. Finally, stopping point conceptualized the function as motion along a graph and viewed the 
limit as the place where the function is constrained. 

The Role of English on Student Understanding of Linear (In)dependence 
The results indicated that Edward and Alana, the two students with model (b) of linear 

(in)dependence, connected their non-mathematical understandings of the terms independent and 
dependent to their understanding of linear (in)dependence, whereas the other students (Arletta 
and Marco) failed to make such a connection.  

independent  and dependent  
related 

upon each other. So, if you have a dependent set of vectors, you can make one vector from 

Edward connected his understanding of the term dependent as used outside linear algebra (i.e., 
at 

 
Similarly, when Alana was asked the same question, she said: 
Okay, I like that the words are the words they are, because they help me remember the 

ent  just like, in general the definition of dependence, to 
me, is when you need something else, or, like, you rely on someone else. So, if you just, 
like, rely on something or someone  so then, thinking about it mathematically, like  
just use this ex

relationship. And then independence, to me, in general 

like, work together and be the same or look the same. 
Thus, she used her general knowledge from outside of mathematics that 

help create mathematical in

 
In contrast, Marco did not leverage his understanding of the words independent and 

dependent from outside of mathematics for interpreting linear (in)dependence. When asked the 
same question above, he responded: 
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why it was called independent and dependent. I just thought, well, if it reduces to identity 
.  

Hence, Marco claimed that, in interacting with the concept of linear (in)dependence, he had not 
attended to the meanings of independent and dependent outside linear algebra. Not connecting 
his non-mathematical and mathematical understandings of independent and dependent might 
have led Marco away from attending to scalar multiples (for interpreting linear (in)dependence) 
and instead into rote learning.  

Like Marco, Arletta initially claimed never connecting her prior linguistic understanding of 
(in)dependence to linear (in)dependence. However, when I later presented her with a traditional 
textbook definition of l

values are zero to get a[n] 
connection, Arletta responded: 

Um, I guess, just going back to the definition. Like if c1x1  Like if c1, c2 [the 
1, x2] in

and... in dependent ones [vectors], these values [the coefficients] can be anything, but 
 

Although Arletta made an interesting connection between the formal definition of linear 
(in)dependence and her prior understandings of terms (in)dependent, this connection was 
superficially (not conceptually) aligned with the topic of linear (in)dependence. This is not 
surprising, given that she admitted not connecting the formal definition to her understanding of 
linear (in)dependence. This may help explain why, in her model of linear (in)dependence, she 
labeled a set with at least two vectors which are scalar multiples of each other as linearly 
independent and a set with no scalar multiples as linearly dependent (which is mathematically 
reversed).  

These results indicate that the students with the strongest conceptual understanding of linear 
(in)dependence (those with model (b)) were precisely those who connected their mathematical 
and non-mathematical understandings of the words (in)dependent in terms of a relationship 
between vectors. 

The Role of English on Student Understanding of Limit 
All six students appeared to connect their mathematical and non-mathematical conceptions of 

limit. All students had at least one mathematical conception of limit that related to the non-
mathematical definition of limit as a restraint or limitation  

This non-mathematical definition aligns 
with the following (mathematically incomplete or incorrect) student models of limit inferred 
from the data: boundary (n=4), unreachable (n=6), exception (n=2), and stopping point (n=1).  

To illustrate the connection between the non-mathematical meaning of limit and student 
mathematical understanding of limit, consider one student, Joyce, who had a boundary model of 
limit. When Joyce was asked what came to mind when she heard the word limit, she said, 

 Then, to elaborate, she sketched 
a graph and its highest point while saying, 

oes
the limit  like the dot [the highest point on the graph] is the limit.  Thus, Joyce related her non-
mathematical conception of limit as a limitation (e.g., ) to her mathematical 
understanding of limit as  maximum  value (which is mathematically incorrect). 
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Discussion 
non-mathematical language can play an important 

mathematical understanding of linear (in)dependence and limits. In particular, it 
may be that connecting the non-mathematical use of (in)dependence as a relationship to the 
mathematical meaning of linear independence afforded students a deeper understanding of this 
topic. However, not all students in the study who had taken linear algebra made such a 
connection, suggesting that there is still room for making the English term linearly (in)dependent 
conceptually clearer to students. On the other hand, the analysis of student understanding of 
limits suggested that extending non-mathematical understandings of the term limit to 
mathematical interpretations of this term 
mathematical understandings astray.  

These results highlight the importance for teachers to help students reflect on the terminology 
used to describe the concepts they are studying. This reflection may encourage students to 
compare the mathematical and non-mathematical meanings of certain terms. Leading students to 
see conceptual similarities (when they exist) can allow students to build on their own linguistic 
resources, whereas encouraging them to see differences can re-direct students away from 
unproductive mathematical conceptions rooted in limitations of non-mathematical meanings. 

For example, a linear algebra instructor could facilitate discussions about the non-
mathematical meaning of dependent and its connections, not only to the idea of scalar multiples 
of vectors, but more generally to the concept of linear combinations. This could help students 

calculus 
instructor could facilitate discussions about the similarities and differences between 
mathematical and non-mathematical meanings of the term limit, so students may confront 
potentially unproductive conceptions and build productive models of limit. 

To prompt or enrich such reflections, features of other languages, such as Chinese, could be 
leveraged. For example, if linear algebra 
their own in class discussion, the instructor could promote such idea by asking students to 
consider the literal translation of the Chinese term for linearly dependent ( 性相 : linearly 
related to each other), which explicitly invokes the idea of a relationship. Similarly, to enhance 
the discussion about limits in a calculus class, students might be asked to reflect on the 
constrains of the literal translation of the Chinese name for limit ( 限: maximum magnitude 
limit). This literal translation appears to reinforce the mathematically incorrect idea (held by 
students like Joyce above) that a limit is the maximum value of a function. 

Ultimately, whether the multiple meanings embedded in certain mathematical terms support 
or hinder student mathematical understanding may lie on how students and instructors leverage 
these meanings. One promising way is for instructors to promote student reflection over the 
similarities and differences between multiple meanings of important mathematical terms. More 
research in language and undergraduate mathematics may shed more light on this promise. 
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Conceptualizing and expressing distances on graphs of functions are central to understanding 
why integrals afford measuring areas and volumes in calculus. In this preliminary report, we 
share the results of implementing an intervention designed to support these skills with 31 
Integral Calculus students. Initial results show that the activity did support some students in 
learning to accurately expressing the horizontal distance between two functions. However, a 
closer look at students’ work revealed that the tasks may not have supported all of the ways of 
reasoning we intended. We discuss the instance of two students who successfully completed the 
activity yet displayed evidence of treating symbols as labels or parameters and following a 
pattern to complete the tasks rather than conceptualizing distance. We close with a discussion of 
how to improve the next iteration of the intervention.  

Keywords: Graphical Representations, Calculus, Distance, Cartesian Coordinate System 
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We report on work to explore instructor intercultural competence and its relationship with the 
effectiveness of mathematics teaching in post-secondary settings. Results are from quantitative 
and qualitative inquiry into the mathematical knowledge for teaching and intercultural 
orientations of 15 instructors and 476 of their undergraduate students. Instructors participated 
to varying degrees in a professional short-course for faculty learning to teach mathematics for 
future grade school teachers. The greatest learning gains among undergraduates were in the 
classes of those instructor-participants who completed short-course activities about 
interculturally responsive mathematical knowledge for teaching future teachers.  !

Keywords: teacher preparation, intercultural competence, professional development, equity!
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(AMS) Publications Technical Group (2017) 
observed:  

In mathematical research articles and books, theorems and proofs are among the most 
common elements, but authors also use many others that fall in the same general class: 
lemmas, propositions, axioms, corollaries, conjectures, definitions, remarks, cases, steps, 

 
To account for differences between elements of this list, the amsthm package supports three 

theorem styles: plain (e.g., for theorems and lemmas), definition (e.g., for definitions and 
axioms), and remark (e.g., for remarks and notes). By being named alongside theorems and 
proofs as well as receiving their own theorem style by the AMS, remarks  hold a privileged 
place in the writing of research mathematicians. The purpose of the study outlined in this report 
is to describe the genre of mathematical remarks using genre analysis, in particular by using 

 seven-step genre analysis model.  
As my work is of preliminary nature, I will only elaborate on a subset of the seven steps 

(i.e., steps 1, 2, 4, and 6). Further, in the interest of space, I will only report on findings regarding 
the communicative purposes of the genre of mathematical remarks, that is, I omit my findings 
regarding the form of the genre. This choice is motivated by the definition of genre I draw on 
(i.e., ), which places communicative purpose at the center of a genre. 
Thus, th overarching question, which also guides much of the genre analysis, is: What 
are the communicative purposes of mathematical remarks? 

Background Literature 
As discussed by Hyon (1996) as well as Bhatia and Salmani Nodoushan (2015), researchers 

from three different (Anglophone) research traditions have sought to study genre: (a) New 
Rhetoric studies, (b) systemic functional linguistics (SFL), and (c) English for Specific Purposes 
(ESP). But, as Bhatia (2012) remarked g]enre theory, in spite of these seemingly different 
orientations, covers a lot of common ground  (p. 241). For an in-depth comparison of the three 
traditions, see Hyon (1996) and Hyon (2018). In short, differences between the traditions that 
were more pronounced in the 1980s and 1990s have begun to fade in recent times with 
particularly the New Rhetoric and ESP traditions having ever-greater overlap (Hyon, 2018). I 
draw on the ESP tradition and provide a few brief remarks on this tradition below.  
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English for Specific Purposes 
The ESP tradition of genre theory draws on  definition of genre, which in 

abbreviated form reads:  
A genre comprises a class of communicative events, the members of which share some 
set of communicative purposes. In addition to purpose, exemplars of a genre exhibit 
various patterns of similarity in terms of structure, style, content and intended audience.  
(p. 58) 
Building on  definition of genre, Bhatia (1993) developed a seven-step genre 

analysis model attending to purpose and form: (a) placing the given genre-text in a situational 
context, (b) surveying existing literature, (c) refining the situational/contextual analysis, 
(d) selecting corpus, (e) studying the institutional context, (f) levels of linguistic analysis, and 
(g) specialist information in genre analysis. As Bhatia (1993) explained about these seven steps:  

These steps have been artificially separated for the sake of convenient formalization and 
systematic discussion. Moreover, it is not the intention to suggest that in all such 
investigations, the analyst must go through all the stages listed above and certainly not in 
that order. (p. 40) 

 (1993) model, see Singh et al. (2012). For four reviews of Bhatia 
(1993) as well as his response to these reviews see Nielsen et al. (2017). 

Method 

Data Collection 
I collected two sets of data, each for a different step of (1993) seven-step genre 

analysis. For step 2 (i.e., surveying existing literature), I compiled all discussion threads related 
to mathematical remarks I could find on Mathematics Stack Exchange (MSE). The search was 

MSE search 
examined to determine whether 

the question asked pertained to conventions about writing mathematical remarks. I then 
inspected each discussion remark-related 
questions but found none. All ten relevant discussion threads were downloaded. 

For step 4 (i.e., selecting a corpus), I compiled all remarks from the PDF lecture notes of all 
mandatory courses for first-year mathematics majors at my British undergraduate institution. 
These eight courses are: Foundations, Differential Equations, Analysis 1 & 2, Introduction to 
Abstract Algebra, Linear Algebra, Mathematics by Computer, and Geometry & Motion. These 
PDF files were written by the lecturers of these classes and uploaded or sold (in printed form) by 
the mathematics department (before or after the semester) for a small fee (!1 3). During the 
compilation process, three situations occurred: (a) remarks were the notes
exposition (in which case the remarks were included), (b) remarks were not the notes
labeled exposition (in which case only the remarks were included), or (c) the notes contained no 
exposition labeled as remarks, only exposition labeled as note  (in which case the  were 
included). ote s were excluded (case b) or included (case c) to account for some authors 
possibly using the term synonymously with remarks, whereas others may have chosen to make a 
distinction. I ended up with a corpus of 31 remarks.  

Given the preliminary nature of this work, rather than trying to create a large representative 
corpus of remarks (e.g., by compiling remarks from talks, lecture notes, textbooks, and research 
papers), I chose to focus on remarks from first-year lecture notes because this corpus was of a 
manageable size. Further, I suspected that this corpus might emphasize different communicative 
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purposes than the discussion threads on MSE a difference of pedagogical interest to me. Thus, 
for step 6, I am studying the communicative purpose(s) of a sub-genre of mathematical remarks: 
the remarks made to first-year British mathematics majors in lecture notes.  

Data Analysis  
To analyze the genre of mathematical remarks, I am using  seven-step genre 

analysis model. The four steps I detail in this report are steps 1, 2, 4, and 6. For step 1 (i.e., 
placing the given genre-text in a situational context), I drew on my knowledge and experience. 
Step 4 (i.e., selecting corpus) has already been described in the Data Collection.  

For step 2 (i.e., surveying existing literature), I analyzed the MSE discussion threads by using 
structural coding (Saldaña, 2009) to identify segments of the data that: (a) asked a question (or 

purpose of 
As described in 

the introduction, I will only report on the latter analysis in this report.  
For step 6 (i.e., levels of linguistic analysis), Bhatia (1993) outlined three levels of linguistic 

my level 3 analysis (i.e., the largest grain size), 
which Bhatia (1993) referred to as structural interpretation of the text-genre. Such an analysis 
may break down a genre into different moves, each of which has its own 

(Hyon, 2018, p. 30). Given that remarks are typically short texts of only a few 
sentences, I considered it unlikely to find a series of moves the genre follows. Nevertheless, I 
used the idea of different sub-purposes that remarks 
can have. To identify these purposes, I process coded (Saldaña, 2009) the remarks in my corpus. 

Preliminary Results 
As Bhatia (1993) specified, researchers need neither follow all his steps nor follow them 

linearly. With this in mind, I share my preliminary results for steps 1, 2, and 6 below.  

Step 1: Placing the Given Genre-Text in a Situational Context  
To place the given genre-text in a situational context, Bhatia (1993) encouraged analysts who 

come from the relevant speech community to draw on their own experience and background 
knowledge. As a mathematics education researcher with a background in mathematics, I am 
familiar with the communication of proof-based mathematics and consider myself a member of 
the relevant speech community. Thus, in this section, I share experience-based observations I 
made before beginning my analysis. For the purposes of this report, I include only my 
observations about the communicative purpose(s) of mathematical remarks.  

Context. Most of my relevant experience comes from studying mathematics at a British 
university. Lectures at the university consisted of a chain of labeled  (e.g., definition, 
theorem, proof, remark). These blocks including remarks were both spoken and written. 
Remarks nd written 

Remark: The only spoken discourse not recorded on the 
boards was unlabeled exposition, whose purpose it typically was to motivate material.  

Communicative purpose.  is to highlight a piece of information that 
does not fit into the mathematical quartet of definition, statement-to-be-proved, proof, and 
example but is too important to be left as unlabeled exposition. Remarks can, for instance, relate 
one theorem/proposition/lemma to another (e.g., one being a special case of another), warn the 
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reader about a potential confusion, indicate an alternative proof, highlight an idea or nuance that 
may have been lost amid mathematical notation, or share an alternative notation. 

I suspect that the distribution of communicative purposes of remarks in a text depends on the 

mers to 
proof-based mathematics, whereas remarks relating one theorem/proposition/lemma to another  
might be more prevalent when the audience is research mathematicians.  

Step 2: Surveying Existing Literature 
In his call to survey existing literature, Bhatia (1993) took an expansive view of possibly 

pertinent literature. Particularly relevant to this study is the inclusion of practitioner advice. 
Thus, MSE for 
discussion threads. After analyzing the discussion threads, I identified the following purposes of 
mathematical remarks: 

1. to be able to refer to some piece of exposition (this requires that the remarks are 
numbered);  

2. to draw attention to a piece of exposition;  
3. to isolate (important or noteworthy) exposition tangential to the main exposition;  
4. to give the reader a break (e.g., with an historical anecdote);  
5. to provide motivation;  
6. to state why some hypotheses are necessary or natural;  
7. to state why one cannot hope to get stronger results;  
8. to justify a seemingly unnecessarily circuitous route; 
9.  
10. to point out pitfalls; and 
11. to point out (and possibly explain) the following of a certain convention. 

Step 6: Levels of Linguistic Analysis 
Analyzing my corpus of mathematical remarks, I identified the following non-mutually 

exclusive (mini) communicative purposes of remarks:  
1. j -level (e.g., why they made a particular choice); 
2. respond to a possible reader assumption or reaction (e.g., pointing out a pitfall);  
3. point out something the reader may have overlooked (e.g., pointing out a border case, 

pointing out an additional implication);  
4. introduce new or different notation and terminology;   
5. point out an alternative (e.g., to a definition, an equation);  
6. give advice; and  
7. share background or additional context (e.g., historical anecdote, practical application, 

related concept). 
As aforementioned, these -  of remarks are not mutually exclusive and, while 
studying their intersections, one combination of moves stood out due its frequency and structure: 
purpose 2 followed by purpose 7. That is, around half the time, in addition to responding to a 
possible reader assumption or reaction, authors chose to share background or additional context.   

Discussion 
Synthesizing across steps 1, 2, and 6, I observe that there are different grain sizes of 

communicative purposes of mathematical remarks. The overarching communicative purpose 
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appears to be to separate some exposition from the main exposition either for elevation or 
isolation. For example, whereas some remarks warn of a pitfall and are numbered to be able to 
refer to them more easily (i.e., elevated exposition), other remarks isolate exposition tangential to 
the main exposition to the extent that they can be skipped one of the analyzed remarks even 
includ Discounting the possibility of reverse 
psychology, mathematical remarks are thus sometimes (almost) integral (elevated exposition) 
and at other times skippable (isolated exposition). I suspect this duality may leave novice readers 
of proof-based mathematical texts wondering whether remarks can be skipped or not.  

Moving to the mini purposes (or sub-purposes) of mathematical remarks, I offer the 
following synthesized list of mini purposes from steps 1, 2, and 6 of my genre analysis:  

1. j -level (e.g., why some hypotheses are necessary or 
natural, why one cannot hope to get a stronger result, why one took a seemingly 
circuitous route, why one made a particular choice);   

2. respond to a possible reader assumption or reaction (e.g., pointing out a pitfall, 
;  

3. point out something the reader may have overlooked (e.g., pointing out a border case, 
pointing out an additional implication, pointing out that B is a special case of A);  

4. introduce new or different notation and terminology;  
5. point out an alternative (e.g., to a definition, an equation, a proof);  
6. give advice; and 
7. share background or additional context (e.g., historical anecdote, practical application, 

related concept). 
As the step 6 analysis showed, these purposes are not mutually exclusive and there may be 

some that combine more frequently (e.g., purpose 2 followed by purpose 7). As aforementioned, 
I also hypothesize that some purposes (e.g., sharing background or additional context) may lead 
to remarks which authors consider more ignorable than remarks with other purposes 
(e.g., responding to a possible reader assumption or reaction).  

During the analysis, I also observed three differences between the mini communicative 
purposes identified in steps 2 and 6. First, the discussion threads seemed to emphasize purpose 
1 a purpose only seen once in the lecture notes. Second, purpose 6 appeared in the lecture notes 
but did not explicitly appear in the discussion threads. Third, purpose 3 appeared in the notes but 
not in the discussion threads. (This last observation is partially in line with my suspicion voiced 
in pre-analysis step 1.) I am left wondering to what extent these differences are due to a 
difference in intended audience.  

Compiling the corpus, I encountered a large variety of labeled exposition
 Comparing these 

to the mini purposes, some similarities appear: warning (purpose 2), observation (purpose 3), 
notation (purpose 4), advice (purpose 6), and digression and aside (purpose 7).  

Finally, I wish to share with the reader two of my wonderings: (a) What are the pedagogical 
ramifications of the mini purposes and the duality of the central purpose(s) of remarks? and 
(b) What possibilities would applying genre analysis to other mathematical genres offer? 

Acknowledgments 
I would like to acknowledge Dr. Jack Smith, who alerted me to the peculiarity of 

mathematicians announcing they were about to say something, that is, make a remark.  

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"#"



References 
Bhatia, V. (2012). Professional written genres. In J. P. Gee & M. Handford (Eds.), The Routledge 

handbook of discourse analysis (pp. 239 251). Routledge.  
Bhatia, V. K. (1993). Analysing genre: Language use in professional settings. Longman. 
Bhatia, V. K., & Salmani Nodoushan, M. A. (2015). Genre analysis: The state of the art (An 

online interview with Vijay Kumar Bhatia). International Journal of Language Studies, 9(2), 
121 130. 

Hyon, S. (1996). Genre in three traditions: Implications for ESL. TESOL Quarterly, 30(4), 693
722. https://doi.org/10.2307/3587930 

Hyon, S. (2018). Introducing genre and English for specific purposes. Routledge. 
Nielsen, M., Johansen, W., Engberg, J., Frandsen, F., & Bhatia, V. K. (2017). 5 review articles. 

HERMES - Journal of Language and Communication in Business, 10(19), 207. 
https://doi.org/10.7146/hjlcb.v10i19.25439 

Publications Technical Group. (2017). Using the amsthm package (Version 2.20.3). 
Saldaña, J. (2009). The coding manual for qualitative researchers. SAGE Publications Ltd.  
Singh, M. K. S., Shamsudin, S., & Zaid, Y. H. (2012). Revisiting genre analysis: Applying Vijay 

Procedia - Social and Behavioral Sciences, 66, 370 379. 
https://doi.org/10.1016/j.sbspro.2012.11.280 

Swales, J. M. (1990). Genre analysis: English in academic and research settings. Cambridge 
University Press. 

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"##



!"#$#%#&'()*'&#"#+,(-&",.+#,/0("*(-12.*+,(-",10(345"(6,507.,(65"4,15"#85$(9&*/$,:',(;*.(
3,584#&'()*117&#"<()*$$,',(=$',>.5(

(
?#015.@(=@*"*(

!&#+,.0#"<(*;(6#&&,0*"5(
A,B",.(C#1(

!&#+,.0#"<(*;(6#&&,0*"5(
-.,&,(A7.5&8%<@(

!&#+,.0#"<(*;(6#&&,0*"5(
(

!"#$%&'#()*$+,-.)/0.12,$*.$3244/,1.5$32&&#'#-6$7*&18*.1,'$9#*-/)#-$2:$;/*&1.5$+,-.)/0.12,$

<)2=#0.$>79;+?$8#@#&2<#8$*,$1,-.)/4#,.$.2$4#*-/)#$4*."#4*.10*&$A,2B&#8'#$:2)$.#*0"1,'$

0244/,1.5$02&&#'#$*&'#()*$>9C!D33%?$*,8$02,8/0.#8$02',1.1@#$1,.#)@1#B-$B1."$EF$0244/,1.5$

02&&#'#$1,-.)/0.2)-$2:$32&&#'#$%&'#()*G$!"1).5D-1H$8)*:.#8$9C!D33%$.#-.$1.#4-$B#)#$)#@1#B#8$

B1."$#*0"$1.#4$(#1,'$)#@1#B#8$(5$.B2$1,-.)/0.2)-G$!"1-$<*<#)$<)#-#,.-$."#$&#--2,-$&#*),#8$:)24$

."1-$<)#&141,*)5$*,*&5-1-$2:$."#$02',1.1@#$1,.#)@1#B$.)*,-0)1<.-G$$

C#5B2)8-6$)*'&#"#+,(#&",.+#,/0D(15"4,15"#85$(@&*/$,:',(;*.(",584#&'D(8*117&#"<(8*$$,',D(
8*$$,',(5$',>.5(

!"#$%&'(#)%"*
34,(=$',>.5(-&0".78"#*&(5"()*117&#"<()*$$,',0E(F5$#:5"#&'(6,507.,0(*;(G75$#"<(-&0".78"#*&(

HF6G-I(#0(5(J5"#*&5$(K8#,&8,(L*7&:5"#*&M;7&:,:(2.*N,8"("45"(#0(:,+,$*2#&'(5&(#&0".71,&"("*(HOI(
1,507.,(15"4,15"#85$(@&*/$,:',(;*.(",584#&'(8*117&#"<(8*$$,',(5$',>.5(H693M))=I(5&:(HPI(
#:,&"#;<("4,(:#1,&0#*&5$#"<(*;("4#0(@&*/$,:',Q(R,(>,'5&(><(0#"75"#&'(*7.(8*&8,2"75$#%5"#*&(*;(
15"4,15"#85$(@&*/$,:',(;*.(",584#&'(+#0M5M+#0(*&,(*;("4,(1*0"(8*11*&(8*&8,2"75$#%5"#*&0(
2.*:78,:(><(A,>*.54(?5$$(5&:(8*$$,5'7,0(H?5$$(,"(5$QD(PSSTU(V#$$(,"(5$QD(PSSTIQ(9*(5&:(V,.>0"(
HPSPSI(;7."4,.(2.*2*0,:(*.'5&#%#&'("4,(07>N,8"(15"",.(@&*/$,:',(#&(?5$$(,"(5$QW0(;.51,/*.@(><(
"50@0(*;(",584#&'Q(3*(1*+,("4#0(/*.@(;7."4,.(#&(8*117&#"<(8*$$,',0(H))ID(/,(45+,(4<2*"4,0#%,:(
"*(1,507.,("/*(15#&(8*&0".78"*.0D(350@0(*;(3,584#&'(H)4**0#&'(X.*>$,10(5&:(!&:,.0"5&:#&'(
K"7:,&"(R*.@I(5&:(L7&8"#*&(3<2,0(H$#&,5.D(,B2*&,&"#5$D(5&:(.5"#*&5$(;7&8"#*&0("45"(5.,(
;*7&:5"#*&5$(;*.(5:+5&8,:(/*.@(#&(85$87$70I(H0,,(L#'7.,(OIQ(34#0(8*&8,2"75$#%5"#*&(*;(5$',>.5(
@&*/$,:',(;*.(",584#&'(;.51,:("4,(#&0".71,&"W0(:,+,$*21,&"Q()*4,&(5&:(K/,.:$#@(HPSSYI(
*7"$#&,("4,(:,+,$*21,&"(*;(5&(#&0".71,&"(#&(;#+,(15#&(0"5',0E(8*&8,2"75$#%5"#*&D(8*&0".78"#*&D(
".<*7"D(5&5$<0#0D(5&:(.,+#0#*&Q(-&("4,(8*&0".78"#*&(0"5',D(8*'&#"#+,(#&",.+#,/0(H)-0I(2$5<(5(
0#'&#;#85&"(.*$,Q(
)*'&#"#+,(#&",.+#,/0(5.,(5&(#12*."5&"(Z75$#"5"#+,(1,"4*:(70,:(><(.,0,5.84,.0("*(:#08,.&(

#&",.+#,/,,0[(7&:,.0"5&:#&'(*;(07.+,<(#",10(H6,5:*/0D(PSPOU(R#$$#0D(PSS\IQ(=0(25."(*;("4,(
:,+,$*21,&"(*;(*7.(693M))=(#&0".71,&"D(/,(8*&:78",:()-0(/#"4())(8*$$,',(5$',>.5(
#&0".78"*.0("*(7&:,.0"5&:(/4,"4,.("4,(#",10(/,(:,+,$*2,:("*(500,00("4,(:#1,&0#*&0(H0,,(L#'7.,(OI(
5.,(#&",.2.,",:(><(.,02*&:,&"0(50(#&",&:,:(5&:(/4,"4,.("4,(25."#8#25&"0(70,:("4,(#&",&:,:(
@&*/$,:',(H6,05(,"(5$QD(PSPSMPSP]IQ(R,(70,:("4,(;*$$*/#&'(.,0,5.84(Z7,0"#*&0("*('7#:,("4,(
5&5$<0#0Q(
OQ! V*/(:*())(8*$$,',(5$',>.5(#&0".78"*.0(#&",.2.,"(*7.(:,+,$*2,:(#",10(#&(.,$5"#*&("*("4,(
:#1,&0#*&0(*;(*7.(>$7,2.#&"^(

PQ! R45"(@&*/$,:',(:*())(8*$$,',(5$',>.5(#&0".78"*.0(70,("*(.,02*&:("*("4,(693M))=(
#&0".71,&"^((

(
(

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"#$



(
(

I1'/)#$EG$9C!D33%$(&/#<)1,.$-"2B1,'$1.-$-1H$814#,-12,-G!

+,#-%&*

+.#,$)./0*."&*1$%(,&'$,0*
_,0,5.84(*&()-0(07'',0"(8*&:78"#&'(`.*7&:0a("45"(8*&0#0"(*;(\("*(O\(#&",.+#,/0D(/4#84(5.,(

#:,5$$<(.,2,5",:(;*$$*/#&'(,;;*."0("*(.,+#0,(Z7,0"#*&0(5&:(,$#1#&5",(2.*>$,10(H68)*$$D(PSSOU(
R#$$#0D(OYYbD(PSS\IQ(=;",.("4,(#&#"#5$(#&0".71,&"(8*&0".78"#*&(5&:(>,;*.,(2#$*"#&'("4,(#&0".71,&"D(
)-0(2.*+#:,(#&;*.15"#*&("*(,+5$75",(/4,"4,.("4,(#",10(2.*2*0,:(70,0("4,(@&*/$,:',("45"(#0(
#&",&:,:Q(3<2#85$$<D()-0(5.,(2$5&&,:("*("5@,(5(]EO(.5"#*(HR#$$#0D(PSO\I(*;("#1,(H"4.,,("#1,0(1*.,(
"45&(#"(/*7$:("5@,("*(5&0/,.("4,(#",1(/#"4*7"("4#&@M5$*7:(*.(2.*>#&'IQ(=0(5(",51D(/,(:,8#:,:("*(
$#1#"(#&",.+#,/0("*(5"(1*0"(YS(1#&7",0("*(,$#1#&5",(;5"#'7,(HA[=.:,&&,D(PSO\IQ(L*.("4#0(.,50*&D(
/,(0,&"("/*(#",10(*7"(*;(0#B(2$5&&,:(;*.(,584(.,02*&:,&"D(54,5:(*;("#1,(0*("45"(.,02*&:,&"0(
8*7$:("4#&@(5>*7"("4,1(5&:("5@,(&*",0(>,;*.,45&:Q(?<(:*#&'("4#0D(/,(5&"#8#25",:("45"(/,(8*7$:(
5+,.5',(OP(1#&7",0(2,.(#",1(:7.#&'("4,()-0Q(="("4,("#1,(*;(*7.()-0D(*7.(#",1(2**$(8*&0#0",:(*;(cS(
:.5;"(#",10("45"(/,(45:(:,,1,:(.,5:<(;*.(.,+#,/Q(34,(]c(#",10(0,$,8",:(H0#B(#",10(2,.(
:#1,&0#*&I(/*7$:(2.*+#:,(70(/#"4("4,(#&;*.15"#*&("*(7&:,.0"5&:(/4,"4,.("4,(:.5;"(#",10(/,.,(
#&",.2.,",:(><(.,02*&:,&"0(50(#&",&:,:D(70,:("4,(@&*/$,:',(/,("4*7'4"(/50(&,,:,:D(5&:("5.',",:(
"4,(:#1,&0#*&0(*;("4,(693M))=(>$7,2.#&"Q(
R,(:,+,$*2,:(5(2.*"*8*$("45"(/,(5'.,,:("*(70,(;*.(5$$(#&",.+#,/0Q(34.,,(",510(*;("/*(

.,0,5.84,.0(,584(2,.;*.1,:("4,(#&",.+#,/0(H*&,(2,.0*&(/*7$:(>,(50@#&'("4,(Z7,0"#*&0D(/4,.,50(
"4,(*"4,.(/50(#&(845.',(*;("5@#&'(;#,$:(&*",0(5&:(15&5'#&'(",84&#85$(502,8"0IQ(d584(",51(
#&",.+#,/,:(;*7.(25."#8#25&"0Q(R,(0,$,8",:(]c(#",10(/#"4("4,('*5$(*;(45+#&'(,584(#",1(>,(
.,+#,/,:(><("/*(25."#8#25&"0Q(=$$(#&",.+#,/0(/,.,(8*&:78",:(*&$#&,(#&("4,($50"(/,,@(*;(e7$<(PSPO(
70#&'(f**1(/#"4(08.,,&(045.#&'D(5&:(57:#*(5&:(+#:,*(.,8*.:#&'(/#"4(".5&08.#2"#*&Q(R,(70,:(
e51>*5.:("*(2.,0,&"("4,(#",10(*&,(5"(5("#1,(0#&8,(#"(5$$*/0(;*.(.,5$("#1,(:*871,&"#&'("4,(
25."#8#25&"0W(#",1(0*$+#&'(2.*8,00Q(R,('5+,(,584(25."#8#25&"("/*(#",10("*(/*.@(*&(54,5:(*;("4,(
#&",.+#,/(5&:(50@,:("4,1("*(0,&:(70("4,(:*871,&"5"#*&(*;("4,#.(/*.@(>,;*.,("4,(084,:7$,:(
#&",.+#,/Q(R,(50@,:("4,1("*(@,,2(".58@(*;(4*/($*&'(#"("**@("4,1("*(8*12$,",(,584(#",1Q(34,(

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"#%



#&",.+#,/(2.*"*8*$(50@,:(;*.("4,#.(#12.,00#*&0(*;("4,(8*&",&"(*;("4,(#",1D(/4,"4,.("4,(8*&",&"(/50(
.,$,+5&"("*("4,#.(/*.@D("4,(5&0/,.("4,<(84*0,(5&:("4,#.(.,50*&#&'D(5&:("4,(.,50*&H0I(;*.(
,$#1#&5"#&'(*"4,.(*2"#*&0Q(

2"./30)0*
-&("4#0(252,.D(/,(70,("4,(#&",.+#,/(.,02*&0,(;.*1(5(.,02*&:,&"(*&(5&(#",1(50(*7.(7&#"(*;(

5&5$<0#0Q(34#0('5+,(70(5("*"5$(*;(gP(H*&,(1#00#&'(:5"5(2*#&"(:7,("*("#1,(.,0".5#&"I(#&",.+#,/0(*&(]c(
#",10Q(=$$("4,(#&",.+#,/0(/,.,(;7$$<(".5&08.#>,:(5&:(07115.#%,:Q(34,(;#,$:(&*",0(/,.,(5$0*(
8*:,:Q(=&5$<0#0(/50(:*&,(#&("/*(2450,0Q(34,(;#.0"(2450,(;*870,:(>.*5:$<(*&(5&0/,.#&'(/4,"4,.(
.,02*&:,&"0(H5I(84**0,("4,(8*..,8"(5&0/,.D(H>I(70,(8*..,8"(.,50*&#&'(#&(84**0#&'("4,(5&0/,.D(H8I(
84**0,(5&(#&8*..,8"(*2"#*&(/#"4(8*..,8"(.,50*&#&'D(5&:(H:I(.,;,.("*("4,(:#1,&0#*&0(*;("4,(
>$7,2.#&"Q(34#0(2450,(*;(8*:#&'(/50(:*&,(><(;#+,(1,1>,.0(*;("4,(.,0,5.84(",51Q((
34,(0,8*&:(2450,(#&+*$+,:(5:52"#&'()*&.5:(5&:(?$5#.W0(HOYYcI(8*'&#"#+,(8*:#&'(084,1,(5&:(

/50(:*&,(><("4,("4.,,(57"4*.0Q(34,(8*:#&'(084,1,(2.*2*0,:(5"",&:#&'("*("4.,,(85",'*.#,0E(
J,8#)-.*,81,'$."#$+,.#,.D(K#):2)41,'$."#$K)14*)5$!*-AL(5&:(I2)4*..1,'$."#$M#-<2,-#Q()*&.5:(
5&:(?$5#.(70,:(J,8#)-.*,81,'$."#$+,.#,.("*(8*:,("4,(.,02*&:,&"0W(8*12.,4,&0#*&(5&:(
522.,8#5"#*&(*;("4,(.,0,5.84,.[0(*>N,8"#+,0U(K#):2)41,'$."#$K)14*)5$!*-A(/50(70,:("*(8*:,(4*/(
/,$$("4,(.,02*&:,&"0(/,.,(5>$,("*(.,".#,+,(#&;*.15"#*&(;.*1(1,1*.<D(:*(1,&"5$(5.#"41,"#8(5&:(
,+5$75",(5(.,02*&0,Q(I2)4*..1,'$."#$M#-<2,-#(/50(70,:("*(152(4*/(.,02*&:,&"0(.,02*&:,:("*(
2.,02,8#;#,:(5&0/,.(*2"#*&0Q(R,(5:52",:("4#0(8*:#&'(084,1,(;*.(*7.(27.2*0,0(50(;*$$*/0E(
4"&,$0#."&)"5*#-,*!"#,"#Q(34#0(85",'*.<(,B51#&,:(/4,"4,.("4,(.,02*&:,&"(/50(5>$,("*(

2$58,("4,(#",1(#&(5(:#1,&0#*&(*;(*7.(>$7,2.#&"Q(A#:("4,(.,02*&:,&"(.,8*'&#%,(>*"4("4,("50@(*;(
",584#&'(5&:("4,(;7&8"#*&("<2,^(R,(8*:,:(5(<,0(#;("4,(.,02*&:,&"(.,8*'&#%,:(>*"4("4,(;7&8"#*&(
"<2,(5&:("4,("50@(*;(",584#&'D(5(25."#5$(#;(*&$<(*&,(/50(#:,&"#;#,:(5&:(5(&*(#;(&,#"4,.(/50(2.,0,&"Q(
40)"5*6"%7/,&5,8*34#0(85",'*.<(,B51#&,:(/4,"4,.("4,(.,02*&:,&"(7&:,.0"**:("4,(

#&0".78"#*&5$('*5$(,1>,::,:(#&("4,(0",1Q(A#:("4,(.,02*&:,&"(.,50*&(5>*7"("4,(0",1(#&(/5<0("45"(
8*&;*.1,:(/#"4(*7.(.,50*&#&'^(A#:("4,(.,02*&:,&"(70,(15"4,15"#85$(@&*/$,:',("*(15@,(0,&0,(
*;("4,(0",1^(A#:("4,(.,02*&:,&"W0(.,02*&0,(#&:#85",(/4,"4,.("4,(0",1(/50(8$,5.^(A#:("4,(
.,02*&:,&"('#+,(5&<(#&:#85"#*&(*;(8*&;70#*&(*;("4,(0",1^(A#:("4,(.,02*&:,&"(7&:,.0"5&:("4,(
8*&",B"(2.,0,&",:(#&("4,(0",1^(34#0(#&8$7:,:(#&0"5&8,0(/4,.,("4,(/*.:#&'(/50(&*"(8$,5.(>7"(:#:(
&*"(#&8$7:,(0#"75"#*&0(#&(/4#84("4,(.,02*&:,&"(:#:(&*"(7&:,.0"5&:("4,(15"4,15"#85$(#:,50(*.(
",.1#&*$*'<(#&("4,(0",1Q(R,(8*:,:("4,(.,02*&0,(50(<,0(#;(#"(#&:#85",:(5(8$,5.(7&:,.0"5&:#&'(*;("4,(
0",1D(25."#5$(#;("4,(7&:,.0"5&:#&'(/50(&*"(8$,5.(5&:(&*(#;("4,(.,02*&0,(#&:#85",:("45"("4,(
.,02*&:,&"(:#:(&*"(7&:,.0"5&:("4,(0",1Q*
!"#$-.#4$1-$."#$<*).$2:$."#$1.#4$."*.$8#:1,#-$."#$4*."#4*.10*&$.*-AG$+.$1-$:2&&2B#8$(5$<2--1(&#$

-2&/.12,-$>2<.12,*&$*,-B#)-?Q((
9%$:.##)"5*#-,*;,0<%"0,8(34#0(85",'*.<(,B51#&,:(/4,"4,.("4,(.,02*&:,&"W0(.,50*&#&'(*&(

"4,(*2"#*&0(/50(15"4,15"#85$$<(8*..,8"(*.(5$#'&,:(/#"4(*7.(",12$5",Q(R50("4,(.,02*&:,&"W0(
8*..,8"(*.(#&8*..,8"(0,$,8"#*&(*;(*2"#*&0(5&:(,$#1#&5"#*&(*;(:#0".58"*.0(,B2,8",:^(R,(8*:,:("4,(
;*.15""#&'(50(,B2,8",:(#;("4,(N70"#;#85"#*&(15"84,:(*7.(",12$5",(#&",&"(*.(/50(;*7&:("*(>,(
15"4,15"#85$$<(.,50*&5>$,Q(-"(/50(8*:,:(50(2.*>$,15"#8(/4,&("4,(.,02*&:,&"('5+,(5(8*..,8"(
5&0/,.(*.(,$#1#&5",:(5&(*2"#*&(;*.("4,(/.*&'(.,50*&0D(/4,&("4,(.,50*&0(8*7$:(&*"(>,(
15"4,15"#85$$<(N70"#;#,:D(*.(/4,&("4,(N70"#;#85"#*&('#+,&(:#:(&*"(8*&;*.1("*(*7.(#&",&"Q(-"(/50(
8*:,:(50(25."#5$(#;("4,(.,02*&0,(/50(5(1#B(*;(,B2,8",:(5&:(2.*>$,15"#8Q(

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"#&



9)"&)"50*
R,(2.,0,&"("4,(2.,$#1#&5.<(;#&:#&'0(*;(*7.(5&5$<0#0(#&("4#0(0,8"#*&Q(35>$,(O(04*/0("4,(

07115.<(*;("4,(5&5$<0#0(70#&'("4,("4.,,(85",'*.#,0Q(h+,.5$$D(TTQg]i(*;(25."#8#25&"0[(.,02*&0,0(
04*/,:(5(.,8*'&#"#*&(*;("4,(;7&8"#*&("<2,(5&:("50@(*;(",584#&'D(T\QYPi(*;(.,02*&0,0(04*/,:(5&(
7&:,.0"5&:#&'(*;("4,(0",1(5&:(cOQYgi(*;(25."#8#25&"0(.,02*&0,0("*("4,(#",10(45:(15"4,15"#85$$<(
522.*2.#5",(N70"#;#85"#*&0Q(

!*(&#$E6$K#)0#,.*'#$2:$M#-<2,-#-$.2$."#$+,81@18/*&$+.#4-$>NOPFQ?G!

A#1,&0#*&(*;(
?$7,2.#&"(

!&:,.0"5&:#&'("4,(
-&",&"(

!0#&'(9&*/$,:',( L*.15""#&'("4,(_,02*&0,(

( j,0( X5."#5$( J*( j,0( X5."#5$( J*( dB2,8",:( X5."#5$( X.*>$,15"#8(

d)(H&kOPI( OSSQS( SQS( SQS( YOQg( SQS( TQ]( ccQg( TQ]( P\QS(

d!(H&kOPI( YOQg( TQ]( SQS( YOQg( TQ]( SQS( ccQg( SQS( ]]Q](

C)(H&kOOlI( OSSQS( SQS( SQS( YSQY( YQO( SQS( b\Q\( SQS( \bQ\(

C!(H&kOPI( T]Q]( OcQg( SQS( YOQg( SQS( TQ]( OSSQS( SQS( SQS(

_)(H&kOPI( ccQg( P\QS( TQ]( T]Q]( TQ]( TQ]( bOQg( SQS( \TQ](

_!(H&kOPI( YOQg( TQ]( SQS( YOQg( SQS( TQ]( \SQS( TQ]( bOQg(
lh&,(:5"5(2*#&"(#0(1#00#&'Q(h&,(25."#8#25&"(*&$<(.,02*&:,:("*(;#+,(#",10Q(

;,0,.$(-*=',0#)%"*>",*
_,0,5.84(Z7,0"#*&(*&,(0*7'4"("*(5&0/,.(4*/())(8*$$,',(5$',>.5(#&0".78"*.0(#&",.2.,"(*7.(

:,+,$*2,:(#",10(#&(.,$5"#*&("*("4,(:#1,&0#*&0(*;(*7.(>$7,2.#&"Q(34#0(/#$$(>,(5::.,00,:(70#&'("4,(
J,8#)-.*,81,'$."#$+,.#,.(8*:,Q((
4"&,$0#."&)"5*#-,*!"#,"#8(=0(,B2,8",:D(2.,$#1#&5.<(5&5$<0#0(04*/0("45"(25."#8#25&"0(1*0"$<(

#&:#85",:(5(.,8*'&#"#*&(*;("4,(;7&8"#*&("<2,(*;("4,(#",10(/#"4(*&$<(*&,(,B8,2"#*&Q(V*/,+,.D(#"(
/50(&*",:("45"("4,(;7&8"#*&("<2,(/50(1,&"#*&,:(#&("4,(0",1(*;("4,(#",1(5&:(#0($#@,$<("*(>,("4,(
.,50*&("4,(25."#8#25&"(:#:(&*"(1,&"#*&(#"(#&("4,(#&",.+#,/Q(h&,(15#&(*>0,.+5"#*&(&*",:(#0("45"(
25."#8#25&"0(1*0"$<(/,.,(5>$,("*(#:,&"#;<("4,("50@(*;(",584#&'(,B8,2"(#&("4,(850,(*;(84**0#&'(
2.*>$,10(;*.(.5"#*&5$(;7&8"#*&0(/4,.,(/,(*>0,.+,(5(]]Q]i(*;(.,02*&0,0(&*"(#&:#85"#&'("4,("50@(*;(
",584#&'Q((

;,0,.$(-*=',0#)%"*?7%*
R,(/5&",:("*(@&*/(/45"(@&*/$,:',())(8*$$,',(5$',>.5(#&0".78"*.0(/#$$(70,("*(.,02*&:("*(

"4,(693M))=(#&0".71,&"(;*.(.,0,5.84(Z7,0"#*&("/*Q(R,(/#$$(522$<("4,(J-1,'$C,2B&#8',(5&:(
I2)4*..1,'$."#$M#-<2,-#(8*:,0(;*.("4#0(.,0,5.84(Z7,0"#*&Q(
40)"5*6"%7/,&5,8(X5."#8#25&"0(:,1*&0".5",:(5&(7&:,.0"5&:#&'(*;("4,(#&0".78"#*&5$('*5$(#&(

"4,(0",1(;*.(1*0"(*;("4,(#",10Q(R#"4("4,(,B8,2"#*&(*;(84**0#&'(5&(,B2*&,&"#5$(;7&8"#*&(2.*>$,1D(
/,(.,8*.:,:(4#'4(2,.8,&"5',0(;*.("4#0(85",'*.<Q(R,(*>0,.+,:("45"("4,(25."#8#25&"0(/,.,(:#0".58",:(
;.*1("4,(*>N,8"#+,0(*;("4,(#",10(><("4,(8*&",B"(*;("4,(#",1Q(L*.(,B512$,D(*&(5&(#",1("*(#&".*:78,(
0"7:,&"0("*(#&",.2.,"#&'("4,(1,5&#&'(*;(+,."#85$(50<12"*",0(#&(5(.,5$(/*.$:(522$#,:(8*&",B"D(

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"#'



e70"#&5(H20,7:*I(0"5",:D(`-(:#:(&*"(',"(/4,.,("4*0,(&71>,.0(5.,(8*1#&'(;.*1D(SQ\(5&:(c]TSQ(-(:#:(
&*"(',"(Q(Q(Q("4*0,(500712"#*&0(>,#&'(15:,(5>*7"("4,(07.;58,(*.(0*1,"4#&'aQ(e70"#&5(/50(8$,5.$<(
;*870,:(*&("4,(8*&",B"(.5"4,.("45&("4,(15"4,15"#80(#&("4,(#",1(5&:(/50(:#0".58",:(><("4,(0*7.8,(
*;(&71>,.0(5&:(500712"#*&0Q((
9%$:.##)"5*#-,*;,0<%"0,8(h&$<(5($#""$,(*+,.(45$;("4,(.,50*&0('#+,&(;*.("4,(84*#8,(*;(*2"#*&0(

/,.,(,B2,8",:(*.(15"4,15"#85$$<(N70"#;#,:Q(34#0(/50(8*&8,.&#&'(0#&8,(/,(45:(.,8*.:,:(4#'4(
2,.8,&"5',0(;*.("4,(J,8#)-.*,81,'$."#$+,.#,.(5&:(J-1,'$C,2B&#8'#(8*:,0Q(L7."4,.(5&5$<0#0(
.,+,5$,:("45"(*7"(*;("4,(P\(2.*>$,15"#8(8*:,0(.,8*.:,:D(OP(H5>*7"(45$;I(*;("4,1(#&+*$+,:(.5"#*&5$(
;7&8"#*&0Q(=>*7"(]Yi(*;("4,(.,50*&0(H#&+*$+#&'(Og(#",10I('#+,&(/,.,(:,,1,:(2.*>$,15"#8(;*.(
+5.#,:(.,50*&0Q(34,("*2(.,50*&0(/,.,(HOI($58@(*;(@&*/$,:',(&,,:,:("*(8*..,8"$<(5&0/,.(#",10(
H,02,8#5$$<(/#"4(.5"#*&5$(;7&8"#*&0ID(HPI(0,$,8"#&'(;51#$#5.(*2"#*&0(*+,.(15"4,15"#85$$<(0*7&:(
*2"#*&0D(5&:(H]I(0*1,(5$0*(/,.,(:#0".58",:(><(17$"#2$,(8*&",B"0(#&(*&,(#",1(5&:(",&:(&*"("*(
.,50*&("4.*7'4(0784(#",10(15"4,15"#85$$<Q(=::#"#*&5$$<D(5(;,/(#",10(/,.,(&*",:("*(>,(
8*12$#85",:Q((
d115&7,$(H20,7:*I('5+,("4,(;*$$*/#&'(.,50*&(;*.(0,$,8"#&'(5&(*2"#*&E(`-('*(/#"4(m*2"#*&n(=(

*&$<(>,8570,(-(5$.,5:<(:*(#"(/#"4(1<(0"7:,&"0Q(=&:(#"[0(*&,("45"("4,<(,&N*<(5&:(#"[0(*&,("45"(-(45+,(
,B25&:,:(*&(*+,.("#1,Qa(d115&7,$(:*,0(&*"(*;;,.(5(15"4,15"#85$(N70"#;#85"#*&(;*.(4#0(84*#8,Q(

@%"(/'0)%"*
R,($,5.&,:(0*1,($,00*&0(;.*1(8*&:78"#&'("4,0,()-0Q(_,02*&:,&"0(8*12.,4,&:(5&(#",1(>,"",.(

/4,&("4,(#",1(8*&"5#&0(;,/,.(522$#,:(8*&",B"0(5&:(8*&;70#*&0(500*8#5",:(/#"4(25."0(*;(5&(#",1(
:#0".58"(.,02*&:,&"0(;.*1("4,(*>N,8"#+,Q(=::#"#*&5$$<D(#",10(&,,:("*(45+,(1*.,(2.,8#0,($5&'75',(
/4,&(:,08.#>#&'("4,(0",1(5&:(*2"#*&0Q(
?50,:(*&("4,(;,,:>58@(.,8,#+,:(;.*1("4,()-0D(;*7.(8*12$#85",:(#",10(/,.,(:#085.:,:D("4,(

0",10(*;(0,+,&(#",10(/,.,(.,+#0,:D(5&:("4,(*2"#*&0(*;(Ob(#",10(/,.,(.,+#0,:("*(15@,("4,1(1*.,(
;*870,:D(#&:,2,&:,&"(;.*1(,584(*"4,.D(.,50*&5>$,(;*.("4,(8*&",B"D(5&:(2*00#>$,("*(500,00(
15"4,15"#85$$<Q(-:,50(8*$$,8",:(;.*1("4,(.,02*&:,&"0(/,.,(5$0*(70,:("*(8.,5",(&,/(#",10(5&:(
.,+#0,(#",10("45"(/,.,(&*"(25."(*;("4,(8*'&#"#+,(#&",.+#,/0Q(

=',0#)%"0*A%$*B)0('00)%"*
OQ! ?50,:(*&(*7.(.,+#,/(*;("4,($#",.5"7.,D(#0*$5"#&'(;58"*.0(*;(15"4,15"#85$(@&*/$,:',(;*.(
",584#&'(450(>,,&(,$70#+,^(R45"(5;;*.:5&8,0(*.($#1#"5"#*&0(:*(<*7(0,,(#&(*7.(:,0#'&("*(
#0*$5",("/*("50@0(*;(",584#&'^(R45"(,$0,(04*7$:(>,(8*&0#:,.,:^(

PQ! -0("4,.,(5&*"4,.(8*'&#"#+,(#&",.+#,/(8*:#&'(084,1,("45"(<*7(45+,(70,:("*(,B".58"(70,;7$D(
.,$#5>$,D(*>N,8"#+,D(5&:(Z75&"#;#5>$,(:5"5(;.*1()*'&#"#+,(-&",.+#,/0^(R,(15<(>,(:*#&'(
8*'&#"#+,(#&",.+#,/0(5;",.(*7.(&,B"(+,.0#*&(*;("4,(#&0".71,&"Q(=&<(5:+#8,^((

2(C"%7/,&5,:,"#*
L7&:#&'(;*.("4#0(/*.@(/50(2.*+#:,:(><("4,(J5"#*&5$(K8#,&8,(L*7&:5"#*&(HdV_(5/5.:0(

O\cOb]cD(PSSScSPOD(PSSScbbPD(PSSS\Pg]D(PSSS\ccbIQ(=&<(*2#&#*&0D(;#&:#&'0D(5&:(8*&8$70#*&0(
*.(.,8*11,&:5"#*&0(,B2.,00,:(#&("4#0(15",.#5$(5.,("4*0,(*;("4,(57"4*.H0I(5&:(:*(&*"(&,8,005.#$<(
.,;$,8"("4,(+#,/0(*;("4,(J5"#*&5$(K8#,&8,(L*7&:5"#*&Q(R,("45&@(*7.(25."#8#25&"0U(/#"4*7"("4,1(
"4#0(/*.@(/*7$:(&*"(45+,(>,,&(2*00#>$,Q( (

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"#(



;,A,$,"(,0*
?5$$D(AQ(CQD(3451,0D(6Q(VQD(o(X4,$20D(pQ(HPSSTIQ()*&",&"(@&*/$,:',(;*.(",584#&'E(R45"(15@,0(
#"(02,8#5$^(R2/),*&$2:$!#*0"#)$S8/0*.12,D(TUH\ID(]TYMbSgQ(

A[=.:,&&,D(eQ(HPSO\IQ(X$5&&#&'(5(8*'&#"#+,(#&",.+#,/#&'(2.*N,8"Q(-&(AQ()*$$#&0(Hd:QID(32',1.1@#$
1,.#)@1#B1,'$<)*0.10#(H22Q(\YMgYIQ(K=pd(X7>$#85"#*&0(C":Q(4""20Eqq///M:*#M
*.'Q,%2PQ$#>Q71&Q,:7qOSQbO]\qYgTObg]YOSOSP((

V#$$D(VQ()QD(?$7&@D(6QD()45.5$51>*70D()QD(C,/#0D(eQD(X4,$20D(pQD(K$,,2D(CQD(o(?5$$D(AQ(CQ(HPSSTIQ(
65"4,15"#85$(@&*/$,:',(;*.(",584#&'(5&:("4,(15"4,15"#85$(Z75$#"<(*;(#&0".78"#*&E(=&(
,B2$*.5"*.<(0"7:<Q(32',1.12,$*,8$+,-.)/0.12,L$FVHbID(b]SM\OOQ((

)*4,&D(_Q(eQD(o(K/,.:$#@D(6Q(dQ(HPSSYIQ(K-50"2&2'10*&$.#-.1,'$*,8$*--#--4#,.6$%,$1,.)28/0.12,$
.2$.#-.-$*,8$4#*-/)#4#,.(Hg"4(,:QIQ(J,/(j*.@E(68p.5/MV#$$Q(

)*&.5:D(LQD(o(?$5#.D(eQ(HOYYcIQ(L.*1(#12.,00#*&0("*(:5"5E(-&8.,50#&'("4,(*>N,8"#+#"<(*;(8*'&#"#+,(
#&",.+#,/0Q(K)20##81,'-$2:$."#$W#0.12,$2,$W/)@#5$M#-#*)0"$9#."28-L$%4#)10*,$W.*.1-.10*&$
%--201*.12,D(OrYQ(

9*D(-QD(o(V,.>0"D(XQ(HPSPSIQ(K7>N,8"(15"",.(@&*/$,:',(*;(',*1,".<(&,,:,:(#&("50@0(*;(",584#&'E(
_,$5"#*&04#2("*(2.#*.(',*1,".<(",584#&'(,B2,.#,&8,Q(R2/),*&$:2)$M#-#*)0"$1,$9*."#4*.10-$
S8/0*.12,L$TEH\ID(cSSMc]SQ(4""20Eqq:*#Q*.'qOSQ\Y\OqN.,0,15"4,:78MPSPSMSOc]((

9*D(-QD(6,05D(FQD(A7.5&8%<@D(-QD(V,.>0"D(XQD(9*4$#D(JQD(K".s1D(=QD(o(R5"@#&0D(CQ(HPSPOIQ(
!&:,.0"5&:#&'("4,(845.58",.#0"#80(*;(15"4,15"#85$(@&*/$,:',(;*.(",584#&'(5$',>.5(#&(4#'4(
084**$0(5&:(8*117&#"<(8*$$,',0D(+,.#),*.12,*&$R2/),*&$2:$9*."#4*.10*&$S8/0*.12,$1,$
W01#,0#$*,8$!#0",2&2'5D(4""20Eqq:*#Q*.'qOSQOSTSqSSPSg]YtQPSPOQPSSc]bT((

6,5:*/0D(9Q(HPSPOIQ()*'&#"#+,(#&",.+#,/#&'(1,"4*:*$*'#,0Q(3&1,10*&$N/)-1,'$M#-#*)0"L$XYHbID(
]g\M]gYQ(4""20Eqq:*#Q*.'qOSQOOggqOS\bgg]TPOOSObSYY(

6,05D(FQD(R5"@#&0D(CQD(A7.5&8%<@D(-QD(?,#0#,',$D(6QD(9#15&#D(XQD(o(K".s1D(=Q(HPSPSMPSP]IQ(
%&'#()*$1,-.)/0.12,$*.$0244/,1.5$02&&#'#-6$7*&18*.1,'$4#*-/)#-$2:$Z/*&1.5$1,-.)/0.12,$

>%+[33$FGY?Q(J5"#*&5$(K8#,&8,(L*7&:5"#*&(HdV_(uPSSScSPD(PSSScbbD(PSSS\PgD(PSSS\ccIQ(
6#$$,.D(dQ(_Q(HPSOTIQ(\1'"$02',1.1@#$8#4*,8$#H*4<&#-$1,$<)#0*&0/&/-6$SH*41,1,'$."#$B2)A$*,8$
A,2B&#8'#$#,.*1&#8$1,$#,*0.4#,.(m!&27>$#04,:(:*8"*.5$(:#00,."5"#*&nQ(34,(!&#+,.0#"<(*;(
J,>.50@5MC#&8*$&Q(

_<5&D(9QD(p5&&*&MK$5",.D(JQD(o()7$>,."0*&D(6Q(eQ(HPSOPIQ(-12.*+#&'(07.+,<(1,"4*:0(/#"4(
8*'&#"#+,(#&",.+#,/0(#&(015$$(5&:(1,:#71M085$,(,+5$75"#*&0Q(e2/),*&$2:$S@*&/*.12,L$XXH]ID(
bObMb]SQ(

R#$$#0D(pQ(?Q(HPSS\IQ(32',1.1@#$1,.#)@1#B1,'6$%$.22&$:2)$14<)2@1,'$Z/#-.12,,*1)#$8#-1',Q(
34*705&:(h5@0E(K=pd(X7>$#85"#*&0D(-&8Q(

R#$$#0D(pQ(?Q(HPSO\IQ(%,*&5-1-$2:$."#$02',1.1@#$1,.#)@1#B$1,$Z/#-.12,,*1)#$8#-1',Q(hB;*.:E(hB;*.:(
!&#+,.0#"<(X.,00Q(

(

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"#)

https://www-doi-org.ezp2.lib.umn.edu/10.4135/9781473910102
https://www-doi-org.ezp2.lib.umn.edu/10.4135/9781473910102
https://doi.org/10.5951/jresematheduc-2020-0163
https://doi.org/10.1080/0020739X.2021.2006348
https://doi.org/10.1177/10547738211014099


!"#!"$%&'()&*"$+",+!"('%-#./0*$1+2/''/&*3-%+*$+4$5-'1'/5(/&-+6/&7-8/&*)%+953*%*$1+
+
+ !:/(5*$-+6/'1":*%+ ;:-$/+!'"%:-<+ 6/*%*-+=7":%"$+
+ 4$*3-'%*&<+",+6*)7*1/$+ 4$*3-'%*&<+",+6*)7*1/$+ 4$*3-'%*&<+",+6*)7*1/$+

!"#$%$&'()%*+,-./*$%0%10&"*10&#2$%(*,0/&1*3&4$%0(5#$#36%,/.2*$$%7./%#32.1#368%7#/$&9)*0/%
'3(*/6/0('0&*%$&'(*3&$:%!"/.'6"%&"*%030-)$#$%.7%5#(*.9/*2./(*(%0(5#$#36%$*$$#.3$8%&"*%
#3&*/02&#.30-%()301#2$%.7%03%'3(*/6/0('0&*%10&"*10&#2$%0(5#$#36%,/.6/01%0/*%*+,-./*(:%;3%
,0/&#2'-0/8%<*%(*$2/#=*%".<%$&'(*3&90(5#$./%#3&*/02&#.3$%2.92.3$&/'2&%$&'(*3&$4%2.'/$*9&0>#36%
30//0&#5*$%#3%<0)$%&"0&%$"0,*%&"*#/%10&"*10&#20-%.,,./&'3#&#*$:%

?*)<./($@+953*%*$1>+?*%)"('%-+9$/:<%*%>+=-$5-'+

!"#$%&'(#)%"*
6/&7-8/&*)%+)"('%-@"'0+A:/<%+/+)'()*/:+'":-+,"'+($5-'1'/5(/&-+%&(5-$&%+/%+/+A'-'-B(*%*&-+,"'+

8/$<+A'"1'/8%+",+%&(5<>+A/'&*)(:/':<+*$+C.;6+,*-:5%D+.7-+)"$&*$(-5+($5-''-A'-%-$&/&*"$+",+
@"8-$+*$+8/&7-8/&*)/::<+5-8/$5*$1+C.;6+,*-:5%+EF/&&+-&+/:D>+GHIJK+7/%+L--$+/&&'*L(&-5+&"+
/&&'*&*"$+",+@"8-$+/&+3/'*"(%+A"*$&%+L-&@--$+A/'&*)*A/&*"$+*$+-/':<+-5()/&*"$+/$5+A-'%*%&-$)-+*$+
C.;6+)/'--'%+EM:*)0-$%&/,,>+GHHNKD+F7*:-+'-%-/')7+7/%+:*$0-5+@"8-$O%+/&&'*&*"$+,'"8+&7-+C.;6+
A*A-:*$-+&"+/+3/'*-&<+",+)/(%-%+%()7+/%+5*%)'*8*$/&*"$>+%")*-&/:+1-$5-'+*$-B(/:*&<>+1-$5-'-5+
5*,,-'-$)-%+*$+/)/5-8*)+*$&-'-%&%>+/$5+5*,,-'-$&*/:+7*17+%)7"":+/)/5-8*)+A'-A/'/&*"$+EF/&&+-&+/:D>+
GHIJ>+AD+GNNK>+*&+7/%+'/'-:<+5-8"$%&'/&-5+7"@+&7-%-+,/)&"'%+"A-'/&-+&"+*8A/)&+/)/5-8*)+/$5+
)/'--'+)7"*)-%+,"'+*$5*3*5(/:+@"8-$+/&+&7-+&*8-%)/:-+",+8"8-$&%+E*D-D>+%-)"$5%+&"+8*$(&-%KD+P$+
&7*%+A/A-'>+@-+-QA:"'-+8/&7-8/&*)%+/53*%*$1+,"'+*$)"8*$1+($5-'1'/5(/&-%+/%+/$+($5-'&7-"'*R-5+
%*&-+",+/&&'*&*"$+/:"$1+&7-+C.;6+A*A-:*$-+/$5+*::(%&'/&-+7"@+*$&-'/)&*"$%+/&+/+%8/::+&*8-%)/:-+)/$+
%7/A-+%&(5-$&%O+8/&7-8/&*)/:+&'/S-)&"'*-%D+9:&7"(17+@-+5"+$"&+-Q&-$5+"('+/$/:<%*%+&"+-Q/8*$-+
&7-+*$,:(-$)-+",+1-$5-'-5+5*%)"('%-%+"'+1-$5-'+A-',"'8/$)-%>+@-+%--+&7*%+@"'0+/%+/+$-)-%%/'<+
,*'%&+%&-A+&"+:-/'$*$1+8"'-+/L"(&+&7-+-QA-'*-$)-+",+@"8-$+8"3*$1+&7'"(17+&7-+C.;6+A*A-:*$-D+
T('+A'-:*8*$/'<+/$/:<%*%+",+&7-+*8A/)&+",+1-$5-'+A-',"'8/$)-+)/$+L-+,"($5+*$+&7-+A"%&-'+%-%%*"$%+
,"'+&7*%+)"$,-'-$)-D+

+,-*.%"#-/#*%0*12#,-32#)(4*5&6)4)"7*
9)/5-8*)+/53*%*$1+%-'3-%+/+)'*&*)/:+A('A"%-+*$+&7-+A'")-%%+",+@-:)"8*$1+$-@+($5-'1'/5(/&-%+

&"+&7-+)"8A:-Q+%<%&-8+",+)"('%-+",,-'*$1%+/$5+*$%&*&(&*"$/:+'-B(*'-8-$&%+/&+/$<+($*3-'%*&<D+F7*:-+
/)/5-8*)+/53*%*$1+A'"1'/8%+%-'3-+%*8*:/'+A('A"%-%+/)'"%%+($*3-'%*&*-%>+&7-<+/'-+($*B(-:<+
%&'()&('-5+&"+,*&+&7-+$--5%+",+/+A/'&*)(:/'+*$%&*&(&*"$/:+)"$&-Q&D+F-+(%-+&7-+&-'8+10&"*10&#2$%
0(5#$#36+&"+5-%)'*L-+/)/5-8*)+/53*%*$1+A'"1'/8%+,"'+*$)"8*$1+($5-'1'/5(/&-%+/$5+",,-'-5+L<+
8/&7-8/&*)%+5-A/'&8-$&%+,"'+&7-+%":-+A('A"%-+",+1(*5*$1+%&(5-$&%+&"@/'5+/+5-)*%*"$+/L"(&+@7*)7+
8/&7-8/&*)%+)"('%-E%K+&"+'-1*%&-'+,"'D++
.7-+8/&7-8/&*)%+/53*%*$1+%-%%*"$%+@-+-Q/8*$-+&/0-+A:/)-+"3-'+/+3-'<+%7"'&+&*8-%)/:-+E,*3-+

&"+&-$+8*$(&-%K+/$5+"))('+L-&@--$+/$+/53*%"'+/$5+%&(5-$&+@7"+7/3-+$"+0$"@:-51-+",+-/)7+"&7-'D+
P$+&7*%+L'*-,+*$&-'/)&*"$>+&7-+/53*%"'+$--5%+&"+:-/'$+%"8-&7*$1+/L"(&+&7-+%&(5-$&+/$5+A'"3*5-+
'-:-3/$&+*$,"'8/&*"$+/L"(&+/3/*:/L:-+)"('%-%D+9&+&7-+%/8-+&*8->+&7-+%&(5-$&+8(%&+%7/'-+%"8-&7*$1+
/L"(&+&7-8%-:3-%+/$5+1/&7-'+&7-+*$,"'8/&*"$+&7-<+5--8+'-:-3/$&+&"+&7-+5-)*%*"$#8/0*$1+A'")-%%D+
!"('%-+'-1*%&'/&*"$+&<A*)/::<+"))('%+@*&7*$+5/<%+",+&7-+/53*%*$1+%-%%*"$>+%"+%&(5-$&%+7/3-+:*8*&-5+
"AA"'&($*&*-%+&"+%--0+"(&+/55*&*"$/:+*$,"'8/&*"$+"'+%(AA"'&+L-,"'-+8/0*$1+/+5-)*%*"$D++

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$*



12#,-32#)(4*5&6)4)"7*24*8-"$-*
F-+&/0-+/+5*%)('%*3-+/AA'"/)7+*$+@7*)7+@'*&&-$+'-A'-%-$&/&*"$%+",+/53*%*$1+%-%%*"$%+

E&'/$%)'*A&%K+/'-+&7"(17&+",+/%+&*+&$+&7/&+,*&+@*&7*$+/+A/'&*)(:/'+6*3/*D+.7-+1-$'-+",+/+&-Q&+*%+
5-,*$-5+/%+U/+%&/1-5>+1"/:#"'*-$&-5+%")*/:+A'")-%%V+E6/'&*$+W+X"%->+GHHY>+AD+JK>+8-/$*$1+&7/&+
*$%&/$&*/&*"$%+",+/+A/'&*)(:/'+1-$'-+1-$-'/::<+,"::"@+&7-+%/8-+%&-A%+&"+/))"8A:*%7+/+%A-)*,*)+1"/:+
/$5+/'-+-$/)&-5+*$+%")*/:+)"$&-Q&%D+.7-+1-$'-+",+/+&-Q&>+/$5+&7-+%&/1-%+&7/&+)"8A'*%-+&7/&+1-$'->+
)"$%&'/*$+&7-+'/$1-+",+5*%)('%*3-+/)&%+&7/&+/'-+A"%%*L:-+E"'+:*0-:<K+&"+"))('+/&+3/'*"(%+A"*$&%+@*&7*$+
&7-+&-Q&D+=-$'-+/$/:<%*%+A'"3*5-%+/+@/<+",+S(%&*,<*$1+&7-+'-/5-'O%+)"$&-Q&#%A-)*,*)+*$&-'A'-&/&*"$%+
",+5*%)('%*3-+/)&%+@*&7*$+/+&-Q&D+Z"'+-Q/8A:->+&7-+B(-%&*"$+A"0&%(.%).'%&"#3>B+)/$+L-+*$&-'A'-&-5+
/%+'-,-''*$1+&"+@7/&+&7-+%&(5-$&+*%+)"$%*5-'*$1+,"'+/$+/)/5-8*)+8/S"'+"'+,"'+/+8/&7+)"('%-+
5-A-$5*$1+"$+@7-$+*$+&7-+/53*%*$1+%-%%*"$+*&+*%+%A"0-$D+
.7-+1-$'-+",+10&"*10&#2$%0(5#$#36+,"::"@%+/+A/'&*)(:/'+:"1*)+*$+&7-+A('%(*&+",+/+):-/'+1"/:D+

2/8-:<>+&7-+A('A"%-+",+/$+/53*%*$1+%-%%*"$+*$+&7*%+%&(5<O%+)"$&-Q&+*%+,"'+&7-+%&(5-$&+&"+5-)*5-+
@7*)7+)"('%-+&7-<+@*::+'-1*%&-'+,"'D+."+/))"8A:*%7+&7*%+1"/:>+&7-+/53*%"'+/$5+%&(5-$&+-$1/1-+*$+/+
)"$3-'%/&*"$+&7/&+)"$%*%&%+",+&7'--+%&/1-%[+TA-$*$1>+?-:*L-'/&*"$>+/$5+!:"%*$1D+P$+&7-+TA-$*$1>+
&7-+/53*%"'+%":*)*&%+*$,"'8/&*"$+,'"8+&7-+%&(5-$&+/L"(&+&7-*'+A'*"'+8/&7-8/&*)%+-QA-'*-$)-%+/%+
@-::+/%+/)/5-8*)+/$5+)/'--'+1"/:%D+?('*$1+&7-+?-:*L-'/&*"$>+&7-+/53*%"'+/$5+%&(5-$&+-3/:(/&-+
/3/*:/L:-+)"('%-+",,-'*$1%+*$+'-:/&*"$+&"+&7-+*$,"'8/&*"$+%7/'-5+5('*$1+&7-+TA-$*$1D+Z*$/::<>+&7-+
%&(5-$&+/$5+/53*%"'+/''*3-+/&+/+)"$%-$%(%+5('*$1+&7-+!:"%*$1D+.7-+"(&)"8-+",+/+8/&7-8/&*)%+
/53*%*$1+%-%%*"$+*%+/$+*$,"'8/:+/1'--8-$&+L-&@--$+&7-+/53*%"'+/$5+%&(5-$&+/L"(&+@7*)7+8/&7+
)"('%-E%K+&7-+%&(5-$&+@*::+'-1*%&-'+,"'D+

12#,-32#)(4*5&6)4)"7*9:*.%;.%"4#$'(#)"7*<2$$2#)6-4*
F-+)"$)-A&(/:*R-+8/&7-8/&*)%+/53*%*$1+%-%%*"$%+/%+%*&-%+*$+@7*)7+&7-+%&(5-$&+/$5+/53*%"'+)"#

)"$%&'()&+/+$/''/&*3-+/L"(&+&7-+%-&+",+)"('%-%+&7/&+/'-+/AA'"A'*/&-+,"'+&7-+%&(5-$&+&"+&/0-D+.7-+1"/:+
",+/+8/&7-8/&*)%+/53*%*$1+%-%%*"$+*%+,"'+&7-+%&(5-$&+&"+5-)*5-+@7*)7+8/&7+)"('%-+&"+&/0->+1*3-$+
&7-+%-&+",+"A&*"$%+8/5-+/3/*:/L:-+L<+&7*%+)"#)"$%&'()&-5+$/''/&*3-D+.7-+/)&+",+'-1*%&-'*$1+,"'+
)"('%-%+)/$+&7-$+,($)&*"$+/%+/+)"::/A%-+",+%&(5-$&%O+A"&-$&*/:+8/&7-8/&*)/:+,(&('-%>+A/'&*)(:/':<+
@7-$+&7-<+-:-)&+$"&+&"+&/0-+/+8/&7+)"('%-+"'+&"+&/0-+/+)"('%-+&7/&+@*::+$"&+%(AA"'&+&7-*'+-$&'<+*$&"+
/+8/&7-8/&*)/::<+5-8/$5*$1+,*-:5+",+%&(5<D+
C&"'*-%+&":5+/L"(&+&7-+%-:,+L<+"$-%-:,+/'-+:*0-:<+&"+7/3-+&7-+8"%&+*88-5*/&-+*8A/)&+"$+/$+

*$5*3*5(/:O%+/)&*"$%+EC,/'5+W+\'(%/0>+GHHNKD+.7-+%&"'*-%+&7/&+%&(5-$&%+&-::+/L"(&+&7-8%-:3-%+
5('*$1+&7-+8/&7+/53*%*$1+%-%%*"$%+&7/&+@-+"L%-'3-5+/'-+A/'&*)(:/':<+:*0-:<+&"+7/3-+/$+*8A/)&+"$+
&7-*'+/)&*"$%+L-)/(%-+%&(5-$&%+'-1*%&-'-5+,"'+):/%%-%+@*&7*$+/+5/<+"'+&@"+",+&7-*'+8/&7+/53*%*$1+
%-%%*"$%D+=*3-$+&7/&+&7-+-QA:*)*&+1"/:+",+/53*%*$1+%-%%*"$%+*%+&"+*$,:(-$)-+%&(5-$&%O+/)&*"$+@*&7+
'-%A-)&+&"+)"('%-+'-1*%&'/&*"$>+&7-+%&"'*-%+&7/&+%&(5-$&%+&-::+/L"(&+&7-8%-:3-%+*$+&7*%+)"$&-Q&+/'-+
3-'<+:*0-:<+&"+*$,:(-$)-+&7-*'+8/&7-8/&*)/:+&'/S-)&"'*-%D+9:&7"(17+%&(5-$&%+/'-+$/''/&*$1+%&"'*-%+
/L"(&+&7-8%-:3-%>+&7-<+/'-+5"*$1+%"+&7'"(17+*$&-'/)&*"$+@*&7+/$+/53*%"'D+953*%"'%+8/<+/%0+
B(-%&*"$%+&7/&+%(',/)-+/%A-)&%+",+/+%&(5-$&O%+$/''/&*3-+&7/&+@"(:5$O&+7/3-+"&7-'@*%-+-$&-'-5+&7-+
5*%)('%*3-+%A/)-D+;3-$+%--8*$1:<+*$$")("(%+(&&-'/$)-%+7/3-+&7-+A"&-$&*/:+&"+%7*,&+&7-+@/<+/+
%&(5-$&O%+$/''/&*3-+($,":5%D+P$+&7*%+%&(5<>+@-+/'-+&'<*$1+&"+:-/'$+7"@+&7-+/53*%"'#%&(5-$&+
*$&-'/)&*"$%+%7/A-+&7-+$/''/&*3-%+/L"(&+%&(5-$&%O+8/&7-8/&*)/:+A"&-$&*/:*&*-%+L<+*$,:(-$)*$1+&7-*'+
/)&*"$%+@*&7+'-%A-)&+&"+)"('%-+'-1*%&'/&*"$D+

+,-%$-#)(2=*>$23-?%$@*
Z"::"@*$1+C,/'5+/$5+\'(%/0+EGHHNK>+@-+&/0-+/+$/''/&*3-+&7-"'<+",+*5-$&*&<+&7/&+-B(/&-%+

U*5-$&*&*-%+@*&7+%&"'*-%+/L"(&+A-'%"$%V+EAD+I]K>+&":5+L<+&7-+%-:,+"'+"&7-'%>+-/)7+",+@7*)7+)/$+-Q*%&+

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$!



%*8(:&/$-"(%:<+/$5+)7/$1-+5<$/8*)/::<+*$+'-%A"$%-+&"+)"$&-Q&(/:+,/)&"'%D+P$+&7*%+3*-@>+&7-+
5*%)('%*3-+)"$%&'()&*"$+",+$/''/&*3-%+)"8A'*%-+&7-+*5-$&*&<+",+/$+*$5*3*5(/:+'/&7-'+&7/$+
,($)&*"$*$1+/%+/+@*$5"@+*$&"+%"8-+U&'(-V+%-$%-+",+%-:,+&7/&+*%+'-A'-%-$&-5+L<+&7-+$/''/&*3-%D+2"&+
/::+$/''/&*3-%+/L"(&+/$+*$5*3*5(/:+)"($&+/%+*5-$&*&*-%>+7"@-3-'D+C,/'5+/$5+\'(%/0+EGHHNK+5-,*$-+
*5-$&*&*-%+/%+)"::-)&*"$%+",+%&"'*-%+/L"(&+/+A-'%"$+&7/&+/'-+/*#7)#36+E&7-<+5-%)'*L-+A'"A-'&*-%+",+&7-+
*$5*3*5(/:K8%*3(./$0=-*+E&7-+$/''/&"'+L-:*-3-%+&7-+%&"'<+&"+L-+/+,/*&7,(:+'-,:-)&*"$+",+7"@+&7*$1%+
/'-+*$+&7-+@"':5K8%/$5%$#63#7#203&+E)7/$1*$1+%"8-+/%A-)&+",+&7-+%&"'<+*%+:*0-:<+&"+*8A/)&+&7-+
$/''/&"'O%+,--:*$1%+/L"(&+&7-+*5-$&*,*-5+A-'%"$KD+P5-$&*&<#$/''/&*3-%+/'-+*8A"'&/$&+*$+&7-+)"$&-Q&+",+
8/&7-8/&*)%+/53*%*$1+L-)/(%-+&7-+1"/:+",+-/)7+%-%%*"$+*%+&"+5-&-'8*$-+@7*)7+)"('%->+"(&+",+/+
:/'1-+$(8L-'+",+"A&*"$%>+*%+8"%&+/AA'"A'*/&-+,"'+&7-+%&(5-$&%+1*3-$+@7"+&7-<+/'-D+P$+"('+
)"$)-A&(/:*R/&*"$>+<".%&"*%$&'(*3&%#$+*%+&7-+)"::-)&*"$+",+%&"'*-%+/L"(&+&7-+%&(5-$&+&7/&+7/3-+L--$+
)"#)"$%&'()&-5+@*&7*$+&7-+/53*%*$1+%-%%*"$D+P$+&7*%+%&(5<>+@-+,")(%+"$+&7-+8-)7/$*%8%+&7'"(17+
@7*)7+%&(5-$&%+/$5+/53*%"'%+)"#)"$%&'()&+'-*,<*$1+$/''/&*3-%+/L"(&+&7-+%&(5-$&+5('*$1+
8/&7-8/&*)%+/53*%*$1+%-%%*"$%D+
2/''/&*3-%+7/3-+'-*,<*$1+B(/:*&*-%+@7-$+(&&-'/$)-%+/'-+/L"(&+=*#36+"'+"05#36+E-D1D>+;%01%0%

10&"*10&#2#03+"'+;%"05*%0%10&"%=/0#3K+'/&7-'+&7/$+(.#36%E-D1D>+;%(.%10&"KD+C,/'5+/$5+\'(%/0+
EGHHNK+*5-$&*,<+(%-+",+&7-+#$#%-$&-$)-+E-D1D>+$"*%#$%03%0=-*%$&'(*3&K+/%+/+A/'&*)(:/':<+-,,-)&*3-+
8-)7/$*%8+,"'+'-*,<*$1+*5-$&*&<+L-)/(%-+*&+&('$%+UA'"A-'&*-%+",+/)&*"$%+*$&"+A'"A-'&*-%+",+/)&"'%V+
EAD+I^KD+P$+/55*&*"$>+&7-<+$"&-+&7/&+*5-$&*&<+$/''/&*3-%+)/$+L-+/$/:<R-5+,"'+'-*,<*$1+B(/:*&*-%+L<+
:""0*$1+,"'+U3-'L%+%()7+/%+=*>+"05*>+"'+203+'/&7-'+&7/$+(.>+/$5+@*&7+&7-+/53-'L%+0-<0)$>+3*5*/>+
'$'0--)>+/$5+%"+,"'&7>+&7/&+%&'-%%+'-A-&*&*3-$-%%+",+/)&*"$V+EAD+I^KD+955*&*"$/::<>+1*3-$+&7/&+&7-+
)"$&-Q&+",+&7-+*$&-'/)&*"$+*%+/$+/53*%*$1+8--&*$1+@7-'-+&7-+*$,"'8/&*"$+A'"3*5-5+L<+&7-+%&(5-$&+*%+
(%-5+&"+%-&+/$+/)/5-8*)+&'/S-)&"'<>+%-$&-$)-%+(&*:*R*$1+%-$%*$1+A'")-%%-%+:*0-+-.5*8%"0&*8+/$5+<03&+
/:%"+'-%(:&+*$+&7-+'-*,*)/&*"$+",+*5-$&*&*-%D+Z"'+-Q/8A:->+&7-+%&/&-8-$&+;%"0&*%10&"+,($)&*"$%+:*0-+;%
01%3.&%0%,*/$.3%<".%-#>*$%10&"+@7*)7+*%+/+=*#36%A'")-%%D++
=*3-$+&7-+A"&-$&*/:+*8A/)&+",+&7-+'-*,<*$1+$/''/&*3-%+)"#)"$%&'()&-5+*$+8/&7-8/&*)%+/53*%*$1+

%-%%*"$%>+&7*%+%&(5<+%--0%+&"+/55'-%%+&7-+,"::"@*$1+B(-%&*"$%[++
ID! _"@+/'-+'-*,<*$1+$/''/&*3-%+)"#)"$%&'()&-5+&7'"(17+%&(5-$&#/53*%"'+*$&-'/)&*"$%+*$+
8/&7-8/&*)%+/53*%*$1+%-%%*"$%`+

GD! _"@+5"+'-*,<*$1+$/''/&*3-%+%7/A-+%&(5-$&%O+8/&7-8/&*)/:+"AA"'&($*&*-%`+

1-#,%&*

.%"#-/#*A*B2$#)()C2"#4*
.7*%+%&(5<+*%+A/'&+",+/+:/'1-'+A'"S-)&+-QA:"'*$1+&7-+8/&7-8/&*)%+/53*%*$1+A'"1'/8+%*&(/&-5+

/)'"%%+&7'--+%*&-%+/&+6*5@-%&-'$+4$*3-'%*&<+E/+A%-(5"$<8K[+&7-+1-$-'/:+%&(5-$&+L"5<+*$+&7-+
:*L-'/:+/'&%+)"::-1->+&7-+7"$"'%+A'"1'/8+*$+&7-+:*L-'/:+/'&%+)"::-1->+/$5+&7-+-$1*$--'*$1+%)7"":D+
.7-+A/'&*)*A/$&%+*$):(5-5+8/&7-8/&*)%+/53*%"'%+)"$%*%&*$1+",+,/)(:&<>+:-)&('-'%>+A"%&5")&"'/:+
,-::"@%>+/$5+5")&"'/:+%&(5-$&%+*$+&7-+8/&7-8/&*)%+5-A/'&8-$&>+/%+@-::+/%+*$)"8*$1+
($5-'1'/5(/&-%D+.7-+5/&/+@/%+)"::-)&-5+"3-'+%-3-'/:+@--0%+/&+&7-%-+%*&-%+5('*$1+&7-+%(88-'+",+
GHIaD+P$+&7*%+%&(5<>+@-+$/''"@+"('+,")(%+&"+-Q/8*$-+YG+/53*%*$1+%-%%*"$%+,'"8+&7-+7"$"'%+
A'"1'/8+)"$5()&-5+L<+"$-+8/$+/$5+"$-+@"8/$+/53*%"'D+

D2#2*E%'$(-4*
.7-+5/&/+)"'A(%+,"'+&7-+:/'1-'+A'"S-)&+)"$%*%&%+",+%-3-'/:+%"(')-%[+3*5-"#'-)"'5*$1%+",+IHH+

/53*%*$1+%-%%*"$%+/)'"%%+%*Q+/53*%"'%+/&+&7'--+%*&-%>+IHH+@-L#L/%-5+%('3-<%+,'"8+($5-'1'/5(/&-+
%&(5-$&%+/,&-'+&7-*'+/53*%*$1+%-%%*"$>+I+3*5-"#'-)"'5*$1+/$5+,*-:5$"&-%+",+&7-+&'/*$*$1+%-%%*"$>+/$5+

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$"



]+/(5*"#'-)"'5*$1%+",+*$&-'3*-@%+@*&7+8/&7-8/&*)%+/53*%"'%+/,&-'+&7-+/53*%*$1+%-%%*"$%D+Z"'+&7*%+
%&(5<>+@-+5'/@+"$+3*5-"#'-)"'5*$1%+",+&7-+/53*%*$1+%-%%*"$%+/%+@-::+/%+&'/$%)'*A&*"$%+)"$%&'()&-5+
L<+"('+'-%-/')7+&-/8+E_/88-'%:-<>+GHIHKD+

5"2=:4)4*%0*#,-*.%;.%"4#$'(#)%"*%0*F-)0:)"7*<2$$2#)6-4*
+ 9,&-'+/AA:<*$1+%&/1-+/$5+&*8-:*$-+)"5-%+&"+-/)7+&'/$%)'*A&>+@-+:""0-5+/&+&7-+%&(5-$&O%+

&('$%+",+&/:0+/$5+8/'0-5+*$%&/$)-%+@7-'-+'-*,<*$1+$/''/&*3-%+@-'-+L-*$1+)"$%&'()&-5D+P$+
A/'&*)(:/'>+@-+:""0-5+,"'+8/'0-'%+",+'-*,*)/&*"$+%()7+/%+&7-+,*'%&+A-'%"$+-B(*3/:-$&%+",+#$#
%-$&-$)-%>+;%01+/$5+;%<0$b+(%-+",+3-'L%+%()7+/%+=*>+"05*>+"'+203b+/53-'L%+&7/&+%&'-%%+'-A-&*&*3-$-%%+
",+/)&*"$+%()7+/%+0-<0)$>+3*5*/>+/$5+'$'0--)b+/$5+%-$&-$)-%+(&*:*R*$1+%-$%*$1+A'")-%%-%+:*0-+-.5*8%
"0&*8+/$5+<03&D+9,&-'+8/'0*$1+&7-+'-*,<*$1+$/''/&*3-%+)"$%&'()&-5+&7'"(17+&7-+%&(5-$&O%+&/:0>+@-+
:""0-5+/&+&7-+/53*%"'O%+&/:0+A'-)-5*$1+-/)7+*$%&/$)-+",+'-*,*)/&*"$+&"+5-&-'8*$-+@7/&+&7-+$/''/&*3-+
@/%+*$+'-%A"$%-+&"D+c""0*$1+/7-/5+,'"8+-/)7+*$%&/$)-+",+'-*,*)/&*"$>+@-+)'-/&-5+8-8"%+/L"(&+
7"@+&7-+/53*%"'O%+&/:0+&""0+(A+E"'+5*5+$"&+&/0-+(AK+/%A-)&%+",+&7-+%&(5-$&O%+$/''/&*3-%D+Z"'+-/)7+
%-%%*"$>+@-+1-$-'/&-5+/+5*/1'/8+5-A*)&*$1+&7-+)"#)"$%&'()&*"$+",+$/''/&*3-%+/$5+*$5*)/&-5+
@7-&7-'+-/)7+(&&-'/$)-+@/%+/+L*5+&"+8"3-+&7-+%&(5-$&+&"@/'5+"'+/@/<+,'"8+8/&7-8/&*)%+
)"('%-@"'0D+c/%&:<>+-/)7+%-%%*"$+@/%+A:/)-5+*$+/+&@"#5*8-$%*"$/:+8/&'*Q+L/%-5+"$+@7-&7-'+&7-+
%&(5-$&+/$5+/53*%"'+)"#)"$%&'()&*"$+@/%+)""A-'/&*3-+EL"&7+8"3*$1+&"@/'5+"'+L"&7+8"3*$1+/@/<+
,'"8+8/&7K+"'+)"8A-&*$1+E8"3*$1+*$+"AA"%*&-+5*'-)&*"$%K>+/$5+@7-&7-'+&7-+%&(5-$&+@/%+
(:&*8/&-:<+8"3-5+&"@/'5+"'+/@/<+,'"8+8/&7-8/&*)%D+

F-4-2$(,-$*B%4)#)%"2=)#:+
.7*%+/$/:<%*%+@/%+)/''*-5+"(&+L<+/+8(:&*#-&7$*)>+8(:&*#'/)*/:+EM:/)0>+F7*&->+/$5+c/&*$QK+

'-%-/')7+&-/8>+@7"+*5-$&*,<+/%+@"8-$D+;/)7+&-/8+8-8L-'+7/%+/$+/)/5-8*)+L/)01'"($5+*$+
8/&7-8/&*)%+/$5+*%+$"@+,")(%-5+"$+8/&7-8/&*)%+-5()/&*"$D+F-+(%-+M:/)0+,-8*$*%&+A-'%A-)&*3-%+
&"+/)0$"@:-51-+&7-+'-:/&*"$%7*A%+L-&@--$+1-$5-'>+'/)->+/$5+):/%%+@*&7*$+&7*%+/$/:<%*%+/$5+5'/@+
"$+"('+"@$+-QA-'*-$)-%+/%+@"8-$+@"'0*$1+*$+/$5+&7'"(17+8/&7-8/&*)%+%A/)-%+&"+*$,"'8+"('+
B(-%&*"$%+/$5+*$&-'A'-&/&*"$%+",+&7-+5/&/D+.7-'-,"'->+1-$5-'+/$5+1-$5-'-5+5<$/8*)%+/'-+&/0-$+/%+
(L*B(*&"(%+@*&7*$+%")*/:+*$&-'/)&*"$%+/$5>+&7(%>+1'"($5+"('+/$/:<&*)/:+,")(%+,"'+&7-+A'-%-$&+%&(5<D+
+

!"#$%&%'(")*+'($),%,*-*.%,/0,,%1'+
=*3-$+)"$%&'/*$&%+"$+%A/)->+@-+A'-%-$&+/$+-Q)-'A&+,'"8+"$-+&'/$%)'*A&+/$5+&7-+

/))"8A/$<*$1+5*/1'/8+*$+./L:-+ID+P$+&7-+5*/1'/8>+)*'):-%+'-A'-%-$&+'-*,<*$1+$/''/&*3-%+%A"0-$+L<+
&7-+%&(5-$&+/$5+%B(/'-%+'-A'-%-$&+'-%A"$%-%+&">+/$5+-:*)*&/&*"$%+",>+'-*,<*$1+$/''/&*3-%+L<+&7-+
/53*%"'D+9''"@%+A"*$&*$1+:-,&+*$5*)/&-+$/''/&*3-%+&7/&+8"3-+&7-+%&(5-$&+/@/<+,'"8+8/&7>+/$5+
/''"@%+&"+&7-+'*17&+'-A'-%-$&+$/''/&*3-%+&7/&+8"3-+&7-+%&(5-$&+&"@/'5+8/&7D+C7/5*$1+*%+(%-5+&"+
&'/)0+A/'&*)(:/'+$/''/&*3-%b+@7*&-+*$5*)/&-%+;%,-03%&.%=*%0%,$)2".-.6)%10C./>+:*17&+1'/<+*$5*)/&-%+;%
,-03%&.%&0>*%0%10&"%2.'/$*>+/$5+5/'0+1'/<+*$5*)/&-%+;%,-03%&.%&0>*%0%$&0&#$&#2$%2.'/$*D+

P$+&7*%+%-%%*"$>+&7-+%&(5-$&+'-A-/&-5:<+%&/&-%+&7/&+%7-+-$S"<%+8/&7+/$5+@"(:5+:*0-+&"+&/0-+
)/:)(:(%D+.7-+/53*%"'>+&/0*$1+(A+&7-+$/''/&*3-+",+&7-+%&(5-$&+/%+/+A%<)7":"1<+8/S"'>+'-A-/&-5:<+
A"*$&%+"(&+&7/&+8/&7+*%+$"&+'-B(*'-5+/$5+A"*$&%+&7-+%&(5-$&+&"@/'5+%&/&*%&*)%+)"('%-%+/%+8"'-+
'-:-3/$&D+.7-+%&(5-$&+(:&*8/&-:<+)"$)-5-%+&7/&+%7-+8/<+$"&+&/0-+/+)/:)(:(%+)"('%->+%"+@-+
)7/'/)&-'*R-5+&7*%+%-%%*"$+/%+9@/<+Z'"8+6/&7D+.7-+)"#)"$%&'()&*"$+*$+&7*%+%-%%*"$+@/%+):/%%*,*-5+
/%+!"8A-&*$1+&"+'-,:-)&+&7-+A(%7+/$5+A(::+L-&@--$+&7-+%&(5-$&O%+$/''/&*3-+",+8/&7-8/&*)/:+
*$&-'-%&+/$5+&7-+/53*%"'O%+$/''/&*3-+",+8/&7-8/&*)%+$"&+L-*$1+$-)-%%/'<D++

+

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$#



.-Q&+ 2/''/&*3-+ ?*/1'/8+

953*%"'[+F-::+<"(+5"$d&+$--5+/$<+8/&7+,"'+
A%<)7":"1<D+?*5+<"(+@/$&+&"+&/0-+/+8/&7+
):/%%+"'+5"+<"(+@/$&+&"+/3"*5+8/&7`+

\%<)7+8/S"'%+5"$O&+$--5+
8/&7+
?"+<"(+@/$&+&"+/3"*5+8/&7`+

+

C&(5-$&[+P+5*5D+Pe+!*&%*-"G%:*32#,+-3-$+
&7"(17+*&d%+$"&+'-/::<+/+A/'&+",+A%<)7":"1<>+
L(&+!*4#)==*$-2==:*-"G%:*32#,D+c*0-+!*23*
#,)"@)"7*%0*#2@)"7*4#2#)4#)(4>+L(&+P+@/$&-5+
&"D+!H3*#,)"@)"7*2=4%*%0*)"(='&)"7*(2=('='4+
*,+P+7/3-+-$"(17+'""8+,"'+*&D+

P+-$S"<+8/&7D+
P+'-/::<+-$S"<+8/&7D+
PO8+&7*$0*$1+",+&/0*$1+
%&/&*%&*)%D+
PO8+&7*$0*$1+/L"(&+&/0*$1+
)/:)D+

+

953*%"'[+C"+%&/&%+/$5+8/&7+/'-+&@"+5*,,-'-$&+
5-A/'&8-$&%+7-'-+/$5+P+/1'--+&7/&+*,+<"(d'-+
1"*$1+*$&"+A%<)7+<"(d'-+A'"L/L:<+1"$$/+
7/3-+&"+&/0-+%"8-+%&/&%+/$5+&7/&d%+A'"L/L:<+
8"'-+'-:-3/$&D+M(&+*,+<"(+@/$&+&"+&/0-+8/&7+
&7/&+)-'&/*$:<D+EP+-$)"('/1-+<"(+&"+5"+&7/&KD+

C&/&%+*%$O&+8/&7D+
C&/&%+*%+8"'-+'-:-3/$&+,"'+
A%<)7D+
P,+<"(+@/$&+&"+&/0-+8/&7>+P+
-$)"('/1-+&7/&D+

+

C&(5-$&[+f-/7>+!*$-2==:*-"G%:*)#D++ghi+ P+'-/::<+-$S"<+8/&7D+ +

953*%"'[+g<"('+9\+%)"'-i+8-/$%+&7/&+<"(+
5"$d&+7/3-+&"+&/0-+)/:)+"$-D+C"+*,+<"(d'-+
1"*$1+&"+&/0-+)/:)(:(%>+*&+@"(:5+8/0-+%-$%-+
&"+%&/'&+@*&7+)/:)+&@"D+M(&+<"(+5"$d&+$--5+
&7/&+,"'+A%<)7D+C">+&7#+&7-+"$:<+'-/%"$+<"(+
%7"(:5+&/0-+)/:)(:(%+*%+*,+<"(+'-/::<+@/$&+&"+
&/0-+8"'-+)/:)(:(%D+

f"(+A:/)-5+*$&"+!/:)+G+
f"(+5"$O&+$--5+!/:)+G+,"'+
A%<)7+
.7-+"$:<+'-/%"$+&"+&/0-+!/:)+
G+*%+*,+<"(+'-/::<+@/$&+&"+
&/0-+8"'-+)/:)D+

+

C&(5-$&[+T0/<D+f-/7D+P#+!H3*C$-##:*
)"#-$-4#-&*)"*#2@)"7*)#>+L(&+!*#,)"@*!H3*
2(#'2==:*7%)"7*#%*#2=@*#%*3:*2&6)4%$*0)$4#+

PO8+A'-&&<+*$&-'-%&-5+*$+&/0*$1+
)/:)++
P+8/<+$"&+&/0-+)/:)+

+

953*%"'[+P+&7*$0+&7/&+8/0-%+%-$%-D+ 2"&+&/0*$1+)/:)+8*17&+8/0-+
%-$%-+

+

D#6'/*%E:%F%&/03$2/#,&%*+2*/,&%7/.1%0%10&"%0(5#$#36%$*$$#.38%/*#7)#36%30//0&#5*$8%03(%(#06/01%.7%2.9
2.3$&/'2&*(%30//0&#5*$:%

.7*%+A'-:*8*$/'<+/$/:<%*%+*$):(5-5+-*17&+E",+YGK+'/$5"8:<+%-:-)&-5+%-%%*"$%+,'"8+&7-+
7"$"'%+)"::-1-D+T,+&7"%-+%-%%*"$%>+&7'--+@-'-+)7/'/)&-'*R-5+/%+!""A-'/&*3-j."@/'5+6/&7+/$5+"$-+
@/%+)7/'/)&-'*R-5+/%+/+!"8A-&*$1j."@/'5+6/&7D+9::+,"('+",+&7"%-+%-%%*"$%+@-'-+@*&7+%&(5-$&%+
@7"+*5-$&*,<+/%+8-$D+T,+&7-+,"('+%-%%*"$%+)7/'/)&-'*R-5+/%+9@/<+Z'"8+6/&7>+"$-+@/%+
!""A-'/&*3-+E@*&7+/+F"8/$+%&(5-$&K+/$5+&7-+"&7-'+&7'--+@-'-+!"8A-&*$1+E&@"+@"8-$+/$5+"$-+
8/$KD+9:&7"(17+@-+-QA-)&+&"+,*$5+3/'*/L*:*&<+/%+@-+/$/:<R-+8"'-+%-%%*"$%>+*&+*%+$"&/L:-+&7/&+/::+
&7'--+'/$5"8:<+%-:-)&-5+%-%%*"$%+&7/&+7/3-+@"8-$+%&(5-$&%+,-/&('-5+)"#)"$%&'()&-5+$/''/&*3-%+
&7/&+8"3-5+&7-%-+@"8-$+/@/<+,'"8+,('&7-'+8/&7-8/&*)%+%&(5<D+F7*:-+&7-'-+/'-+8/$<+'-/%"$%+
,"'+@"8-$+&"+$"&+A('%(-+&7-+%&(5<+",+/53/$)-5+8/&7-8/&*)%>+&7/&+5-)*%*"$+7/%+:"$1#&-'8+
*8A:*)/&*"$%+,"'+&7-+'/$1-+",+/)/5-8*)+8/S"'%+/$5+)/'--'%+&7/&+'-8/*$+3*/L:-+"A&*"$%D+.7-+'-%(:&%+
",+&7*%+%&(5<+*::(%&'/&-+7"@+*$&-'/)&*"$%+/&+&7-+&*8-%)/:-+",+%-)"$5%+/$5+8*$(&-%+)/$+*8A/)&+&7-+
8/&7-8/&*)/:+&'/S-)&"'*-%+",+%&(5-$&%+/$5+/)&+/%+/+%*&-+",+/&&'*&*"$+,"'+@"8-$+*$+C.;6D+

+

+

+
+

+

+

+

+

+

+

+

+

+

+

+

+

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$$



F-0-$-"(-4*
M:*)0-$%&/,,>+kD+!D+EGHHNKD+F"8-$+/$5+%)*-$)-+)/'--'%[+c-/0<+A*A-:*$-+"'+1-$5-'+,*:&-'`+G*3(*/%
03(%H('20&#.3>+EIE]K>+Y^aeYl^D+5"*[IHDIHlHjHaN]HGNHNHHI]NHJG+

!'"8L*->+=D>+C*$):/*'>+2D>+C*:3-'&7"'$>+2D>+M<'$->+MD+6D>+?(M"*%>+?D+cD>+W+.'*$$--'>+9D+EGHHNKD+
\'-5*)&"'%+ ",+ <"($1+ /5":-%)-$&%O+ 8/&7+ 1'/5-%+ /$5+ )"('%-+ -$'"::8-$&+ *$&-$&*"$%[+ =-$5-'+
%*8*:/'*&*-%+/$5+5*,,-'-$)-%D+J*+%K.-*$>+LMENK>+YNI#Y^JD+

_/88-'%:-<>+6D+ EGHIHKD+ X-A'"5()*$1+ "'+ )"$%&'()&*$1`+ C"8-+ B(-%&*"$%+ /L"(&+ &'/$%)'*A&*"$+ *$+
%")*/:+'-%-/')7D+N'0-#&0&#5*%/*$*0/2"8%EOENK>+NNY#N^aD+

6/'&*$>+ kD+ XD>+ W+ X"%->+ ?D+ EGHHYKD+ A./>#36% <#&"% (#$2.'/$*@% P*03#36% =*).3(% &"*% 2-0'$*D+
M:""8%L('<+\(L:*%7*$1D+

C,/'5>+9D>+W+\'(%/0>+9D+EGHHNKD+.-::*$1+*5-$&*&*-%[+P$+%-/')7+",+/$+/$/:<&*)+&"":+,"'+*$3-%&*1/&*$1+
:-/'$*$1+/%+/+)(:&('/::<+%7/A-5+/)&*3*&<D+H('20&#.30-%/*$*0/2"*/>+QRE]K>+I]#GGD+

F/&&>+_D+6D>+_<5->+kD+CD>+\-&-'%-$>+kD>+6"''*%>+mD+9D>+X"R-0>+!D+CD>+W+_/'/)0*-@*)R>+kD+6D+EGHIJKD+
6/&7-8/&*)%n9+)'*&*)/:+,*:&-'+,"'+C.;6#'-:/&-5+)/'--'+)7"*)-%`+9+:"$1*&(5*$/:+-Q/8*$/&*"$+
/8"$1+9(%&'/:*/$+/$5+4C+/5":-%)-$&%D+J*+%K.-*$>+IIEYK>+GN]#GJID+

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$%



!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"#$

https://www.tandfonline.com/doi/full/10.1080/00221546.2018.1557100
https://www.tandfonline.com/doi/full/10.1080/00221546.2018.1557100


!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"#%

http://tidemarkinstitute.org/sites/default/files/documents/Use%20of%20Evidence%20in20Changinge%20Undergraduate%20Science%20Education%20%28Austin%29.pdf
http://tidemarkinstitute.org/sites/default/files/documents/Use%20of%20Evidence%20in20Changinge%20Undergraduate%20Science%20Education%20%28Austin%29.pdf
https://doi.org/10.1073/pnas.1319030111
https://doi.org/10.1073/pnas.1319030111
https://www.bls.gov/news.release/ecopro.toc.htm


!"#"$!%&'()#*"!'(!"#"+*$*,)+'-"#,.+'/'0123

!!!"#$%&'(#('%')&*&+$)%",$-

!"#$%&'($)#*(+,-$./,01/,)#$*##2'$"34"5-$6+75313#2$8!9:$;,/1#''3/*75'<$
=($3'$;,/>#)(#2$("7($8!9:$>/?'$.355$4,/.$@A$/B#,$("#$*#C($(#*$-#7,'$
D8#3(EF$%G%&H<$:7("#I7(3)'$)/+,'#'$7($3*'(3(+(3/*'$/1$"34"#,$#2+)7(3/*$
D=J9'H$/1(#*$7)($7'$K47(#0##;#,'FL$5#7B3*4$I7*-$'(+2#*('$.3("$I3*3I75$
7))#''$(/$/,$3*(#,#'($3*$;+,'+3*4$8!9:$)7,##,'<$M*#$'(,7(#4-$1/,$
3*),#7'3*4$'+))#''F$3*)5+23*4$1/,$'(+2#*('$1,/I$"3'(/,3)755-$+*2#,N
,#;,#'#*(#2$4,/+;'F$3'$(/$+'#$#B32#*)#N?7'#2$(#7)"3*4$I#("/2'F$'+)"$7'$
7)(3B#$5#7,*3*4$DO,##I7*$#($75F$%G&PQ$!"#/?752$#($75F$%G%GH<$R#';3(#$
,#'#7,)"$'+;;/,(3*4$("3'$7;;,/7)"F$(,723(3/*75$5#)(+,#N'(-5#$(#7)"3*4$3'$
'(355$("#$;,#2/I3*7*($I#("/2$/1$3*'(,+)(3/*$3*$I7*-$)/55#4#$I7("#I7(3)'$
)/+,'#'$DS7./,'03$T$U#55#,(F$%G&&Q$V7+,'#*$#($75<F$%G&WQ$X/57*F$%GGYF$
%G&GH<$Z'3*4$*#(./,0'$7*2$)/II+*3(3#'$/1$;,7)(3)#'$(/$3*3(37(#F$;,/I/(#F$
7*2$'+'(73*$)"7*4#$3'$/*#$I#("/2$'"/.*$(/$/B#,)/I#$("#'#$?7,,3#,'$(/$
3*'(,+)(3/*75$)"7*4#$D[+'(3*F$%G&&Q$U#",0#$T$\#E7,F$%G&]H$7*2$3'$("#$
1/)+'$7*2$#C;5/,7(3/*$/1$("3'$;,/>#)(<$^/II+*3(3#'$/1$;,7)(3)#$D^/_H$7,#$
4,/+;'$/1$;#/;5#$.3("$)/II/*$3*(#,#'('$."/$#*474#$3*$'"7,#2$5#7,*3*4$
B37$/*4/3*4F$,#4+57,$3*(#,7)(3/*'$7*2$)/557?/,7(#$(/.7,2$7$)/II/*$
4/75DV7B#$T$ #̀*4#,F$&WW&Q$ #̀*4#,N!,7-*#,$T$ #̀*4#,N!,7-*#,F$%G&aH<

!"#$%&'(#)%"

*%"#+,#

!"#$%#&'()#*+)*,)#-%*.#)'*#/0112$#3*)&%45#64*()*#7(89*#:%4#)'*#
4*;<%,(8#/0112$=>
?"#@'()#(.A*6).#%:#)'*#/0112$#B%-*8#(4*#B%.)#7(89(C8*#)%#<,-<7<-9(8#
:(698)D#A(4)<6<A(,).E#/0112$#8*(-*4.E#(,-#)'*#C4%(-*4#,*)&%45>#

-+.+/$(012'+.#)%".
b#43/*75$^M::=!$5#72#,'$32#*(313#2$("#$,/5#$("7($("#$X#(./,0$;57-'$3*$
1/'(#,3*4$7$'#*'#$/1$)/55#)(3B#$32#*(3(-$7,/+*2$+(353E3*4$(#7)"3*4$.3("$
3*6+3,-$;,7)(3)#'< V#72#,'$*/(#2$("#$3I;/,(7*)#$/1$("3'$3*$2#B#5/;3*4$7$
'#*'#$/1$;+,;/'#$7*2$'+;;/,($(/$K)"7*4#$("#$.7-$.#$("3*0$7?/+($#11#)(3B#$
(#7)"3*4L$3*$("#3,$^/_'$7*2$7($("#3,$3*23B32+75$3*'(3(+(3/*'<$KJ7B3*4$("#$
4#*#,75$^/_$X#(./,0$3*$("#$?7)04,/+*2$"#5;'$+'$4#*#,7(#$'/I#$
5#43(3I7)-FL$#C;573*#2$7$5#72#,<$K=($3'$*/($'/I#("3*4$.#$7,#$I703*4$+;$
?#)7+'#$3($3'$17'"3/*7?5#<<<("7($'+;;/,($1,/I$("#$?7)0$3'$"#5;1+5<$ #̀$"7B#$
7$I/,#$2#13*#2$'(,+)(+,#$(/$."7($.#$.#,#$(,-3*4$(/$2/$I/,#$/,47*3)755-<L

!"#$"#%&'()*+&"#&,-+&./0012&3+,4567&05$+)

^/_'$7,#$/1(#*$#;"#I#,75c("#-$2#B#5/;$/,47*3)755-$/+($/1$'"7,#2$*##2F$
?+($/1(#*$23''/5B#F$;7,(3)+57,5-$."#*$("#-$2/$*/($#C3'($.3("3*$7$1/,I75$
/,47*3E7(3/*<$M*#$/1$("#$4/75'$/1$("#$^M::=!$X#(./,0$;,/>#)($"7'$?##*$
(/$#C7I3*#$("#$'(,+)(+,#'$7*2$'+;;/,('$("7($3*23B32+75$^/_'$*##2$(/$
'+'(73*$/B#,$(3I#$3*$/,2#,$(/$17)353(7(#$5/*4$(#,IF$'-'(#I3)$)"7*4#$3*$
I7("#I7(3)'$#2+)7(3/*<$['$'+)"F$3($3'$3I;/,(7*($(/$+*2#,'(7*2$("#$7';#)('$
/1$("#$X#(./,0$I/2#5$3('#51$("7($5#72#,'$7*2$;7,(3)3;7*('$B3#.$7'$?#3*4$
3*(#4,75$(/$("#$"#75("$/1$("#3,$^M::=!<

! 8+%*)(6)9&:;-+$*)+$<&5#%5"#%&+=+#,:
! !56>()&(#$&"#?56>()&5@@56,*#","+:&?56&?(;*),9&,5&#+,4567&(#$&
:-(6+&"$+(:A6+:5*6;+:

! B,6*;,*6+$&;-(##+):&5?&;5>>*#";(,"5#&4",-"#&.5C:&(#$&(;65::&
,-+&3+,4567

! D":,6"E*,"#%&)+($+6:-"@&E9&6+;6*","#%&(#$&,6("#"#%&#+4&(#$&
*@;5>"#%&)+($+6:&"#&+(;-&.5C

! 0+#,56"#%&:*@@56,&?56&"#$"="$*()&@(6,";"@(#,:<&4567:-5@&(#$&
(;,"=",9&?(;")",(,56:<&(#$&./0012&)+($+6:&@65="$+$&E9&
./0012&>+>E+6:&(#$&,-+&3+,4567

!"#'#$1/,.7,2N5//03*4$3*'34"('$7534*#2$.3("$/+,$)/*'3'(#*($#B32#*)#$/1$
("#$B75+#$?/("$3*23B32+75'$7*2$,#43/*'$13*2$3*$("#$'(,/*4$)/II+*3(-$
)/**#)(3/*'$.3("3*$("#$*#(./,0<$`"#*$5//03*4$7($("#$1+(+,#$4/75'$/1$#7)"$
,#43/*F$3($3'$/1(#*$7?/+($#*4743*4$.3("3*$("#$*#(./,0$3*$7223(3/*$(/$
)/*(3*+3*4$(/$#C;7*2$("#$,#7)"$/1$("#$*#(./,0$7*2$3('$,#43/*'<

3)"&)"4.15*%"#)"'+&6 2')(713/(#.189%'#1#0+1:+#;%$7

!" !"##$%&'#$()*%+,'-.//012'34')%!,"5$5')%'
&6$'2&"5789':6)!6'$;<+%5$5'=#*>'&6$'*#)()%+,'?'
#$()*%2'="%5$5')%'@ABCD

#"$ 5*!">$%&$5'<+#&)!)<+%&2'$%(+($5')%'*%$'
*#'>*#$'-.//01'E$&:*#F'+!&)G)&)$2'*G$#'&6$'
<+2&'H'7$+#2'3$D(D I**F'!,"I29'&$+29':*#F26*<29'
!,+22#**>'*I2$#G+&)*%28D

%!" >)%)J(#+%&2'+:+#5$5'&*'=+!",&7'&*'
2"<<*#&'&6$)#'<+#&)!)<+&)*%')%'+!&)G)&)$2'2"!6'+2'
<$$#'!,+22#**>'*I2$#G+&)*%29'!*"#2$'
!*,,+I*#+&)*%29'+%5':*#F26*<'
<,+%%)%(K=+!),)&+&)*%D

&$'()**='2"#G$7$5'<+#&)!)<+%&2')%5)!+&$5'
$;<+%5)%('&6$)#'-.//01'E$&:*#F':)&6'>+&6'
=+!",&7'<$$#2'I7'$%(+()%(')%'+&',$+2&'*%$')%L")#7'
&$+!6)%('+!&)G)&7

*%""+(#1;)#01'.1<1=+/$"1>%$+1/9%'#1%'$1;%$7?

!"#$%&'()*'+,-"+.

!"##$%&'()*+,-.&
-/01+(23,)45!"##$%6$7896:;::

!"# ./0012&F./0>*#","+:&?56&0(,-+>(,";:&1#G*"69&"#&2+(;-"#%H&
3+,4567 ;,/B32#'$7$)/II/*$3*1,7'(,+)(+,#$7*2$15#C3?5#$'(,+)(+,#$(/$
'+;;/,($,#43/*75$)/II+*3(3#'$/1$;,7)(3)#$3*$("#3,$I3''3/*$(/$3*15+#*)#$
3*'(,+)(3/*75$)"7*4#F$722,#''$17)+5(-$3'/57(3/*F$7*2$+5(3I7(#5-F$3I;,/B#$
'(+2#*($5#7,*3*4$/+()/I#'<$!"#$^M::=!$X#(./,0$)/55#)(3B#5-$';7*'$
/B#,$"751$/1$("#$Z*3(#2$8(7(#'F$.3("$/B#,$@GG$#2+)7(/,'$7)(3B#5-$3*B/5B#2<$
97)"$,#43/*75$^M::=!$?,3*4'$"34"$6+753(-$;,/1#''3/*75$2#B#5/;I#*($(/$
("#3,$5/)75$I#I?#,'F$1/)+'#2$/*$3*1+'3*4$7)(3B#$5#7,*3*4F$#6+3(-F$7*2$
3*6+3,-$3*(/$)/55#4#$I7("#I7(3)'$)57'',//I'<

[$,#43/*75$./0>*#",9&?56&0(,-+>(,";:&1#G*"69&"#&2+(;-"#%&
F./0012H 3'$7$5/)75$4,/+;$/1$)/55#4#$I7("#I7(3)'$#2+)7(/,'$3*(#,#'(#2$
3*$;,7)(3)3*4$7*2$23''#I3*7(3*4$(#7)"3*4$7*2$5#7,*3*4$(#)"*36+#'$)#*(#,#2$
/*$'(+2#*($3*6+3,-<

./0012&0+>E+6: )#*(#,$("#3,$)57'',//I'$/*$("#$O/+,$_3557,'$/1$
3*6+3,-$("7($3*)5+2#d$FIH&&7?353(-$1/,$3*'(,+)(/,'$(/$1/'(#,$#6+3(-$3*$("#3,$
2#'34*$7*2$17)353(7(3/*$)"/3)#'$F$FJH 2##;$'(+2#*($#*474#I#*($.3("$
)/"#,#*($7*2$I#7*3*41+5$I7("#I7(3)75$(7'0'F$FKH&/;;/,(+*3(3#'$1/,$
'(+2#*('$(/$)/557?/,7(3B#5-$;,/)#''$I7("#I7(3)75$32#7'$.3("$;##,'F 7*2$FLH
/;;/,(+*3(3#'$1/,$3*'(,+)(/,'$(/$3*6+3,#$3*(/$'(+2#*($("3*03*4 DV7+,'#*$T$
b7'I+''#*F$%G&WH<

!"#$"%&"'%&"(#)$*+#*,$-#'./$*+#$/"#+#$01++#2($34556!$0.7712%(%#,$*+#$'.0*(#)8$

!"#$%&'()*+,-*..(/012345(6(7383904:(;39<=(/950>4?(@A(79BC5D(/E(FEG9:1("5953(&H>I308>5JKD(/9BC9(L9?1M1I>4((9HG(N3CCJ(O1<3P(L1:H81H(F&H>I308>5J(1Q(!3R098?9(95(S<9:9KD(T<J(N8>0(FTHH3(
T0BHG3C(U1<<BH>5J(U1CC3V3KD(U:0>85>H3(W1H(73H3883(FX385Q>3CG("5953(&H>I308>5JKD(!>H9(X:>53(F&H>I308>5J(1Q(Y>4:>V9HKD(

!"#$%&'(#$)*$+,--.!/012$3)$!#&4"012$503"$.16(0789$:;&<01012$&$=#35)7>$
)*$+)<<(1030#?$@)4(?#A$)1$!7&1?*)7<012$-&3"#<&304?$:A(4&30)1

-+@+$+"(+.
!"##$%&'()*'(+,,-'()*(.*'(/012&2345'(/*'()$675'(/*(8*'(9:2"2%;2"'(<*'(=2",7'(>*'(?(@#&,#"275'(/*(A*(BCDEFG*(H076I#(J#%"&6&4(6&0"#%K#K(K73,#&7(

L#";2"$%&0#(6&(K06#&0#'(#&46&##"6&4'(%&,($%75#$%760K*(!"#$%%&'()*+#,+-.%+/0-'#(01+2$0&%34+#,+5$'%($%*6+777BCMG'(NFEDONFEP*(
577LKQRR,26*2"4RED*EDSMRL&%K*EMETDMDEEE(

=%U2"K:6'(V*'(?(W#JJ#"7'(X*(BCDEEG*(+,30%76&4(&#U($%75#$%760K(7#%05#"KQ(Y&7#4"%76&4(75#2"-(%&,(L"%0760#'(%&,(75#("2J#K(2;(L"%07606&4(7#%05#"K*(Y&(

H*=*(V6K52L'(/*H*(ZJ#$#&7K'(Z*(8#67#J'(=*(86JL%7"60:'(?(!*(8*()*(.#3&4(B+,K*G'(5%$#(&+'(-%"(0-'#(01+.0(&8##9+#,+30-.%30-'$*+%&:$0-'#(+BLL*(NCTO
NSPG*

.%3"K#&'()*'(H&,"#UK'([*'()7%6&K'(/*'(!6&#JJ6'(Z*(=*'(V2""#42'(/*'(/0Z2&&#JJ'(1*'(=25&K2&'(+*'(!227#'(8*'(\3#,6'(V*'(?(/%J02$'()*(BCDETG*(;%<%"*+,#"+
$.0()%=+2(+0**%**3%(-+#,+>"#)"%**+#(+$.0()'()+5?@A+'(*-":$-'#(B H$#"60%&(HKK206%762&(;2"(75#(H,I%&0#$#&7(2;()06#&0#*(

<2J%&'(8*(BCDD]G*(2+*#$'#C$:1-:"01+0>>"#0$.+-#+:(&%"*-0(&'()+>"%C*%"<'$%+-%0$.%"*D+(%)#-'0-%&+E#:"(%4*+-."#:).+-.%#"4F>"0$-'$%+-"0(*'-'#(*B+A%L#"(
L"#K#&7#,(%7(75#(CDD](H&&3%J(/##76&4(2;(75#(H$#"60%&(+,30%762&%J(\#K#%"05(HKK206%762&(BH+\HG'()%&(!"%&06K02'(ZH(SOEE(HL"6J*

<2J%&'(8*(BCDEDG*(AJ%-6&4(75#(;6#J,BKG(2;($%75#$%760K(#,30%762&Q(H(7#%05#"(#,30%72"^K(_23"&#-(6&72(L#,%42460%J(%&,(L%"%,2`60%J(L2KK6a6J676#K*(Y&(/*(

@%JK5%U(B+,*G'(G(>0$9'()+>%&0)#)4=+/%H+>%"*>%$-'<%*+,#"+30-.%30-'$*+$10**"##3*+BLL*(EPMOESMG*(Y&;2"$%762&(H4#*

[5#2a%J,'(+*(=*'(>6JJ'(/*(=*'(["%&'(+*'(H4"%U%J'()*'(H""2-2'(+*(<*'(V#5J6&4'()*'(Z5%$aU#'(<*'(.%a2-(Z6&7"2&'(1*'(Z22L#"'(=*(1*'(13&K7#"'(W*'(

W"3$$#"'(=*(H*'(>#&&#KK#-'(8*'(>K6%2'(=*'(Y"%&2&'(<*'(=2&#K(YY'(.*'(=2",7'(>*'(8#JJ#"'(/*'(.%0#-'(/*(+*'(.677J#;6#J,'(Z*(+*'(.2U#'(H*'(<#U$%&'()*'(

9:2J2'(b**'(9J"2-,'()*'(A##022:'(V*(\*'(A60:#77'()*(V*'()J%4#"'(1*(.*'(Z%I6#,#KO)2J6K'(Y*(@*'()7%&05%:'(8*(+*'()3&,%"%I%",%&'(b*'(b%J,#a#&672'(Z*'(

X*)*(V3"#%3(2;(.%a2"()7%76K760K*(BCDCEG* @3>1#43%(-+!"#E%$-'#(*+IJIJCIJKJ* 577LKQRRUUU*aJK*42IR&#UK*"#J#%K#R#02L"2*720*57$

@6JJ6%$K'(Z*\*'(c6&KJ6'(8*'(?(!"##$%&'()*(BCDCDG*(2$-'<%+1%0"('()+(0""#H*+0$.'%<%3%(-+)0>*+,#"+:(&%""%>"%*%(-%&+*-:&%(-*+'(+:(&%")"0&:0-%+
*$'%($%6+-%$.(#1#)46+%()'(%%"'()6+0(&+30-.*(A"20##,6&4K(2;(75#(<%762&%J(H0%,#$-(2;()06#&0#K*

@#&4#"'(+*'(["%-&#"'(V*'(?(,#(.%%7'(/*(BCDEEG*(!"#3#-'()+0(&+0**%**'()+<01:%+$"%0-'#(+'(+$#33:('-'%*+0(&+(%-H#"9*=+2+$#($%>-:01+,"03%H#"9B
9L#&(X&6I#"K67-(2;(75#(<#75#"J%&,K*

@#&4#"O["%-&#"'(+*'(?(@#&4#"O["%-&#"'(V*(BCDEPG*(L(-"#&:$-'#(+-#+$#33:('-'%*+#,+>"0$-'$%B 577LKQRRU#&4#"O7"%-&#"*02$R6&7"2,30762&O72O
02$$3&676#KO2;OL"%0760#R

Z(353E3*4$ #̀*4#,$#($75<e'$B75+#$1,7I#./,0$D #̀*4#,$#($75<F$%G&&HF$.#$
#C7I3*#$("#$I+5(3;5#$57-#,'$/1$B75+#$32#*(313#2$?-$?/("$17)+5(-$I#I?#,'$
7*2$5#72#,'$7'$.#$'##0$(/$+*2#,'(7*2$"/.$("#$^M::=!$X#(./,0$)7*$
?#'($'+;;/,($("#$'+'(73*#2$7*2$'-'(#I3)$3I;5#I#*(7(3/*$/1$#B32#*)#N
?7'#2$(#7)"3*4$;,7)(3)#'$3*$=J9'<$!"#$1,7I#./,0$3*)/,;/,7(#'$13B#$)-)5#'$
/1$B75+#$),#7(3/*$N 3II#237(#$D3*$("#$I/I#*($,#'/+,)#'F$3*1/,I7(3/*F$
)/**#)(3/*'HF$;/(#*(375$D1/,$("#$1+(+,#HF$7;;53#2$D(#'(#2$3I;5#I#*(7(3/*HF$
,#753E#2$D7)(+753E#2$3I;5#I#*(7(3/*HF$7*2$(,7*'1/,I7(3B#$D?,/72#,$
23''#I3*7(3/*$(/$/("#,'H<$=*$7223(3/*$(/$("#$)-)5#'F$B75+#$7($("#$^/_$5#B#5$
3'$75'/$'+;;/,(#2$?-$'(,7(#43)$B75+#$D)57,3(-$/1$("#$)/*(#C($7*2$B3'3/*F$
7?353(-$(/$#*474#$3*$'(,7(#43)$)/*B#,'7(3/*'H$7*2$#*7?53*4$B75+#$D'+;;/,($
;,/)#''#'$("7($I70#$*#(./,0$531#$;/''3?5#H<

9)*:(*(%.2$.;$<#2&#+$#($*'8$=>?@@A$B*'1#$C+*7#/.+D$;.+$3.7712%(%#,$.;$E+*0(%0#

A0+%$+#)(/=13$/>)"4

2-+&'()*+&,-+&./0012&3+,4567&.6+(,+:&?56&8+%"5#()&./0012:

=*(#,B3#.'$/1$^M::=!$,#43/*75$5#72#,'$3*$f#7,$%$/1$("#$;,/>#)($3*23)7(#$
("7($("#$7?353(-$(/$'"7,#$,#'/+,)#'$7*2$32#7'$7*2$(/$2#B#5/;$3*(#,;#,'/*75$
)/**#)(3/*'$7'$("#$I/'($;,/I3*#*($K3*$("#$I/I#*(L$=II#237(#$g75+#$
7';#)('$/1$#*4743*4$3*$^M::=!'<$M*#$^/_$5#72#,$#C;573*#2F$

V#72#,'$'"7,#2$("7($3($.7'$3I;/,(7*($(/$K<<<"7B#$7))#''$(/$("#$5#72#,'"3;$
(#7I'$7*2$7$'"7,#2$B/3)#L$7'$("#-$2#B#5/;#2$;,/)#''#'$7*2$#B#*('$1/,$
("#3,$,#43/*$7*2$"7B3*4$7))#''$(/$/("#,$17)+5(-$7*2$^/_'$755/.#2$("#I$(/$
?+352$'(,/*4$3*(#,;#,'/*75$,#57(3/*'"3;'$.3("$)/55#74+#'F$*/($/*5-$.3("3*$
("#3,$/.*$^M::=!$?+($75'/$1,/I$7),/''$("#$*#(./,0<

3)"&)"4.

!"#$%&'#$(##)$*+,-).$*/$0#&+)$1+/2$/*%#+3$&)4$5%&*$
*%#,$&+#$4/-).6-*$%&3$(##)$-)37-+-).$1/+$839:$;%#$
/77/+*8)-*-#3$*/$</))#<*$5-*%$0-=#$2-)4#4$7##+$
.+/873$&03/$38+1&<#4$&3$-27/+*&)*$*/$>/?39:

!@*A3$)-<#6$/8+$</228)-*,$%&3$(##)$&+/8)4$1/+$
&5%-0#9$"#$%&'#$&$%-3*/+,$/1$*%-).3$5#$%&'#$4/)#$
&)4$*+-#4B$5#$</804$.-'#$*%&*$#C7#+-#)<#$&)4$3%&+#$

*%&*$%-3*/+,$5-*%$)#5$>/?3$*/$%#07$/8*9:

!;%#+#$-3$3/2#*%-).$7/5#+180$&(/8*$*%#$+#.-/)&0$
&)<%/+-).$/1$*%-).3$(8*$*%#+#$-3$#)/8.%$</))#<*-/)$
*%&*$+#.-/)3$<&)$-)1/+2$#&<%$/*%#+9$;%#+#$&+#$2&),$
3-2-0&+-*-#3$*/$%&'-).$&$)#*5/+=$5%#+#$5#$<&)$0#&+)$

*/.#*%#+$5%&*$5/+=3$5#009:

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"#&

https://doi.org/10.1073/pnas.1319030111
https://www.bls.gov/news.release/ecopro.toc.htm
https://wenger-trayner.com/introduction-to-communities-of-practice/
https://wenger-trayner.com/introduction-to-communities-of-practice/


!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"#'



!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"()



!"#$%$&"'$()*")+*"*,-"+-./(".+01"2-+*3"'4-#"'$&2*!"#-*
*

* 5$#/-.67*8-.9-66(*:(;-.2* <-$*!"(* 8"#.7)*!.-7*
1(=6$);*!.--)*>'"'-*?)$9-.2$'7* 1!>?* 1!>?*
!
@)-*(%*'4-*#(2'*A2-+*;"#-*+-2$;)*-6-#-)'2*$)*;"#$%$&"'$()*+-2$;)*$2*6-"+-./(".+B*"*2&(.-/(".+*

24(=$);* C".'$&$C")'2D* &A..-)'* 2&(.-2* ")+* .")E$);2F* G4(A;4*#")7* 2'A+$-2* 2A;;-2'* '4-* C(2$'$9-*
-%%-&'2* (%* 6-"+-./(".+* ()* C".'$&$C")'2D* 6-".)$);* ")+* #('$9"'$()* H5"6(;$"))"E$2B* I"C"+"E$2B* J*
K(A.#C"E$2B*LMLNOB*.-2-".&4*"62(*24(=2*'4"'*)('*"66*2'A+-)'2*/-)-%$'*%.(#*'4-*A2-*(%*6-"+-./(".+*
HP)+."+-B*3$Q(;A&4$B* J* R2('")$B* LMNST* U$&4(62()B* LMNVOF* 1"2-+* ()* 2-6%0+-'-.#$)"'$()* '4-(.7*
H>WGO*H:7")*J*W-&$B*LMNXOB*=-*+-2$;)-+*"*2'A+7*=4-.-*A)+-.;."+A"'-*#"'4*2'A+-)'2*&(#C6-'-+*
"* 6-"+-./(".+0/"2-+* .-9$-=B*")+*"++.-22-+* '=(*YA-2'$()2Z* H!"#$*[(=*".-* 2'A+-)'2D*C-.&-$9-+*
"A'()(#7* ")+* &(#C-'-)&-* "22(&$"'-+* =$'4* '4-$.* -)\(7#-)'* ")+* $)'-)'$()* (%* &()'$)A-+*
C".'$&$C"'$()]* H!"%$* [(=* $2* 2'A+-)'* "&'A"6* &(#C-'-)&-* "22(&$"'-+* =$'4* '4-$.* -)\(7#-)'* ")+*
$)'-)'$()*(%*&()'$)A-+*C".'$&$C"'$()]**

&'()*+*
R)*")*A)+-.;."+*#"'4*&(A.2-B*"#$%!&'(%)!*$+,!-./%%01!=-*&.-"'-+*"*;"#$%$-+*YA$Q*H^A$Q"6$Q-B*

)F+FO*'(*.-9$-=*&()'-)'*'4"'*%(&A2-+*/.("+67*()*2'3+#3)/34!5/+,!2,$34#!H-F;FB*6$)-".*J*-_C()-)'$"6*
#(+-6$);B*J*."'-2*(%*&4");-OF*WA.$);*&6"22B*`X*2'A+-)'2*")2=-.-+*L`*^A$Q"6$Q-*C.(/6-#2B*=4$6-*"*
6-"+-./(".+* ="2* C.(\-&'-+* $)* .-"6* '$#-F* <$)"667B* 2'A+-)'2* &(#C6-'-+* "* 2A.9-7* =$'4* Na* ,$E-.'*
YA-2'$()2*HNZ*2'.();67*+$2";.--*'(*XZ*2'.();67*";.--OF*G4-2-*2A.9-7*$'-#2*"62(*"6$;)-+*=$'4*"*2C-&$%$&*
2A/0&"'-;(.7*H8(#C-'-)&-B*PA'()(#7B*b)\(7#-)'B*J*R)'-)'$()*(%*&()'$)A-+*C".'$&$C"'$()O*")+*
=-*&()2$+-.-+*'4-*#-")*(%*2'A+-)'2D*."'$);2*()*2A.9-7*$'-#2*$)*-"&4*2A/0&"'-;(.7F*c-*A2-+*2'A+-)'*
C-.%(.#")&-*+"'"*H$F-FB*'('"6*)A#/-.*&(..-&'*()*YA$QO*'(*.-C.-2-)'*2'A+-)'*"&'A"6*&(#C-'-)&-F**

,-.+-./0*
8()2$+-.$);*'4-*&(..-6"'$()2*"#();*9".$"/6-2B*2'A+-)'*"&'A"6*&(#C-'-)&-*="2*)('*&(..-6"'-+*

=$'4*-$'4-.*-)\(7#-)'*(.*$)'-)'$()*(%*%A'A.-*C".'$&$C"'$()F*R)2'-"+B*2'A+-)'*C-.&-$9-+*&(#C-'-)&-*
="2*2$;)$%$&")'67*&(..-6"'-+*=$'4*/('4F*c-*"62(*%(A)+*2'.();*&(..-6"'$()2*H.*d*e*fFXMO*H8.-2=-66*J*
!A-''-.#")B*LMNaO*/-'=--)*C-.&-$9-+*"A'()(#7*")+*/('4*-)\(7#-)'*")+*$)'-)'$()*(%*%A'A.-*A2-F*
1"2-+* ()* '4-2-* &(..-6"'$()2B* =-* .")* 6$)-".* .-;.-22$()2* '(* A)+-.2'")+* 4(=* =-66* C-.&-$9-+*
&(#C-'-)&-* ")+* C-.&-$9-+* "A'()(#7* C.-+$&'* 2'A+-)'* -)\(7#-)'* ")+* $)'-)'$()* (%* %A'A.-*
C".'$&$C"'$()B* .-2C-&'$9-67F* G4-* %$)+$);2* 24(=-+* '4"'* C-.&-$9-+* &(#C-'-)&-* ")+* C-.&-$9-+*
"A'()(#7*2$;)$%$&")'67*C.-+$&'*2'A+-)'*-)\(7#-)'*")+*$)'-)'$()*(%*%A'A.-*C".'$&$C"'$()F*

1-/.-2-34.3'5*25()'51(6+7*
@A.*%$)+$);2*2A;;-2'*'4"'*-%%-&'2*(%*6-"+-./(".+0/"2-+*#"'4*C."&'$&-*()*2'A+-)'*-)\(7#-)'*")+*

$)'-)'$()*%(.* %A'A.-*C".'$&$C"'$()*".-*9".$-+F*G4-2-*9".$"'$()2*=-.-*)('* .-6"'-+* '(*2'A+-)'*"&'A"6*
&(#C-'-)&-F* R)2'-"+B* '4-7* =-.-* .-6"'-+* '(* 2'A+-)'2D* C-.&-$9-+* &(#C-'-)&-* ")+* "A'()(#7* "2*
C.-+$&'-+* /7* >WGF* :-;".+$);*3"'4* b+A&"'$()* ")+* ;"#$%$&"'$()* $#C6$&"'$()2B* %$)+$);2* 4-6C-+*
.-2-".&4-.2* ")+* -+A&"'(.2* A)+-.2'")+* =47* ")+* 4(=* 2'A+-)'2* .-2C()+-+* '(* ;"#$%$-+* "&'$9$'$-2*
+$%%-.-)'67F*G4-.-/7*(%%-.$);*"*="7*'(*-_C6"$)*$)&()2$2'-)'*%$)+$);2*$)*6-"+-./(".+*.-2-".&4*")+*
C.(9$+$);* $)2$;4'2* "/(A'* 4(=* '(* '"$6(.* 6-"+-./(".+0/"2-+* "&'$9$'$-2* '(* (C'$#$Q-* -%%-&'2* (%*
$)'-.9-)'$()*()*"66*2'A+-)'2F**

839.*:;'+/'<'.(*
G4$2*#"'-.$"6*$2*/"2-+*()*=(.E*2ACC(.'-+*/7*'4-*U><*A)+-.*;.")'*UA#/-.2*LN`LSMg*J*LLLhVhNF*

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"(!



*
!'2'='.3'0*

P)+."+-B*<F*:F*[FB*3$Q(;A&4$B*:FB*J*R2('")$B*>F*HLMNSOF*G4-*/.$;4'*")+*+".E*2$+-2*(%*
;"#$%$&"'$()B*84"#F*

8.-2=-66B*iF*cFB*J*!A-''-.#")B*GF*8F*HLMNaOF*b+A&"'$()"6*.-2-".&4Z*I6"))$);B*&()+A&'$);B*")+*
-9"6A"'$);*YA")'$'"'$9-*")+*YA"6$'"'$9-*.-2-".&4*HS'4*-+FOF*>"++6-*:$9-.B*UiZ*I-".2()F*

5"6(;$"))"E$2B*3FB*I"C"+"E$2B*>FB*J*K(A.#C"E$2B*PF0RF*HLMLNOF*!"#$%$&"'$()*$)*>&$-)&-*
b+A&"'$()F*P*>72'-#"'$&*:-9$-=*(%*'4-*,$'-."'A.-F*b+A&"'$()*2&$-)&-2B*NNHLLOB*LLF*
4''C2Zjj+($F(.;jNMFVVaMj-+A&2&$NNMNMMLL*!

U$&4(62()B*>F*HLMNVOF*b_C6(.$);*;"#$%$&"'$()*'-&4)$YA-2*%(.*&6"22.((#*#")";-#-)'F*I"C-.*
C.-2-)'-+*"'*'4-*!"#-2f,-".)$);f>(&$-'7*aFMB*3"+$2()B*cRF**

^A$Q"6$Q-F*H)F+FOF*:-'.$-9-+*@&'(/-.*NXB*LMLLB*%.(#*4''C2Zjj===FYA$Q"6$Q-F&(#j*
:7")B*:F*3FB*J*W-&$B*bF*,F*HLMNXOF*>-6%0+-'-.#$)"'$()*'4-(.7Z*1"2$&*C27&4(6(;$&"6*)--+2*$)*
#('$9"'$()B*+-9-6(C#-)'B*")+*=-66)-22F*U-=*k(.EZ*G4-*!A$6%(.+*I.-22F*

*

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"("

https://doi.org/10.3390/educsci11010022
https://www.quizalize.com/


!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"(*



!"#$%&'#(%)*+,(--.-&/"#)*+(01+!&#"2+34(#('%"#$5$06+78)%('-")+%&+9:;+:06(6"<"0%+
+

=%">"0+?@$5+
A#$5&0(+=%(%"+B0$>"#)$%C+

+

D(0"4+AEF(#$(0+
A#$5&0(+=%(%"+B0$>"#)$%C+

+

:)%#"--(+G&40)&0+
H$#6$0$(+I"'4+

+

!"#$%&'(2+1$>"#)$%C*+"J@$%C*+$0'-@)$&0*+E&)%K)"'&01(#C+=I:!+"1@'(%$&0+
!

I4"#"+$)+(+E#"))$06+(01+'&0%$0@$06+0""1+%&+8&-)%"#+"J@$%C+(01+$0'-@)$&0+.&#+<(#6$0(-$5"1+
E"&E-"+$0+(--+()E"'%)+&.+A<"#$'(0+)&'$"%C*+$0'-@1$06+@01"#6#(1@(%"+=I:!+"1@'(%$&0L+I4$)+E(E"#+
1#(/)+&0+1(%(+.#&<+(+8#&(1"#+)%@1C+MG&40)&0+"%+(-L*+NONNP+/4$'4+'&--"'%"1+)@#>"C+1(%(+.#&<+
E&)%)"'&01(#C+=I:!+$0)%#@'%&#)+#"6(#1$06+%4"$#+(%%$%@1")+%&/(#1+1$>"#)$%C*+"J@$%C*+(01+$0'-@)$&0+
M9:;P+"..&#%)+(01+4&/+%4&)"+>$"/)+'4(06"1+()+(+#")@-%+&.+%4"+">"0%)+&.+NONO+M"L6L*+%4"+&0)"%+&.+%4"+
37H;9KQR+E(01"<$'*+0(%$&0/$1"+E#&%")%)+$0+)@EE&#%+&.+#('$(-+S@)%$'"PL+,4$-"+<(0C+E(#%$'$E(0%)+
#"E&#%"1+'4(06")+$0+%4"$#+>$"/)*+%4$)+#"E&#%+.&'@)")+&0+%4&)"+/4&+)%(%"1+%4(%+%4"$#+>$"/)+/"#"+
@0'4(06"1L+;0+E(#%$'@-(#*+/"+E#")"0%+E#&.$-")+&.+%4"+(%%$%@1")+&.+NQ+E"&E-"+/4&+/"#"+0&%+
E#">$&@)-C+$0>")%"1+$0+)&'$(-+S@)%$'"*+(01+1$1+0&%+'4(06"+%4"$#+>$"/)+$0+NONOL+T#&<+%4")"+1(%(*+/"+
$1"0%$.$"1+(#'4"%CE")+&.+%4&)"+/4&+4$01"#+9:;+"..&#%)+$0+4&E")+&.+"-@'$1(%$06+%4"$#+<&%$>(%$&0)L+
+

"#$%&$'()*+!,$&-.$)'(/$!
+ U&%4+%4"+&#$6$0(-+)%@1C+MG&40)&0+"%+(-L*+NONNP+(01+%4$)+&0"+(#"+$0.&#<"1+8C+'#$%$'(-+#('"+
%4"&#C+M3?IP*+)E"'$.$'(--C+/4"#"+%4$)+.#(<"/&#F+$0%"#)"'%)+/$%4+"1@'(%$&0+MV(1)&0KU$--$06)*+
QRRWPL+3?I+E&)$%)+%4(%+A<"#$'(0+"1@'(%$&0(-+)%#@'%@#")+(#"+$04"#"0%-C+8"4&-1"0+%&+(+X,4$%"+
)@E#"<('$)%+<()%"#+)'#$E%Y+MEL+QWP+@01"#+/4$'4+<$0&#$%$5"1+)%@1"0%)+(#"+)""0+()+1".$'$"0%L+;0+
E(#%$'@-(#*+&@#+)%@1C+#"E&#%)+&0+%4"+E"#'"$>"1+1$.."#"0'")+$0+%(-"0%*+&EE&#%@0$%$")*+(01+$0%"#")%+$0+
=I:!+.$"-1)+(<&06+#('$(-+6#&@E)L+
!

0*'*!1$23)'(%45!6%++$)'(%45!*42!74*+8-(-!
+ AEE#&Z$<(%"-C+Q[OO+E&)%K)"'&01(#C+<(%4"<(%$')+$0)%#@'%&#)+/"#"+&#$6$0(--C+)@#>"C"1+
MAEF(#$(0+"%+(-*+NONNP*+[O\+&.+/4&<+#")E&01"1+%&+(+.&--&/K@E+)@#>"CL+7.+%4")"+#")E&01"0%)*+NQ+
$01$'(%"1+%4(%+%4"C+4(1+0&+9:;+"06(6"<"0%+E#$&#+%&+NONO+&#+%4"#"(.%"#L+T&#+%4")"+$01$>$1@(-)*+/"+
'&<E$-"1+%4"$#+#('"*+6"01"#*+(01+8"-$".)+&0+#('$(-+1$.."#"0'")+$0+=I:!L+,"+(-)&+'(E%@#"1+%4"$#+
.#""+#")E&0)")+/4$'4+"-(8&#(%"1+&0+%4"$#+-('F+&.+"06(6"<"0%L+;0+%4"+)E$#$%+&.+6#&@01"1+%4"&#C+
M3&#8$0+]+=%#(@))*+QRRWP*+%4")"+#")E&0)")+/"#"+'&1"1+%&+.$01+%4"<")+%&+%4"$#+<&%$>(%$&0)L+

!
1$-3+'-!*42!0(-)3--(%4!

+ 7.+%4"+NQ+#")E&01"0%)+$0+&@#+1(%(+)"%*+QW+/"#"+/4$%"+<"0*+E"#4(E)+)@66")%$06+%4(%+(+
E#$>$-"6"1+E&)$%$&0+&8)'@#")+%4"+0""1+.&#+9:;+(1>(0'"<"0%)L+T$>"+(#'4"%CE")+"<"#6"1+.#&<+
(0(-C)")+&.+%4"$#+#")E&0)")+^+%))%*"*+(+/4&+('%$>"-C+#")$)%+9:;+"..&#%)*+,"&-+%.&/+(+/4&+8"-$">"+
%4(%+=I:!+$)+$04"#"0%-C+0"@%#(-+M"L6L*+A->(#(1&*+NOQO_+A@*+NOQ[_+V$@*+NOQQP*+0%%'1/))2"(+/4&+
)@66")%+%4(%+#")E"'%+.&#+(--+$)+)@..$'$"0%+M!(#%$0*+NOO[P*+$/2232%$"&(+/4&+'$%"+4$64"#+E#$&#$%$")+
"-)"/4"#"*+(01+"4.")+-%*/2-(+(+/4&+E&)$%+%4(%+9:;+"06(6"<"0%+$)+&0-C+0""1"1+"-)"/4"#"L+
B01"#)%(01$06+%4"+<&%$>(%$&0)+8"4$01+9:;+4")$%(0'"+$)+"))"0%$(-+$0+&#1"#+%&+&>"#'&<"+%4"<L!
+

7)94%:+$2;$<$4'-!
I4$)+#")"(#'4+/()+.@01"1+8C+D=T+9B:+`QaNbOcN*+`QaNbNWQ*+`QaNbQNb*+(01+`NONWQ[cL+

!

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"(#



1$=$&$4)$-!
A->(#(1&*+VL+AL+MNOQOPL+9$)E"--$06+%4"+<"#$%&'#('C+<C%42+V"))&0)+.&#+4$64"#+"1@'(%$&0+(01+
)%@1"0%+(..($#)+"1@'(%&#)L+56"17"&,%*+18%**".+-%*91:;MQPL++

AEF(#$(0*+DL*+G&40)&0*+:L*+d@6-$"-<&*+GL*+e(#F*+!L*+]+?@$5*+=L+MNONNPL+f&/+NONO+M1$10g%P+'4(06"+
'(-'@-@)+$0)%#@'%&#)g+9:;+"06(6"<"0%L+<&%.""'-*0(1%31+6"1=>+61?**@/218%*3"&"*."1%*1
A"("/&.61-*1B*'"&0&/'@/+"1C/+6",/+-.(1D'@./+-%*E1U&)%&0*+!AE1

A@*+,L+MNOQ[PL+f$1$06+8"4$01+4$64K)%(F")+%")%$062+!"#$%&'#('C*+&8S"'%$>$%C*+(01+$0"J@(-$%C+$0+
BL=L+"1@'(%$&0L+56"1F*+"&*/+-%*/21D'@./+-%*1G%@&*/2H18%,)/&/+-I"1<"&()".+-I"(91;=MNP*+aK
QRL+

V(1)&0KU$--$06)*+dL+MQRRWP+G@)%+/4(%+$)+'#$%$'(-+#('"+%4"&#C+(01+/4(%h)+$%+1&$06+$0+(+0$'"+.$"-1+-$F"+
"1@'(%$&0i*+F*+"&*/+-%*/21G%@&*/21%31J@/2-+/+-I"1K+@'-"(1-*1D'@./+-%*91;;MQP*+aKNcL++

V$@*+AL+MNOQQPL+B0#(>"-$06+%4"+<C%4+&.+<"#$%&'#('C+/$%4$0+%4"+'&0%"Z%+&.+B=+4$64"#+
"1@'(%$&0L+L-061D'@.1M=*+[W[^[RaL+

!(#%$0*+9L+MNOO[PL+f$11"0+())@<E%$&0)+(01+@0(11#"))"1+J@")%$&0)+$0+<(%4"<(%$')+.&#+(--+
#4"%&#$'L+56"1C/+6",/+-.(1D'@./+%&91;:E1

=%#(@))*+AL*+]+3&#8$0*+GL+MQRRWPL+N/(-.(1%31O@/2-+/+-I"1&"("/&.6H15".6*-O@"(1/*'1)&%."'@&"(13%&1
'"I"2%)-*010&%@*'"'1+6"%&#L+I4&@)(01+7(F)*+3A2+=(6"+e@8-$'(%$&0)*+;0'L+

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"((



!"#$%&'#(%)*+,(--.-&/"#)*+(01+!&#"2+34(#('%"#$5$06+78)%('-")+%&+9:;+:06(6"<"0%
!"#$#%&'()*+&,-)*.%/&!"/"#&0%)$#-1)"2&

3/%#4&,56/-)/%+&,-)*.%/&!"/"#&0%)$#-1)"2
71"-#88/&9.4%1.%+&:)-;)%)/&<#=4

="."#"0'")
,8$/-/>.+&?@&,@&ABCDCE@&F)15#88)%;&"4#&G#-)".=-/=2&G2"4H&?#11.%1&I.-&4);4#-&#>(=/").%&/%>&1"(>#%"&/II/)-1&#>(=/".-1@ !"#$%#&'()*$+())#,*-().$/0ADE@&
,56/-)/%+&3@+&9.4%1.%+&7@+&J(;8)#8G.+&9@+&K/-6+&L@+&M&'()*+&!@&ABCBBE@&N.O&BCBC&A>)>%P"E&=4/%;#&=/8=(8(1&)%1"-(=".-1P&F7Q&#%;/;#G#%"@&1&(,##2-)34$(5$*"#$
67*" 8))9:;$+()5#&#),#$()$<#4#:&,"$-)$=)2#&3&:29:*#$>:*"#':*-,4$?29,:*-()@$R.1".%+&L,@

,(+&S@&ABCDTE@&N)>)%;&U#4)%>&4);4V1"/6#1&"#1")%;H&L#-)".=-/=2+&.UW#=")$)"2+&/%>&)%#X(/8)"2&)%&0@!@&#>(=/").%@&!"#$A)*#&):*-():;$?29,:*-()$B(9&):;C$
+('D:&:*-E#$1#&4D#,*-E#4.$06ABE+&YVDZ@

?/>1.%VR)88)%;1+&J@ ADZZ[E 9(1"&O4/"&)1&=-)")=/8&-/=#&"4#.-2&/%>&O4/"\1&)"&>.)%;&)%&/&%)=#&I)#8>&8)6#&#>(=/").%]+ A)*#&):*-():;$B(9&):;$(5$F9:;-*:*-E#$G*92-#4$-)$
?29,:*-(). 00ADE+ YVB^@&

?)(+&,@&ABCDDE@&0%-/$#8)%;&"4#&G2"4&.I&G#-)".=-/=2&O)"4)%&"4#&=.%"#_"&.I&0!&4);4#-&#>(=/").%@ H-3"$?29, I6+&T[T`TZY@
L/-")%+&F@&ABCCTE@&N)>>#%&/11(G5").%1&/%>&(%/>>-#11#>&X(#1").%1&)%&G/"4#G/")=1&I.-&/88&-4#".-)=@&!"#$>:*"#':*-,4$?29,:*(&.$0/@
!"-/(11+&,@+&M&a.-U)%+&9@&ADZZ[E@&J:4-,4$(5$K9:;-*:*-E#$&#4#:&,"C$!#,")-K9#4$:)2$D&(,#29&#4$5(&$2#E#;(D-)3$3&(9)2#2$*"#(&L@&<4.(1/%>&b/61+&a,H&!/;#&
K(U8)=/").%1+&Q%=@

>'?0&/-"16"<"0%)
<4)1&-#1#/-=4&O/1&I(%>#>&U2&3!c&F07&dDYBeC^B+&DYBeB[D+&DYBeDBe+&DYBeTB[+&/%>&BCB[DT^@
Q%)")/8&>/"/&=.>)%;&5#-I.-G#>&U2&9/1.%&J(;8)#8G.&/%>&L/""4#O&K/-6
,-=4#"25#&)88(1"-/").%1&5-.$)>#>&U2&9#11)=/&'()*@

R/=6;-.(%>&/%>&b-);)%/8&!"(>2
f F/"/&"/6#%&I-.G&:@(-A(%$06+%4"+BC%(?"+&.+=")"(#'4DE()"1+
;0)%#A'%$&0(-+F%#(%"6$")+$0+B01"#6#(1A(%"+34"<$)%#G*+
!(%4"<(%$')*+H+I4G)$')+&/%&3!cVI(%>#>&1"(>2@

f ,55-._)G/"#82&DTCC&5.1"V1#=.%>/-2&G/"4&)%1"-(=".-1&O#-#&
1(-$#2#>

f '#15.%>#%"1&/16#>&4.O&#$#%"1&.I&BCBC&/II#="#>&$)#O1&/%>&
/=").%1&O)"4&-#15#="&".&>)$#-1)"2+&#X()"2+&/%>&)%=8(1).%@

f ,56/-)/%&#"&/8@+&BCBB&I.=(1#>&.%&=4/%;#1&-#5.-"#>&U2&"4.1#&
1(-$#2#>@

c-/G)%;&.I&a(--#%"&!"(>2
f 3.O&I.=(1#>&.%&"4.1#&O4.&O#-#&%."&5-#$).(182&)%$#1"#>&)%&
F7Q&#II.-"1&/%>&)%>)=/"#>&%.&=4/%;#&I.88.O)%;&BCBC@

f J./8&O/1&".&=4/-/="#-)*#&"4.1#&O4.&G);4"&5-#1#%"&-#1)1"/%=#&
".&F7Q&#II.-"1&/%>&5-.;-#11@

F/"/&'#>(=").%
f TCg&-#15.%>#%"1&=.G58#"#>&I.88.OV(5&1(-$#2@
f DZZ&.I&"4#1#&5-.$)>#>&I-##&-#15.%1#1
f BD&1#8IV-#5.-"#>&/1&4/$)%;&%.&5-).-&)%$#1"G#%"&)%&F7Q&#II.-"1&
/%>&%.&=4/%;#1&I.88.O)%;&BCBC

f F#G.;-/54)=&)%I.-G/").%&/%>&I-##&-#15.%1#1&;/"4#-#>&I.-&
"4)1&1(U1#"&.I&BD&-#15.%>#%"1@&

F/"/&,%/821)1
f b5#%&=.>)%;&Aa.-U)%&M&!"-/(11+&DZZCE&5#-I.-G#>&.%&I-##&
-#15.%1#1&".&)>#%")I2&-#/1.%1&;)$#%&I.-&8/=6&.I&F7Q&
#%;/;#G#%"

f ,_)/8&=.>)%;&-#$#/8#>&I)$#&=/"#;.-)#1&O)"4&=.GG.%&"4#G#1&.-&
G.")$/").%1@

f a/"#;.-)#1&-#I-/G#>&/1&=4/-/="#-&/-=4#"25#1@

f b55.1)").%
f M?A$#55(&*4$:&#$-)"#&#)*;L$N&()3@

f L#-)".=-/"1
f G!?>$5-#;24$:&#$-)"#&#)*;L$)#9*&:;@

f J..>&,558#1
f AO'$)(*$:$D:&*$(5$*"#$D&(P;#'@

f S/88I8.O#-1
f H-3"#&$D&-(&-*-#4$#Q-4*$#;4#N"#&#

f 7_=#5").%/8)1"1
f !"#$D&(P;#'$':L$#Q-4*.$P9*$-*$2(#4)O*$#Q-4*$!"#"@

f J&%"H&!.G#&-#15.%>#%"1&=8/11)I)#>&/1&G(8")58#&/-=4#"25#1@

F)1=(11).%&/%>&h#2&</6#/O/21
f L/W.-)"2&.I&>/"/&1#"&)1&O4)"#+&5#-4/51&1(;;#1")%;&"4/"&5-)$)8#;#&
=.%=#/81&"4#&%##>&I.-&F7Q&/>$/%=#G#%"1@

f Q%&"4)1&1"(>2+&G.1"&.U1"/=8#1&".&F7Q&/-#&G.>#-/"#+&/1&
.55.1#>&".&$#4#G#%"82&.55.1#>&".&F7Q&#II.-"1@

f <4)1&1"(>2&=.--.U.-/"#1&5-).-&-#1#/-=4&.%&U#8)#I&)%&
G#-)".=-/=2&A#@;@+&,8$/-/>.+&BCDCi&,(+&BCDTi&?)(+&BCDDE@

f J..>&b%#1&/-=4#"25#&/-#&=.%1)1"#%"&O)"4&jI.-&/88k&-4#".-)=&
AL/-")%+&BCCTE@

f 0%>#-1"/%>)%;&"4#&G.")$/").%1&U#4)%>&5#.58#P1&-#")=#%=#&".&
#GU-/=#&F7Q&#II.-"1&G/2&I/=)8)"/"#&#%;/;#G#%"&O)"4&"4#G@

!(GG/-2&.I&'#>(=#>&F/"/&!#"

!" #!" $!" %!" &!" '!" (!" )!" *!" +!"

,-./0

,-./01203

4551678/9:0;73<=>?1@38/>A;/7>8 BA>>03/1C=/=

#$

+

C71B0>/=.31D>7AE81F=G01
27>014<G=3/=H08I

#%

*

4>01B0>/=.31D>7AE8127>01
@3/0>08/0<I

&

#)

4>01B0>/=.31D>7AE8127>01
J=503/0<I

)

#&

4>01K7A1L08E738.M501N7>1
CO@1ONN7>/8I

b$#-$)#O&.I&,-=4#"25#1,-=4#"25#&F#"/)8&/%>&7_/G58#&'#15.%1#1
7CC&)$%$&0 A%&l&BE
f R."4&-#15.%>#%"1&/-#&O4)"#&G#%@
f 3#)"4#-&U#8)#$#1&"4#2&/-#&5#-1.%/882&-#15.%1)U8#&I.-&F7Q@

f 7_/G58#&'#15.%1#1
f RA*$-4$:,*9:;;L$:))(L-)3$*($4##$"(N$*"-4$:3#)2:$3#*4$D94"#2$2(N)$D#(D;#O4$
*"&(:*4@S

f R855-&':*-E#$:,*-()$":4$3()#$*(($5:&$:)2$4"(9;2$P#$#;-'-):*#2@S

!"#$%&'#(%) A%&l&eE
f ,88&G#%&Ag&O4)"#+&D&N)15/%)=E
f ^me&U#8)#$#&"4/"&F7Q&)1&U#%#I)=)/8&".&!<7L

f 7_/G58#&'#15.%1#1
f R>:*"#':*-,4$-4$-),;94-E#$5(&$#E#&L$&:,#T!"-4$":4$)(*"-)3$*($2($N-*"$#K9-*L$
-449#4@S

f R1#&4():;$#K9-*L$-449#4$:&#$:$P-*$;-U#T2-4:P-;-*-#4$49,"$:4$:9*-4'$(&$2L4;#Q-:$
(&$2#D&#44-()TG9,,#44$-4$*"#$P#4*$,9&#$:)2$4($#'D(N#&-)3@S

K&&1+>CC-") A%&l&eE
f ,88&O4)"#&Ag&G#%+&D&O.G/%E
f ,88&/;-##&"4/"&1"(>#%"1&I-.G&>)II#-#%"&;-.(51&4/$#&#X(/8&/5")"(>#1

f 7_/G58#&'#15.%1#1
f RA$N(9;2$V94*$;-U#$*($*#:,".$*&#:*-)3$#:,"$D#&4()$:4$-)5-)-*#;L$D&#,-(94$-)$*"#$#L#4$(5$
W(2@S

f RJ(*"$P#5(&#$:)2$29&-)3$6X6X.$A$":E#$*&-#2$*($':-)*:-)$:$D&-),-D;#2.$5:-&.$
,()4#&E:*-E#$D(4-*-()$()$2-E#&4-*L@S

f RA$49DD(&*$2-E#&4-*L$:)2$(DD(&*9)-*-#4$5(&$:;;@S

,(--.-&/"#)+A%&l&gE
f Tmg&U#8)#$#&"4#2&4/$#&/&5#-1.%/8&-#15.%1)U)8)"2&".&F7Q&#%;/;#G#%"

f 7_/G58#&'#15.%1#1
f RY#$:&#$*#:,"-)3$();-)#$&-3"*$)(N@$!":*$-4$*"#$5(,94$(5$'L$*#:,"-)3@S
f RA$:'$)(*$()$,:'D94$:)2$2($)(*$":E#$(DD(&*9)-*-#4$*($D:&*-,-D:*#$-)$2-E#&4-*L$#E#)*4@S
f R>L$E-#N4$,()*-)9#$*($P#$*"#$4:'#C$;#44$5(,94#2$()$#K9-*L$:)2$'(&#$()$*"#$(E#&:;;$
9)5:-&$*&#:*'#)*$(5$:2V9),*$*#:,"#&4@S

:L'"C%$&0(-$)%)+A%&l&YE
f e&G#%+&D&O.G/%
f e&O4)"#+&D&>#=8)%#>&".&)>#%")I2&"4#)-&-/=#

f 7_/G58#&'#15.%1#1
f RY"-;#$*"#$&#*9&)$(5$(E#&*$D#&4():;$&:,-4'$-)$&#,#)*$L#:&4$-4$2-4':L-)3.$A$V94*$2()O*$
4##$-*$-)$':*"$:)2$4,-#),#@S

f R!"#&#$-4)O*$:)$-449#$N-*"$ZM?A[$-)$:)L$(5$*"#$2#D:&*'#)*$AOE#$N(&U#2$-)@$AOE#$)#E#&$
N-*)#44#2$49,"$-449#4$-)$*"#$N(&UD;:,#@S

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"($



Research on Mathematical Proof: A Review of RUME Conference Proceedings 2020-2022 
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Mathematical proof is one of the major topics of research in the RUME community. In recent 
years, we have anecdotally noticed a trend in RUME that proof research is often conducted in 
laboratory settings rather than within authentic classrooms. Further, we, along with our 
collaborators, have special interest in researching proof as a collaborative activity (Bleiler-Baxter 
et al., 2021, 2023; Heath, 2022; Heath & Bleiler-Baxter, under review; Heath et al., 2022) 

munal, negotiated, and sense- o 
et al., 2016, p. 618). Yet, research on collaborative proving is still considered a new direction for 
proof research (Heath & Bleiler-Baxter, under review). In this project, we seek to review recent 
literature produced in the RUME conference proceedings to identify trends in up-and-coming 
research on proof and proving at the undergraduate level. We seek to answer the question: What 
kinds of research are being conducted on proof and proving in the RUME community?  

Methods 
In a methodical search of RUME conference proceedings (Karunakaran & Higgins, 2021, 

2022; Karunakaran et al., 2020) during the period 2020-2022, we included contributed, 

researchers developed and revised categories of interest for the reports, separately coded all 
reports according to these categories, and resolved any disagreements. The coding categories 
included: research conducted in real classrooms, survey research, interview research (non-task-
based), task-based interview research, artifact analysis, assessment/inventory measures, 
text/document analysis, collaborative proof research, and early-career scholar first authorship. 

Findings 
A total of 30 reports qualified for inclusion in the review: 11 out of 148 reports (7.4%) in 

2020, 4 out of 49 reports (8.1%) in 2021, and 15 out of 145 reports (10.3%) in 2022. Notable 
findings include the strong presence of interview research on proof (17/30 reports, 56.7%). 
Moreover, an overwhelming majority of interview-based research involved task-based interviews 
(13/17 reports, 76.5%). Our suspicions of a lack of research in authentic classroom contexts were 
confirmed, as only 6 reports (20%) used data collected from a real classroom. The number of 
reports concerning collaborative proving has slowly grown, with 2 reports in 2020, 3 reports in 
2021, and 4 reports in 2022 concerning collaborative proving. Although this is still a minority of 
proof research at RUME in the last three years (9/30 reports, 30%), we noticed an overwhelming 
majority of RUME reports on collaborative proving had early-career first authorship (8/9 reports, 
88.9%) compared to the presence of early-career scholarship in the reports included (22/30 
reports, 73.3%). We will include a complete summary of the findings in our poster presentation, 
including trends in proof research in RUME over the past three years.  

This review of literature can help the RUME community identify trends in proof research and 
identify ways in which the research base can grow. During the poster session, we will solicit 
feedback for how to continue this investigation and questions about trends in proof research the 
RUME community would like to see answered.   

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"(%



References 
Bleiler-Baxter, S. K., Kirby, J. E., & Reed, S. D. (2023, online first). Understanding authority in 

small-group co-constructions of mathematical proof. Journal of Mathematical Behavior, 70, 
https://www.sciencedirect.com/science/article/pii/S0732312322000839?dgcid=author  

Bleiler- pporting 
students as proof creators through the group proof activity. Problems, Resources, and Issues 
in Mathematics Undergraduate Studies (PRIMUS), 31(7), 760-774. 

Heath, A. L., (2022). Collaborative creativity in proving: Adapting a reflection tool for group 
use. The Mathematician Educator, 3(2). 85-100. https://ame.org.sg/TME/TMEv3n2/8%20-
%20Collaborative%20Creativity%20in%20Proving.pdf 

Heath, A. L. & Bleiler-Baxter, S. K. (in review). Researching collaborative proving in real 
university classrooms: The role and utility of theoretical framing. In M. Savic & K. Weber 
(Eds.), New Directions in University Proving: Honoring the Legacy of John and Annie 
Selden. Springer.  

Heath, A. L., Kirby, J. E., & Bleiler-Baxter, S. K. (2022). Group reflection on mathematical 
creativity in proving. Proceedings of the 24th Annual Meeting of the Research in 
Undergraduate Mathematics Education, 1054-1060. 

Karunakaran, S. S.& Higgins, A. (Eds.). (2021). 2021 Research in Undergraduate Mathematics 
Education Reports 

Karunakaran, S. S., & Higgins, A. (Eds.). (2022). Proceedings of the 24th Annual Conference on 
Research in Undergraduate Mathematics Education. Boston, MA. 

Karunakaran, S. S., Reed, Z., & Higgins, A. (Eds.). (2020). Proceedings of the 23rd Annual 
Conference on Research in Undergraduate Mathematics Education. Boston, MA. 

Ko, Y.-Y., Yee, S. P., Bleiler-
learning through communal engagement. Mathematics Teacher, 109(8), 618-624. 

Reed, S. D., Kirby, J. E., Bleiler-
proofs by mathematical induction. Research on Undergraduates in Mathematics Education 
(RUME) Reports, 247-254. 

 
 
 

 

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"(&

https://www.sciencedirect.com/science/article/pii/S0732312322000839?dgcid=author
https://ame.org.sg/TME/TMEv3n2/8%20-%20Collaborative%20Creativity%20in%20Proving.pdf
https://ame.org.sg/TME/TMEv3n2/8%20-%20Collaborative%20Creativity%20in%20Proving.pdf


!"#$%&'()( !"#$%&'()(

!"#"$%&'()*(+$,'"-$,.&$/(0%))12(3(!"4."5()1(!6+7(
8)*1"%"*&"(0%)&""9.*:#(;<;<=;<;;

!"#$%&'(%)*+,#'&%)'(-&%)&'.&/+'0+&12
3$))4+'5+%%+##++'61&1+'7%$8+*#$19

!"#$%&'(%)*+,#-'*%&.,/010&$2301#43+)4
(0&%)&'5&6+'7+&18- &28.+$/010&$2301#43+)4

!"#$%&$'(#)"*+%$,"#

!"#"$"%&"'()*+%,-&,()-%.)/$+&"".0%1')/-2"$

!"#$%&"#'(") *+,,- '. ,/% ,- #$% &"0,+ #,*'(. ,-
+%.%"+($ '/ #$% (,&&1/'#2 ,- 3%.%"+($ '/ 4/5%+6+"51"#%
!"#$%&"#'(. 751("#',/ 834!79: ;% "'&%5 #, +%<'%=
)'#%+"#1+% *+,51(%5 '/ #$% 34!7 (,/-%+%/(% *+,(%%5'/6.
-+,& #$% *".# #$+%% 2%"+. #, '5%/#'-2 #+%/5. '/ 1*>"/5>
(,&'/6 +%.%"+($ ,/ *+,,- "/5 *+,<'/6 "# #$%
1/5%+6+"51"#% )%<%):
!"#"$%&' ()"#*+,-. /'$* 0+-1# ,2 %"#"$%&' $%"
3"+-4 &,-1)&*"1 ,- 5%,,2 $-1 5%,6+-4 +- *'" !789
&,::)-+*;<

-"&./'")'012,13 01/.4$/5*1#6/'7+"#8'9%*4:;!%*11*'<&="4%*/',#'>*"")'01/1%*&=

?1$="6'%#6'>*"&16.*1

?$'. +%<'%= 5'.(,<%+%5 #$+%% #+%/5. '/ 1/5%+6+"51"#%
*+,,- +%.%"+($ '/ +%(%/# 34!7 (,/-%+%/(% *+,(%%5'/6.@

@%$%',#'!.**1#$'>*"")'01/1%*&=

!"#$%&"'()*+',-.'/*()'
0-1!'-!2%3*4%(*-35+
)*2)'!"+-$1(*-3'$-2-

!"# $%&'()(&*( +)%*((,-&./0
;% ($,.% #, -'+.# ),,A "# #$% 34!7 (,/-%+%/(%
*+,(%%5'/6. B%("1.% #$%.% B%.# +%-)%(# #$% (1++%/#
+%.%"+($ $"**%/'/6 '/ 1/5%+6+"51"#% &"#$%&"#'(.
%51("#',/ +%.%"+($C ". #$% *+,(%.. ,- *1B)'.$'/6 '/ "
*%%+>+%<'%=%5 0,1+/") &"2 #"A% "/ %D#%/5%5 *%+',5 ,-
#'&% "/5 /,# B%.# +%-)%(# (1++%/# %/5%"<,+.:

1232)( 4-)(*3-%&/
E. =% +%(,6/'F% .,&% *+,,- +%.%"+($ &"2 $"<% B%%/
,<%+),,A%5 51% #, ,1+ .%"+($ &%#$,5.C =% '/#%/5 #,
%D*"/5 #$'. .%"+($ '/ #$% -1#1+% #, &,+% .2.#%&"#'("))2
'5%/#'-2 +%.%"+($ +%)"#%5 #, *+,,-: ?$'. &"2 ,((1+ %'#$%+
='#$'/ #$% 34!7 *+,(%%5'/6. B2 "##%/5'/6 #, #$%
*+'&"+2 "/5 .%(,/5"+2 ("#%6,+'%. )'.#%5 '/ "((%*#%5
34!7 .1B&'..',/.C ,+ B2 %D*"/5'/6 ,1+ A%2=,+5 .%"+($
'/ +%*1#"B)% +%.%"+($ 0,1+/").:

52(/3-%&/
! ;$%/ =% %D*"/5 #$% .%"+($ #, 0,1+/") *1B)'("#',/.C

=$"# 0,1+/"). .$,1)5 =% (,/.'5%+ '/ ,+5%+ #, 6%# "
B+,"5 +%*+%.%/#"#',/ ,- #$% -'%)5G

! ;$"# A'/5. ,- H1%.#',/. 5, 2,1 $"<% "B,1# #$% *+,,-
+%.%"+($ B%'/6 (,/51(#%5 '/ 34!7G

@,/&.//,"#

>"A.4%$,"#/'")'(#$1*1/$

I/ " &%#$,5'(") .%"+($ ,- 34!7 (,/-%+%/(% *+,(%%5'/6.
51+'/6 #$% *%+',5 JKJK>JKJJC =% '/()15%5 (,/#+'B1#%5C
*+%)'&'/"+2C "/5 #$%,+%#'(") +%*,+#. +%)"#%5 #, *+,,-
+%.%"+($ (,/#"'/'/6 #$% A%2=,+5. L6)%%'M ,+ L6)%7-&.M '/
#$%'+ #'#)%: E #,#") ,- NK +%*,+#. H1")'-'%5 -,+ '/()1.',/ '/
#$% +%<'%=@ OO ,1# ,- OPQ +%*,+#. 8R:PS9 '/ JKJKC P ,1# ,-
PT +%*,+#. 8Q:OS9 '/ JKJOUC "/5 OV ,1# ,- OPV +%*,+#.
8OK:NS9 '/ JKJJ:
?=, +%.%"+($%+. 5%<%),*%5 "/5 +%<'.%5 ("#%6,+'%. ,-
'/#%+%.# -,+ #$% *+,(%%5'/6. *"*%+. "/5 .%*"+"#%)2 (,5%5
")) +%*,+#. "((,+5'/6 #, #$%.% ("#%6,+'%.:

9:
;8+'!<=>'?*"@++)$%A#'!+B"*1#'@"%@+*%$%A'B*""C'&*+'
)"0$%&1+)'DE'+&*2EF@&*++*'#@8"2&*#G'D41'18+*+'0&E'D+'&'
%+,',&H+'"C'$%1+*+#1'$%'*+#+&*@8'"%'@"22&D"*&1$H+'B*"H$%A'
C*"0'&%)'@"%)4@1$%A'*+#+&*@8'$%'*+&2'@2&##*""0#'&0"%A'
+&*2EF@&*++*'#@8"2&*#'$%'!<=>3

9.

!+#+&*@8',&#'0"#1'"C1+%'@"%)4@1+)'$%'2&D"*&1"*E'#+11$%A#G'
,$18'C*+I4+%1'4#+'"C'1&#6FD&#+)'$%1+*H$+,#

9J

!+#+&*@8',&#'0"#1'"C1+%'C"@4#+)'"%'4%)+*A*&)4&1+'0&18'
#14)+%1#3'

K:L
<%)+*A*&)4&1+'
=&18+0&1$@#'
M14)+%1#

::L
=&18+0&1$@$&%#

NL
?*+#+*H$@+'
;+&@8+*#

:OL
P18+*QR(

KL'<%)+*A*&)4&1+'
=&18+0&1$@#'
S%#1*4@1"*#

T

.
J

:J

K

.

U

V

!

"

#

$

%

&!

&"

&#

!"
#$%
&$
#'
'(
))

*
'

+,
(-
".

/0
1"
(-
2"
3
%45

)0
61#

'7
68
#'
"9

:

;#
'7
6<
#'
"9
%/0
1"
(-
2"
3

=(
12>
#?
1

='
'"
''
*
"0
1@
/0
-"
01
)(
.

;"
A1
@B
)?
,*

"0
1%=

0#
$.'

2'

&)
$$#
8)

(#
12-
"%
C(
)-
20
D

!"61'@1),#,$,"#/
*+." 3"'&$02,0+%
!+&2'W2&##*""0'
!+#+&*@8

;8+'#14)E'+0B2"E+)')&1&'@"22+@1+)'C*"0'&%'$%#1*4@1$"%&2'#B&@+G'+$18+*'B8E#$@&2'"*'H$*14&2G'#8&*+)'DE'$%#1*4@1"*X#Y'&%)'
#14)+%1#G',8$@8'0$0$@#'&#'@2"#+2E'&#'B"##$D2+'18+'%&14*&2$#1$@'#+11$%A'"C'18+$*'@2&##'0++1$%A#'"%'&%E'A$H+%')&E3';8$#')"+#'
%"1'$%@24)+'@2&##*""0'2+##"%#'"C'B*+F#+*H$@+'1+&@8+*#')+2$H+*$%A'2+##"%#'&#'&'@"4*#+'&##$A%0+%13'

M4*H+E'!+#+&*@8 ;8+'#14)E'+0B2"E+)')&1&'@"22+@1+)'18*"4A8'&'#4*H+E'"C'"B$%$"%#'"*'+ZB+*$+%@+#'"C'B&*1$@$B&%1#3'

(##+##0+%1QS%H+%1"*E'
=+&#4*+X#Y'!+#+&*@8

;8+'#14)E'+0B2"E+)')&1&'@"22+@1+)'18*"4A8'&%'&##+##0+%1'"*'$%H+%1"*EG',8$@8'&##$A%+)'&'#@"*+'"C'#"0+'6$%)'X+3A3G'
B*+F1+#1QB"#1F1+#1G'#+2CF+CC$@&@E'$%H+%1"*EY3'

S%1+*H$+,'!+#+&*@8

XR"%F;&#6F[&#+)Y

;8+'#14)E'+0B2"E+)')&1&'@"22+@1+)'18*"4A8'&'A+%+*&2'$%1+*H$+,'%"1'*""1+)'$%'&'18$%6F&2"4)'0&18+0&1$@&2'1&#63'

;&#6F[&#+)'S%1+*H$+,'
!+#+&*@8

;8+'#14)E'+0B2"E+)')&1&'@"22+@1+)'18*"4A8'&%'$%1+*H$+,'*""1+)'$%'8&H$%A'B&*1$@$B&%1#'%&**&1+'18+$*'18"4A81#'&%)'
&@1$"%#',8$2+'@"0B2+1$%A'&'0&18+0&1$@&2'1&#63'

(*1$C&@1'(%&2E#$# ;8+'#14)E'+0B2"E+)')&1&'C*"0'@2&##*""0'"*'@"4*#+'&*1$C&@1#'#4@8'&#'8"0+,"*6G'@2&##,"*6G'"*',*$11+%'*+C2+@1$"%#3'

;+Z1Q\"@40+%1'
(%&2E#$#

;8+'#14)E'&%&2E]+)',*$11+%'*+#"4*@+#'X1+Z1D""6#G'+Z&0#G'*+#+&*@8'B4D2$@&1$"%#G'+1@3Y'$%'"*)+*'1"'&%#,+*'&'*+#+&*@8'
I4+#1$"%'&D"41'18+'#1&1+'"C'&H&$2&D2+'*+#"4*@+#3'

W"22&D"*&1$H+'?*"H$%A'
!+#+&*@8

;8+'#14)E'+0B2"E+)')&1&'C*"0'18+'@"%1+Z1'"C'@"22&D"*&1$H+'B*"H$%A'X,8+18+*'$%'&'@2&##*""0'"*'$%'&%'$%1+*H$+,'#+11$%AY'
"*'18+'#14)E'&$0+)'1"'$%H+#1$A&1+'@"22&D"*&1$H+'B*"H$%A'&#'&'B*$0&*E'A"&23'S1'$#'%"1'+%"4A8'C"*'18+'@"4*#+'@"%1+Z1'1"'
$%H"2H+'@"22&D"*&1$H+'B*"H$%A'"*'@"22&D"*&1$"%',$18"41'$1'D+$%A'&%'+2+0+%1'"C'18+'*+#+&*@83

!+#+&*@8'M4D^+@1 ('@&1+A"*$@&2'H&*$&D2+')+#@*$D$%A'18+'B"B42&1$"%'"C'$%1+*+#1'$%'18+'*+B"*13'

?*+FM+*H$@+';+&@8+*G'S%FM+*H$@+';+&@8+*G'<%)+*A*&)4&1+'=&18+0&1$@#'S%#1*4@1"*G'=&18+0&1$@$&%G'=421$B2+'"C'18+#+G'"*'
P18+*QR(3'

7.$="*/=,A'")'0B?9'>*"")'01A"*$/'
CDCD;CDCC'E744'7.$="*/F

!"#$%&'( %)* "*+&'&%&#' #+ ,*-./012-.**. 32)#/-., +.#4 %)* 5657 89:; 8*$#.%3 .*<=*3% +#. $.#$#3-/3>
! ?=..*'% (.-"=-%* #. ='"*.(.-"=-%* 3%="*'%
! @#3%1"#2%#.-/ 32)#/-.
! @.*1%*'=.* +-2=/%0 4*4A*.3
! B-2=/%0 C)# -.* '#% &' - %*'=.*1%.-2D $#3&%&#'E A=% -.* -% 4#3% F 0*-.3 .*4#G*" +.#4 %)*&. (.-"=-%* "*(.**

'(""

!"#

"(""

!"#

&(""

"(%

&&(""

"(%

)(""

&(%

"(""

!"#

"(""

*(%

%(""

&(%

!"#$%&'"#((#)*+,-$"#.

!./"0$1.,(2)*+,-$"#.

!"#$%&'(&)$%$*+,-&.$/01&2/+%34563-'+$7&8"&9%3*8:/%-$7&*07&9*+:"4;*+$$+&<,-':*+%&/0&)=>9
!+&2'W2&##*""0 M4*H+E S%1+*H$+,'XR"%F;[Y ;['S%1+*H$+,

(*1$C&@1 (##+##0+%1QS%H+%1"*E ;+Z1Q\"@40+%1'(%&2E#$# W"22&D"*&1$H+'?*"H$%A

!"#$%&'()*+

!,,#$%&'()*+

!"#$%$&'()&*+&,-./&0+*1$%$*2$&3*&4546&78$&9+&0:;<=>6?@&<*&A3$8&+1&(&1(2$>9+>1(2$&
2+*1$%$*2$B&9#$&+%C(*3D(93+*&E8FA3)#$7&(&)$9&+1&%$)$(%2#&%$E+%9)&+E$*&+*AG&9+&$(%AG>2(%$$%&

)2#+A(%)&()&A$(7 (89#+%)@&

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"('

mailto:rna2w@mtmail.mtsu.edu
mailto:alh2ei@mtmail.mtsu.edu


!"#$"%&$'()$*+&,$-./.$/"$01"2"/&$3/*,&%/$4%5.5&2&%/$
$

$ 6./7&$(.89"1$ -&1&:$;7997.2+$
$ <%7=&1+7/8$">$)9.?.2.$ @"%/.%.$3/./&$<%7=&1+7/8$
$
6&8#"1,+A$+/*,&%/$&%5.5&2&%/B$+"C7.9$&%5.5&2&%/B$'()$,&=&9"D2&%/B$51"*D$#"1:!

3/*,&%/$&%5.5&2&%/$7+$&++&%/7.9$>"1$17CE$9&.1%7%5$F@7,,9&/"%$&/$.9GH$IJKLMG$N&+&.1CE$+E"#+$
/E./$+/*,&%/$&%5.5&2&%/$C"%+7+/+$">$&2"/7"%.9H$+"C7.9H$C"5%7/7=&H$.%,$?&E.=7"1.9$C"2D"%&%/+$
F@7,,9&/"%$&/$.9GH$IJKLMB$/&%,+$/"$,&C97%&$7%$2./E&2./7C+$C9.++1""2+$"=&1$.%8$/72&$7%/&1=.9$F&G5GH$
@.1/7%$&/$.9GH$IJKOMH$7%P/E&P2"2&%/$+/./&+$>9*C/*./&$F&G5GH$;7997.2+H$IJIIMB$.%,$/E./$C9.++1""2$
&%=71"%2&%/+$C.%$?&$,&+75%&,$/"$D1"2"/&$&%5.5&2&%/$FQ1&,17C:+$&/$.9GH$IJJRMG$'7=&%$1&+&.1CE$"%$
C"99&5&$7%+/1*C/"1+$.//&%,7%5$/"$&%5.5&2&%/$7+$1.1&H$/E&$D*1D"+&$">$/E7+$+/*,8$7+$/"$7%=&+/75./&$E"#$
"%&$'()$1&>9&C/&,$"%$+/*,&%/$+&9>P1&D"1/+$">$&%5.5&2&%/$,*17%5$.$D1&C.9C*9*+$C"*1+&$/"$D1"2"/&$
&%5.5&2&%/G$;&$.9+"$,7+C*++$#E&/E&1$.%,$E"#$+/*,&%/+$1&+D"%,&,$/"$/E&$'()S+$+/1./&57&+G$

!"#$%#&'()*+,%)-#.$%/+
T9.++1""2+$.1&$,8%.27C$&%=71"%2&%/+$7%>9*&%C&,$?8$.$2817.,$">$>.C/"1+G$;&$,1.#$"%$

,8%.27C$+8+/&2+$/E&"18$FU.*1.+$&/$.9GH$IJKVM$/"$.//&%,$/"$/E&$7%/&1D&1+"%.9$?.C:P.%,P>"1/E$
?&/#&&%$7%+/1*C/"1+S$D&,.5"57C.9$+/1./&57&+$.%,$+/*,&%/+S$1&.C/7"%+G$

0#&"$12+
;&$.,,1&++$/E&$W*&+/7"%+A$FKM$!"#$,7,$.$'()$*+&$+/*,&%/$&%5.5&2&%/$,./.$/"$2.:&$

D&,.5"57C.9$,&C7+7"%+XH$.%,$FIM$!"#$,7,$+/*,&%/+$1&+D"%,$/"$/E&$'()S+$72D9&2&%/./7"%XG$
;&$C"99&C/&,$+&9>P1&D"1/&,$7%>"12./7"%$.?"*/$+/*,&%/$&%5.5&2&%/$*+7%5$/E&$&YD&17&%C&$

+.2D97%5$2&/E",$FZ.:.2*1.$[$T+7:+\&%/27E.987H$IJJ]MG$(E&$+*1=&8$7%+/1*2&%/$#.+$7%>"12&,$
?8$>9"#$/E&"18H$.%,$E.+$?&&%$*+&,$7%$C"99&5&$2./E&2./7C+$C9.++1""2+$F&G5GH$;7997.2+H$IJIIMG$
(E&+&$,./.$#&1&$/E&%$.551&5./&,$.%,$=7+*.97\./7"%+$#&1&$+E.1&,$#7/E$/E&$'()$,*17%5$=71/*.998$
C"%,*C/&,$.%,$1&C"1,&,$2&&/7%5+G$;&$.9+"$1&C"1,&,$C9.++1""2$"?+&1=./7"%+G$;&$*+&,$W*.97/./7=&$
.%.98+7+$2&/E",+$.%,$+/./&$+D.C&$517,+$F&G5GH$(*1%&1$&/$.9GH$IJKRM$/"$D1",*C&$1&+*9/+G$

3#24*&2+)51+6$5(*42'$52+
(E&$'()S+$D172.18$+/1./&58$/"$D1"2"/&$&%5.5&2&%/$#.+$51"*D$#"1:H$.%,$/E&$+/*,&%/+S$+&9>P

1&D"1/&,$&%5.5&2&%/H$"%$.551&5./&H$72D1"=&,$#E&%$51"*D$#"1:$#.+$72D9&2&%/&,G$!"#&=&1H$/E&$
'()$C"*9,$1./7"%.97\&$#E&%$.%,$#E8$51"*D$#"1:$#"*9,$&7/E&1$%"/$?&$.DD1"D17./&$"1$#"*9,$
D"/&%/7.998$%"/$7%>9*&%C&$+/*,&%/$&%5.5&2&%/$#7/E$E8D"/E&+&+$/E./$7%C9*,&,$.C/7=7/8$9&%5/E$.%,$
D1"?9&2$,7>>7C*9/8G$T9.++1""2$"?+&1=./7"%+$.9+"$1&=&.9&,$D.//&1%+$7%$+/*,&%/P/&.CE&1$
C"%=&1+./7"%+$.%,$51"*D$#"1:$.C/7=7/8G$(E&$'()S+$9"C./7"%$7%$/E&$C9.++1""2$#.+$1&9./&,$/"$
#E&/E&1$+/*,&%/+$.+:&,$/E&$'()$W*&+/7"%+$=&1+*+$.+:7%5$/E&71$D&&1+G$(E&$.2"*%/$">$=7+7?9&$
7%/&1.C/7"%$?&/#&&%$51"*D$2&2?&1+$#.+$?.+&,$"%$/E&$,&/.79+$.%,$7%+/1*C/7"%+$D1"=7,&,$?8$/E&$
'()S+$#E&%$7%/1",*C7%5$.C/7=7/7&+G$^*1$1&+*9/+$+E"#$.$97%:$?&/#&&%$/E&$'()S+$&YD&C/&,$+/*,&%/$
7%="9=&2&%/$7%$51"*D+$#7/E$/E&$+&9>P1&D"1/&,$9&=&9+$">$&%5.5&2&%/$.%,$,./.$/"$">>&1$D"/&%/7.9$
&YD9.%./7"%+$>"1$/E&+&$1&9./7"%+E7D+G$(E*+H$#&$D1"D"+&$'()+$C.%$.//&%,$/"$+/*,&%/$&%5.5&2&%/$
7%$#.8+$/E./$+*DD"1/$+/*,&%/+S$51"#/E$.%,$7%+/1*C/"1+S$D&,.5"57C.9$5".9+$,*17%5$.$+7%59&$+&2&+/&1$
7%$.$2./E&2./7C+$C"*1+&G$
$ +

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$)



3#7#%#5(#2+
$$

Q1&,17C:+H$_G$)GH$`9*2&%>&9,H$0G$TGH$[$0.17+H$)G$!G$FIJJRMG$3CE""9$&%5.5&2&%/A$0"/&%/7.9$">$/E&$
C"%C&D/H$+/./&$">$/E&$&=7,&%C&G$"#$%#&!'(!)*+,-.%'/-0!"#1#-2,3H$45FKMH$O]aKJ]G$

@.1/7%H$)G$_GH$0.D#"1/EH$`GH$'7%%+H$0GH$@.92?&15H$bG$4GH$T"997&H$NG$_GH$[$T.9="H$NG$)G$FIJKOMG$
N&.9P/72&$2"/7=./7"%$.%,$&%5.5&2&%/$,*17%5$.$2"%/E$./$+CE""9A$4=&18$2"2&%/$">$&=&18$
,.8$>"1$&=&18$+/*,&%/$2.//&1+G$6#-2/%/7!-/*!8/*%$%*+-0!9%((#2#/,#1H$:;H$IcaVOG$

@7,,9&/"%H$_GH$_.%+&%H$)GH$[$'"9,7%H$'G$)G$FIJKLMG$(E&$C"2D9&Y7/7&+$">$2./E&2./7C.9$
&%5.5&2&%/A$@"/7=./7"%H$.>>&C/H$.%,$+"C7.9$7%/&1.C/7"%+G$d%$_G$T.7$F4,GMH$<'=>#/*%+=!('2!
"#1#-2,3!%/!?-.3#=-.%,1!)*+,-.%'/$FDDG$ccLac]]MG$Z./7"%.9$T"*%C79$">$(&.CE&1+$">$
@./E&2./7C+G$

Z.:.2*1.H$_GH$[$T+7:+\&%/27E.987H$@G$FIJJ]MG$Q9"#$/E&"18$.%,$1&+&.1CEG$d%$TG$NG$3%8,&1$[$3G$_G$
b"D&\$F4,+GMH$@A('2*!3-/*B''C!'(!>'1%.%$#!>1D,3'0'7D$FI%,$&,GH$DDG$K]OaIJcMG$^Y>"1,$
<%7=&1+7/8$01&++G$

(*1%&1H$_G$TGH$TE17+/&%+&%H$)GH$6.C:.1PT.2H$!G$eGH$(1*C.%"H$@GH$[$Q*92&1H$3G$@G$FIJKRMG$
4%E.%C7%5$+/*,&%/+S$&%5.5&2&%/A$N&D"1/$">$.$VP8&.1$7%/&1=&%/7"%$#7/E$27,,9&$+CE""9$
/&.CE&1+G$E=#2%,-/!)*+,-.%'/-0!"#1#-2,3!F'+2/-0H$GHFcMH$KK]OaKIIcG$
E//D+Aff,"7G"15fKJGVKJIfJJJIgVKIKROVIOKO$

;7997.2+H$-G$)G$FIJIIMG$3/*,&%/$&%5.5&2&%/$7%$C"99&5&$2./E&2./7C+A$3&9>P1&D"1/&,$&%5.5&2&%/$
.%,$D&1C&D/7"%+$">$C9.++1""2$&%=71"%2&%/+H$C"%>7,&%C&H$.%,$1&9&=.%C&G$?-.3E?EIJ<!
)*+,-.'2$HH:FIMH$OKPcJG$

U.*1.+H$@GH$67%%*%&%H$NGH$6.h.27&+H$)GH$[$b&E/7%&%H$4G$FIJKVMG$d%/&1D&1+"%.9$1&5*9./7"%$7%$
7%+/1*C/7"%.9$7%/&1.C/7"%A$)$,8%.27C$+8+/&2+$.%.98+7+$">$+C.>>"9,7%5G$d%$3G$U"9&/$[$@G$
U.*1.+$F4,+GMH$8/.#2>#21'/-0!2#7+0-.%'/!'(!0#-2/%/7!-/*!='.%$-.%'/K!?#.3'*'0'7%,-0!
-*$-/,#1$FDDG$KIOaKRcMG$N"*/9&,5&G$

$$

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$!

https://doi.org/10.3102/0002831214532515


!"#$%#$&'

()"&*

+,-%./#0#$&1%2*1+.$%*$%'
32*14()5*2.(6*"-1#$1%2#-1
7."/)%%*617."18.,91
4()5*2.(6*"-1%.1)661%*:%;1."15(#5<1
)$1#5.$1%.1)661)1%)=(*;152)"%;1
>/)"%?"%1&")42#5;14#5%,"*1."1
/,(%#/*6#)17#(*9

3
7"./1%*:%;1@,-%15(#5<1%2*1A,((*%-1
=,%%.$1.$1%2*1B./*1%)=9

C718.,1$**61/."*14()5*2.(6*"-17."1
%#%(*-;1
/)<*1)15.481.71D2)%18.,1$**61)$61

>/)"%1E,#6*-1D#((12*(418.,1)(#&$1#%1
D#%21*F*"8%2#$&1*(-*9

G)$%1%.1,-*18.,"1.D$14#5%,"*-1
#$-%*)61.71.,"-H1I.14".=(*/J1K,-%1
"#&2%
+2)$&*1!#5%,"*91L)#$%)#$1%2*1
4".4."%#.$1.714#5%,"*-1)-18.,1"*-#0*1
=816")&&#$&1)15."$*"9

!"#$"%&$'()$*+&,$-./.$/"$01"2"/&$3/*,&%/$4%5.5&2&%/
!"#$%&'"()*+,&'-%&./$0%+1$#(&*2&3)"4"5"

6%+%7&8$))$"51,&9*/#"/"&:#"#%&./$0%+1$#(

!"#!$%&'(')$*+,-*+$.

*/&$#&*+0-1'2#-)&3$#4%

)&*/$5%
;%1%"+<-&1-*=1&#-"#&1#>?%/#&%/@"@%5%/#

$1&"&<*5A)%B&5%#"C<*/1#+><#&<*/1$1#$/@&*2&4%-"0$*+"),&1*<$"),&
%5*#$*/")D"22%<#$0%,&"/?&<*@/$#$0%&<*5A*/%/#1&EF+%?+$<71,&G)>5%/2%)?,&H&I"+$1,&
JKKLM&9$??)%#*/,&N"/1%/,&H&O*)?$/,&JKPQR

#%/?1&#*&?%<)$/%&$/&5"#-%5"#$<1&<)"11+**51&*0%+&"/(&#$5%&$/#%+0")&
E%S@S,&9"+#$/&%#&")S,&JKPTR

$/C#-%C5*5%/#&1#"#%1&2)><#>"#%&E%S@S,&8$))$"51,&JKJJR

"/?&#-"#&<)"11+**5&%/0$+*/5%/#1&<"/&4%&?%1$@/%?&#*&A+*5*#%&
%/@"@%5%/#&EF+%?+$<71&%#&")S,&JKKLRS&

O$0%/&+%1%"+<-&*/&<*))%@%&$/1#+><#*+1&"##%/?$/@&#*&%/@"@%5%/#&
$1&+"+%,&#-%&A>+A*1%&*2&#-$1&1#>?(&$1&#*&$/0%1#$@"#%&-*=&*/%&O'3&
+%2)%<#%?&*/&1#>?%/#&1%)2C+%A*+#1&*2&%/@"@%5%/#&?>+$/@&"&
A+%<")<>)>1&<*>+1%&#*&A+*5*#%&%/@"@%5%/#S&
8%&")1*&?$1<>11&=-%#-%+&"/?&-*=&1#>?%/#1&+%1A*/?%?&#*&#-%&

#&%&-#0/'6"&%*+$.% 0$.01"%+$.

#&2&#&.0&%

#&%"1*%

PS U*=&?$?&"&O'3&>1%&1#>?%/#&%/@"@%5%/#&?"#"&#*&5"7%&
A%?"@*@$<")&?%<$1$*/1V

JS

F+%?+$<71,&NS&3S,&G)>5%/2%)?,&IS&WS,&H&I"+$1,&3S&US&EJKKLRS&:<-**)&%/@"@%5%/#X&I*#%/#$")&*2&#-%&<*/<%A#,&1#"#%&*2&#-%&%0$?%/<%S&
!"#$"%&'(&)*+,-.$'/-0&!"1"-2,3,&45EPR,&TY PKYS

9"+#$/,&3S&NS,&I"A=*+#-,&GS,&O$//1,&IS,&9")54%+@,&ZS&[S,&W*))$%,&;S&NS,&H&W")0*,&;S&3S&EJKPTRS&;%")C#$5%&5*#$0"#$*/&"/?&
%/@"@%5%/#&?>+$/@&"&5*/#-&"#&1<-**)X&[0%+(&5*5%/#&*2&%0%+(&?"(&2*+&%0%+(&1#>?%/#&5"##%+1S&6"-2/$/7&-/*&8/*$#$*+-0&
9$(("2"/,"1,&:;,&J\ ]TS

9$??)%#*/,&NS,&N"/1%/,&3S,&H&O*)?$/,&OS&3S&EJKPQRS&'-%&<*5A)%B$#$%1&*2&5"#-%5"#$<")&%/@"@%5%/#X&9*#$0"#$*/,&"22%<#,&"/?&
1*<$")&$/#%+"<#$*/1S&^/&NS&W"$&E[?SR,&<'=>"/*$+=&('2&!"1"-2,3&$/&?-.3"=-.$,1&)*+,-.$'/ EAAS&\\Q \YYRS&_"#$*/")&W*>/<$)&
*2&'%"<-%+1&*2&9"#-%5"#$<1S

_"7"5>+",&NS,&H&W1$71`%/#5$-")($,&9S&EJKKYRS&F)*=&#-%*+(&"/?&+%1%"+<-S&^/&WS&;S&:/(?%+&H&:S&NS&Z*A%`&E[?1SR,&@A('2*&3-/*B''C&
'(&>'1$.$#"&>1D,3'0'7D EJ/?&%?S,&AAS&PYT JK\RS&aB2*+?&./$0%+1$#(&I+%11S

'>+/%+,&NS&WS,&W-+$1#%/1%/,&3S,&!"<7"+CW"5,&US&bS,&'+><"/*
;%A*+#&*2&"&]C(%"+&$/#%+0%/#$*/&=$#-&5$??)%&1<-**)&#%"<-%+1S&E="2$,-/&)*+,-.$'/-0&!"1"-2,3&F'+2/-0,&GHE\R,&PPYT
PJJ\S&-##A1XDD?*$S*+@DPKS]PKJDKKKJc]PJPLT]JTPT

8$))$"51,&6S&3S&EJKJJRS&:#>?%/#&%/@"@%5%/#&$/&<*))%@%&5"#-%5"#$<1X&:%)2C+%A*+#%?&%/@"@%5%/#&"/?&A%+<%A#$*/1&*2&
<)"11+**5&%/0$+*/5%/#1,&<*/2$?%/<%,&"/?&+%)%0"/<%S?-.3E?EIJ< )*+,-.'2 HH:EJR,&TPC\KS

d">+"1,&9S,&!$//>/%/,&;S,&!"e"5$%1,&3S,&H&Z%-#$/%/,&[S&EJKP]RS&^/#%+A%+1*/")&+%@>)"#$*/&$/&$/1#+><#$*/")&$/#%+"<#$*/X&3&?(/"5$<&
1(1#%51&"/")(1$1&*2&1<"22*)?$/@S&^/&:S&d*)%#&H&9S&d">+"1 E[?1SR,&8/."2>"21'/-0&2"7+0-.$'/&'(&0"-2/$/7&-/*&='.$#-.$'/K&
?".3'*'0'7$,-0&-*#-/,"1 EAAS&PJT PL\RS&;*>#)%?@%S

W)"11+**51&"+%&?(/"5$<&%/0$+*/5%/#1&$/2)>%/<%?&4(&"&5(+$"?&*2&
2"<#*+1S&8%&?+"=&*/&?(/"5$<&1(1#%51&#-%*+(&Ed">+"1 %#&")S,&JKP]R&
#*&"##%/?&#*&#-%&$/#%+A%+1*/")&4"<7C"/?C

)&*/$5%
F"<$)$#"#$/@&6$1<>11$*/1D;%2)%<#$*/1

3/")(`$/@&d$?%*&6"#"

=*+7
C+%A*+#%?&%/@"@%5%/#,&*/&"@@+%@"#%,&

$5A+*0%?&=-%/&@+*>A&=*+7&="1&$5A)%5%/#%?
U*=%0%+,&#-%&O'3&<*>)?&+"#$*/")$`%&=-%/&"/?&=-(&
@+*>A&=*+7&=*>)?&%$#-%+&/*#&4%&"AA+*A+$"#%&*+&=*>)?&
A*#%/#$"))(&/*#&$/2)>%/<%&1#>?%/#&%/@"@%5%/#&=$#-&
-(A*#-%1%1&#-"#&$/<)>?%?&"<#$0$#(&)%/@#-&"/?&A+*4)%5&
?$22$<>)#(S&

W)"11+**5&*41%+0"#$*/1&")1*&+%0%")%?&A"##%+/1&$/&1#>?%/#C#%"<-%+&
<*/0%+1"#$*/1&"/?&@+*>A&=*+7&"<#$0$#(S&

=-%#-%+&1#>?%/#1&"17%?&#-%&O'3&f>%1#$*/1&0%+1>1&
"17$/@&#-%$+&A%%+1S&
'-%&"5*>/#&*2&0$1$4)%&$/#%+"<#$*/&4%#=%%/&@+*>A&
5%54%+1&="1&4"1%?&*/&#-%&?%#"$)1&"/?&$/1#+><#$*/1&
A+*0$?%?&4(&#-%&O'3&=-%/&$/#+*?><$/@&"<#$0$#$%1S&

$/0*)0%5%/#&$/&@+*>A1&=$#-&#-%&1%)2C+%A*+#%?&)%0%)1&*2&%/@"@%5%/#&
"/?&?"#"&#*&*22%+&A*#%/#$")&%BA)"/"#$*/1&2*+&#-%1%&+%)"#$*/1-$A1S
'->1,&=%&A+*A*1%&O'31&<"/&"##%/?&#*&1#>?%/#&%/@"@%5%/#&$/&="(1&

?>+$/@&"&1$/@)%&1%5%1#%+&$/&"&5"#-%5"#$<1&<*>+1%S

#&%"1*%
O'3&:#"#%5%/#1

6>+$/@&6$1<>11$*/1D;%2)%<#$*/1

5*+%&*2&"&)%<#>+%&2*+5"#&
4%<">1%&^&="/#%?&#*&@%#&
"&)*#&*2&1#>22&*>#&*2&#-%&
="(,&1*&^&%BA%<#%?&#-*1%&
*/&#-%&+$@-#&#*&4%&="(&

#*@%#-%+&*/&#-%&%/?&4>#&
#-+*>@-&#-%&=-*)%&)$7%&2$+1#&
A"+#&$#&="1&)$7%&^&-"?&1*5%&
f>%1#$*/1&=-%+%&$#&="1&
1>AA*1%?&#*&e>1#&4%&)$7%&
")+$@-#&#-%5&#-%51%)0%1&

@**?S&9"(4%&%0%/&5*+%&1*&#-"/&*/&

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$"

https://doi.org/10.3102/0002831214532515


!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$*



!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$#

https://doi.org/10.3390/e23101346


!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$(



!""#$%&'$(%)*+,-$./0/+123/&,$4/551&5$6713$,8/$!%&'/39)$
$

$ :8795,128/7$;<$(<$=%55$ >8%35$"+?;'%@-$
$ A%&5%5$>,%,/$B&90/759,-$ A%&5%5$>,%,/$B&90/759,-$

$ >)1,,$C<$(7%&D+9&$ E%7-$F79'G/,$A*5,*5)8$ "+/%&17$:<$>%-7/$
#1)8/5,/7$H&5,9,*,/$16$I/)8&1+1G-$ ./2%*+$B&90/759,-$ A%&5%5$>,%,/$B&90/759,-$

!"#$%&'()$!716/5591&%+$./0/+123/&,J$!7%),9,91&/75J$"3/7G9&G$#/5/%7)8/75$

(%)*+,-$9&01+0/'$9&$/'*)%,91&$7/5/%7)8$8%0/$89G8+-$0%79/'$K%)DG71*&'5<$>13/$8%0/$7/)/90/'$
6173%+$,7%9&9&G$,871*G8$G7%'*%,/$271G7%35$9&$'95)92+9&/?K%5/'$/'*)%,91&$7/5/%7)8$L.F"#MJ1,8/75$
3%-$K/G9&$%5$%$215,'1),17%+$7/5/%7)8/7J$5,9++$1,8/75$3%-$&1,$8%0/$K/G*&$*&,9+$,8/-$@/7/$
/5,%K+958/'$6%)*+,-$%,$%&$9&5,9,*,91&<$$>13/$%7/$897/'$K/)%*5/$16$,8/97$/'*)%,91&$52/)9%+9,9/5$LF*58$
/,$%+<J$NOPQMJ$@89+/$1,8/75$G71@$9&,1$,895$71+/$%5$2%7,$16$,8/97$/&G%G/3/&,$@9,8$,8/$2/'%G1G9)%+$
395591&$16$,8/97$*&9,<$
#/5/%7)8/75$@81$)132+/,/$G7%'*%,/$271G7%35$17$215,?'1),17%+$271G7%35$9&$/'*)%,91&$

7/5/%7)8$%7/$27/2%7/'$617$7/5/%7)8<$I815/$@81$K/)13/$9&01+0/'$@9,8$/'*)%,91&$7/5/%7)8$%5$
6%)*+,-$8%0/$+939,/'$12,91&5$617$6173%+$+/%7&9&G$%&'$G*9'%&)/<$I8/$!716/5591&%+$'/0/+123/&,$617$
"3/7G9&G$"'*)%,91&$#/5/%7)8/75$L!""#M$271G7%3$@%5$/5,%K+958/'$,1$5*2217,$,8/5/$/3/7G9&G$
.F"#$27%),9,91&/75$L(7%&D+9&$/,$%+<J$NOPRM<$!""#$166/75$@17D58125$%&'$3/&,179&G$,1$5*2217,$
/3/7G9&G$.F"#$27%),9,91&/75$9&$'/0/+129&G$,8/97$/'*)%,91&$7/5/%7)8$5D9++5<$$
!""#$95$5,71&G+-$G71*&'/'$9&$,@1$,8/17/,9)%+$2/752/),90/5S$7/521&590/$,/%)89&GJ$%&'$

)133*&9,9/5$16$27%),9)/<$#/521&590/$,/%)89&G$95$%$31'/+$16$,/%)89&G$9&$>I"E$/'*)%,91&$,8%,$
2+%)/5$89G8$93217,%&)/$1&$)/&,/79&G$%&'$7/521&'9&G$,1$,8/$9'/%5$16$5,*'/&,5$%&'$,8/$)1&&/),91&5$
,8/-$%7/$3%D9&G$L#1K/7,51&$/,$%+<J$NOPTM<$$!""#$@17D58125$%+51$5//D$,1$'/0/+12$%$+1)%+$
)133*&9,-$16$27%),9)/$%31&G$2%7,9)92%&,5$LU/&G/7J$PVVVM<$E%&-$/3/7G9&G$27%),9,91&/75$%7/$5,9++$
'/0/+129&G$,8/97$9'/&,9,-$%5$/'*)%,91&$7/5/%7)8/75J$%&'$%$)133*&9,-$16$6/++1@$27%),9,91&/75$95$
)79,9)%+$,1$5*2217,9&G$,8%,$'/0/+123/&,<$$
$$$$I8/$)8%++/&G/5$215/'$K-$,8/$:WCH.?PV$2%&'/39)$+/'$,1$)8%&G/5$,1$!""#X5$5,7*),*7/$%5$

@/$2901,/'$,1$%&$1&+9&/$6173%,<$!""#$8%5$7/,*7&/'$,1$166/79&G$9&$2/751&$@17D58125J$K*,$+/551&5$
+/%7&/'$'*79&G$,8/$2%&'/39)$8%0/$8%'$+%5,9&G$/66/),5$1&$81@$@/$%55/55$%&'$7/521&'$,1$,8/$&//'5$
%&'$9&,/7/5,5$16$2%7,9)92%&,5<$Y1,%K+-$,8/$/Z95,/&)/$16$&/@$8-K79'$%&'$1&+9&/$6173%,5J$%&'$,8/$
%''9,91&$16$%&$1&+9&/$[D9)D166\$3//,9&G$@89)8$95$&1@$8/+'$K/617/$315,$!""#$@17D58125<$
$$$$H&$,895$215,/7$@/$27/5/&,$+/551&5$+/%7&/'$'*79&G$,8/$2%&'/39)J$%&'$,8/$932%),5$1&$!""#<$

U/$'95)*55$932+9)%,91&5$617$2716/5591&%+$'/0/+123/&,$9&9,9%,90/5J$61)*59&G$1&$9&,/G7%,9&G$1&+9&/$
5/5591&5$617$)133*&9,-$K*9+'9&G$%&'$27/?@17D5812$27/2%7%,91&<$!7/?@17D5812$1&+9&/$3//,9&G5$
)%&$5/70/$%5$,11+5$617$9&61739&G$K1,8$2%7,9)92%&,5$%&'$6%)9+9,%,175$%K1*,$,8/$5,7*),*7/$16$,8/$
@17D5812J$%&'$9'/&,96-9&G$%']*5,3/&,5$,8%,$3%-$&//'$,1$K/$3%'/$,1$,8/$271G7%3<$$

!"#$%&'()*(+($,-.
I895$@17D$95$6*&'/'$9&$2%7,$K-$Y>($G7%&,5$.B"$NONTPQ^$%&'$NO_VQTO<$U/$@1*+'$+9D/$,1$

,8%&D$"39+-$:9++9? %5$)1?!H5$1&$,895$
7/5/%7)8$%&'$6%)9+9,%,175$%,$,8/$!""#$@17D58125<$U/$@1*+'$%+51$+9D/$,1$%)D&1@+/'G/$,8/$A%&5%5$
>,%,/$B&90/759,-$./2%7,3/&,$16$!8-59)5S$,8/$./2%7,3/&,$16$!8-59)5$%&'$;5,71&13-$%,$,8/$
#1)8/5,/7$H&5,9,*,/$16$I/)8&1+1G-`$%&'$,8/$./2%7,3/&,$16$!8-59)5$%&'$;5,71&13-$%,$./2%*+$
B&90/759,-$

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$$



/(0(1($"(-.
F*58J$><$.<J$>,/0/&5J$E<$I<J$I%&&/7J$A<$.<J$a$U9++9%35J$A<$><$LNOPQM<$W79G9&5$16$>)9/&)/$(%)*+,-$
@9,8$"'*)%,91&$>2/)9%+,9/5S$=979&G$E1,90%,91&5$%&'$!7917$:1&&/),91&5$"Z2+%9&$H&5,9,*,91&%+$
.966/7/&)/5$9&$,8/$>(">$!8/&13/&1&<$*+%,-+".-"J$/0LTMJ$^TNb^c_<$
8,,25Sdd'19<17GdPO<POV_dK915)9dK9ZOPT$

>)1,,$C<$(7%&D+9&J$"+/%&17$:<$>%-7/J$a$E%7-$F79'G/,$A*5,*5)8$LNOPRM<$!""#S$!716/5591&%+?
'/0/+123/&,$"Z2/79/&)/5$617$"'*)%,91&$#/5/%7)8/75<$I8/$:1++%K17%,90/$Y/,@17D$617$
"&G9&//79&G$%&'$:132*,9&G$.90/759,-$:1&6/7/&)/J$:7-5,%+$:9,-<$

#1K/7,51&J$;<$.<J$>)8/77J$#<$"<J$a$=%33/7J$.%09'<$L"'5<M<$LNOPTM<$1"(2%.(+3"45"6-7+.84+.4
(-+".-"46.'49657"965+-(<$#1*,+/'G/<$

U/&G/7J$"<$LPVVVM<$:%99;.+5+"(4%<4=&6-5+-")4>"6&.+.8?4@"6.+.8?46.'4A'".5+5#$LP5,$/'9,91&M<$
:%3K79'G/$B&90/759,-$!7/55<$
$

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$%



!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$&



Using Multiple Disciplinary Lenses to Explore Students' Graphical Interpretation: A Case Study  
 
Nigar Altindis                  Kathleen A. Bowe                    Brock Couch  Melissa Aikens 

University of New Hampshire 

!"#$%&'()*$!"#$%&'#()*+#,-.&./0)1.-2(+3/+)&.)4&+'+,0)5%#$+)6%&.7&./0)89(:&3&,'&$(&.#";$

We present a case study of how one student, Aubrey, utilized ideas from biology, 
mathematics, and chemistry to make sense of a graph common to introductory chemistry: a 
titration curve. Via multidisciplinary analysis, we found that Aubrey exhibited shape thinking 
activated by biology resources. However, while she also activated math resources, her 
interpretation was bound by treating the graph as a static object. Furthermore, Aubrey activated 
chemistry resources to 'read beyond the data,' but her inferences appeared to be influenced by 
biology resources. With the current findings, we argue that students may memorize graph 
features without understanding what is happening conceptually or mathematically and then 
transfer these learned facts to other disciplinary contexts. Therefore, instructors should be aware 
of the knowledge and reasoning skills a student may bring from other introductory STEM 
courses when interpreting graphs. 

While previous literature has explored graphical interpretation generally and from specific 
disciplinary perspectives (e.g., Roth et al., 1999; Rodriguez et al., 2019), there is limited 
multidisciplinary work. This poster fills that gap by presenting a unique case study of a graphical 
interpretation task from chemical, biological, and mathematical points of view. Participants 
(n=15) were recruited from introductory biology and chemistry courses. Data include semi-
structured, hour-long interviews involving three tasks. We present only the results of one task: 
Aubrey's graphical interpretation of a titration curve (Figure 1). A multidisciplinary analysis was 
conducted using Corbin and Strauss's (2008) constant comparison method.   

 

 

Task 1: In a titration experiment, a base is added to an acidic solution at a 
constant rate. The graph (Figure 1) shows how the pH of the solution changes 
with the amount of base added. Using the graph, explain the relationship 
between the pH of the solution and the amount of base added to the solution.  

Figure 1. The Titration Curve Task.  

Aubrey employed resources from each discipline to interpret the titration curve, but her 
sense-making was bound to her understanding of a biology graph with a similar S-shape. This 
suggests students may memorize and transfer learned facts about graph features to other 
disciplinary contexts. However, to engage in authentic interpretation across disciplines, students 
need to be able to make sense of all curvature and critical points on a graph and understand how 
they emerge from simultaneous changes in quantities. Therefore, it may be valuable to prompt 
science students to think through mathematically meaningful critical points or graph features in 
the context of the physical phenomenon they represent. In conducting a multidisciplinary 
analysis, we discovered tensions between each discipline's interpretation and expectations. Thus, 
while this poster presents data and conclusions from a unique case study, it also provides 
pedagogical insights from adopting a multidisciplinary approach. 
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Problem Statement 
How do students reason about quantities and 
quantitative relationships as part of interpreting and 
making inferences about graphs commonly 
discussed in introductory biology and chemistry 
courses?

Theoretical Orientation 

Data Collection

Titration Task

Analytical Method
Three disciplinary-based education experts 
(mathematics, biology, and chemistry) analyzed 

perspective
Knowledge-in-pieces
Open Coding
Constant comparison

Background
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Instructors should be aware of the knowledge and reasoning skills a student may bring from other introductory STEM courses when interpreting 
graphs
! Students may be viewing graphs as disconnected chunks, instead of a continuous set of data
! Students may also be missing important mathematical features of the graph, such as the inflection point
Graph features matter differently across disciplines, which may impact the type and sophistication of reasoning used
! ng 
! However, this may promote students to think of graphs as objects composed of shapes, rather than as emerging through covariation
! Therefore, it may be valuable for science instructors to prompt students to engage with graphs from a more mathematical perspective
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Key 
Takeaways

Overall: Aubrey activates biology 
resources that are rooted in viewing 
the graph as a static object

Overall: Aubrey activates chemistry 

but her inferences appear influenced 
by biology resources

Overall: Aubrey activates math 
resources, but her interpretation is 
bound by treating the graph as a static 
object

Biology MathematicsChemistry

Region 3

All: Audrey did not identify the 
inflection point, which limited her 
ability to conceptualize shape

Math: Audrey associates the term 

-horizontal slope

Chem: Pulls on intuitive ideas related 
to system limitations or constraints

Region 2

Region 1

Bio & Math: Audrey chunks the 
shape into 3 regions

Chem: Audrey only discusses 2 
regions (Region 1 & 3)

Bio: Recognizes S-
shape from biology 

understand concept
Math: Aubrey associates the 

curve and a much larger, 
uneven rise

Method 

Pre-survey 
(n=660)

Surveys Interviews 

Post-survey 
(n=492) 

Pre-interview 
(n=16)

Post-interview 
(n=15)

Region 3
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Preliminary Findings Regarding Student Learning from 
Lecture and Homework

Hadlee Shields Allison Dorko
Oklahoma State University Oklahoma State University

Lectures and homework both provide opportunities for
students to learn mathematics. Researchers have focused
on learning from lectures (e.g., Krupnik et al., 2018; Lew et al.,
2016; Lew & Zazkis, 2019) and from homework (e.g., Dorko,
2021; 2020a, 2020b; 2019; Ellis et al., 2015; Glass & Sue, 2008;
Kanwal, 2020; Krause & Putnam, 2016; Lithner, 2003;
Rupnow et al., 2021). However, these studies have focused on
each milieu individually. Dorko and Cook (R&R, 2022)
propose attending to learning across the two settings is
critical for improving student learning in both settings. To
that end, our study addresses the questions (1) What did
two developmental mathematics students learn in lecture
and what did they learn from homework? and (2) How can
we explain why they learn particular things in a particular
context?

Abstract

Course context
We collected data from a developmental math class at a
large US university. The content was from the class period
following the first exam to the class period directly prior to
the second exam, and the exam itself. The content included
creating graphs on a graphing calculator, using the graphs
to solve inequality and optimization problems, solving linear
equations by hand, and using slope to find horizontal or
vertical changes in right triangle problems.

The data collected include
! Videos of eight 75-minute lectures,
! Videos of interviews with students as they completed
! three written homework assignments
! six online homework assignments

! The students’ exam responses
! An interview with the students about their exams

Data Collection Methods

Preliminary findings indicate students learned (a) how to identify
independent and dependent quantities; how to use the
calculator to make graphs, (b) how to interpret graphs, (c) how
solving an inequality is different from solving an equation, and
how to do both on the calculator; (d) how to optimize functions
on the calculator. Students commented that getting answers
wrong in the online homework helped them understand how to
solve inequalities and optimization problems.

Results

Though student learning from online homework is a
relatively new focus for undergraduate mathematics
education researchers, studies have shown:
! Online homework is as effective as paper-and-pencil

homework (Dorko, 2020).
! Most successful US college calculus programs have an

online homework component (Ellis et al., 2015).
! Students commonly rely on example problems to

complete homework.
o In one study, 84.7% of students reported using

worked examples while doing homework.
When completing online homework students used
reasoning that included (Dorko 2021, 2020)
! Mathematical thinking
! Guessing
! Copying answers from various sources
! Mimicking the steps of a similar problem
! Reasoning based on expectations from experience

Students learn the procedures from online homework
problems, but rarely develop the conceptual insights
professors hope some problems might promote (Dorko,
2020, 2021, 2019)

Issues that professors face
! Students worry more about the procedure than the

concept itself (Lew et al., 2016; Thompson, 2013;
Thompson et al., 1994)

! Students only write what the professor writes (Lew et
al., 2016)

! Students may miss verbal-only comments (Lew et al.,
2016)

Literature

Our work is broadly framed with the instructional triangle, 
and we make sense of an individual’s learning through 
Piagetian learning theory. 

! Instructional triangle (Cohen et al., 2005; Dorko, 2021; 
Herbst & Chazan, 2012): instruction is the interactions 
among teachers and students around content, in 
environments
! Milieu: a space in which interactions around 

mathematical tasks occur
o Lecture is one milieu; HW is another 

Theoretical Perspective

! We think students’ learning frommistakes can be explained by
Piagetian learning theory: seeing an “incorrect” mark perturbs
them

! Lecture appears to give students tools, (e.g. features of the calc
menu) but they often go through a trial-and-error process in
homework figuring out when to use each tool

! Students notice similar problem contexts, as well as
abstracting underlying similarities in mathematical structure
(e.g. concavity) .

Discussion & Conclusion
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Data Analysis Methods

Data analysis is ongoing, following a thematic analysis
method (Braun & Clark, 2020).

1. Read lecture transcript, make list of the knowledge at
stake (e.g. when/how/why to use CALC, INTERSECT on
graphing calculator)

2. .Read transcript of HW that covered that content
! Looked for influences of lecture on HW activity (e.g.

doing something that was done in lecture, like using
the TI-83 to find an intersection on a graph; using a
word/phrase the instructor used, like “isolate” the
variable)

3. In HW, identified instances student had to attempt
problem multiple times, and sought to unpack how they
worked their way to a correct answer

4. Repeat 1-3 for all lecture/HW pairs
5. For exam work and interview, looked at HW problems

that covered same content as exam problem and what
the student’s activity looked like on that problem (e.g.
multiple attempts, influences from lecture - see (1))

Example: Student 4 learned… 

! Influence of lecture on HW activity
o Taking time to make sense of given information: Like the

instructor, S1 took time to make sense of and employ given
information
! Identifying independent/dependent variables
! Units
! Labeling graph

o Using words the instructor used (e.g. “isolate” a variable,
“assign a variable”)

o Problem contexts
! Remembered similar problem contexts from lecture and
used this similarity to solve HW problems

! Connected different problem contexts that both had
concave up, decreasing graphs

o Use of skills: table to set graphing window, table to select
correct graph, CALC menu features, using graph instead of
table to solve problems

o Ways of looking at graphs (steepness for concavity, identifying
increasing/decreasing as ways to justify use of procedures)

o Applying definitions (recognized an equation as linear based
on class definition)

! Learning from HW activity
o “Trial and error”, “mastery,” “putting stuff into practice”:
student’s description of what and how she learned from
homework
! She primarily went through CALC menu features via trial
and error, taking several problems to sort out what to use
when

o Solution to one problem influencing solution method to next
problem (e.g., generalizing the practical meaning of an
increasing, concave up function)

o Quantitative meaning for concavity: computing AROC over
different intervals helped her see the changing rate of change
and how it influences the shape of the graph
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! Piagetian learning theory (von Glasersfeld, 1995)
! Students’ schemes entail (among other things) an 

expected result of applying the scheme. 
! Perturbation occurs when an outcome differs from the 

expected result.
! Perturbation may or may not result in 

accommodation to achieve equilibration. 
! We define learning as accommodation to a 

scheme.

Online homework task: ! " # !"#$
%#

gives the body surface area, B, in m2, for 
a 210 cm tall man who weighs w 
pounds. Would weight gain have a 
greater effect on surface area for a 
lighter man or for a heavier man? 
(multiple choice)
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Connecting Modern Algebra with Secondary Math Content 
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The 2010 report of the Conference Board of the Mathematical Sciences states that among 
four-year institutions with secondary pre-service teaching certification programs, 89% of the 
math departments require students to take abstract/modern algebra (Blair, Kirkman, & Maxwell, 
2013). In addition, this requirement is advocated by many mathematical societies. However, 
there is a continued interest in and need for research on how knowledge of mathematical content 
is employed in teaching practice, as well as how secondary teachers view the relevance of their 
post-secondary courses in teaching (Zazkis & Leikin, 2010). In May 2019, the presenter attended 
Connecting Advanced and Secondary Mathematics conference, that brought together researchers, 
mathematicians, and teacher educators to explore these connections and develop plans for further 
research and/or professional development on these topics (Murray et al., 2017). 

In fall 2019, the presenter taught a modern algebra class (covering topics of ring and field 
theory) for the Graduate Certificate in Mathematics for secondary level math in-service teachers. 
They implemented ideas from the conference by making intentional connections between the 
material taught and the secondary math curriculum. The presenter was interested in researching 
how these intentional teaching interjections changed the in-service teacher  opinion about the 
relevance of the advanced material covered with respect to the secondary math content the in-
service teacher taught as well as the connections they see between the two curricula.  

The students in the class (10 in-service teachers) were given pre- and post-surveys, that 
contained quantitative opinion questions about the relevance and connections between the 
advanced and secondary content in the curricula. The feedback obtained confirmed the advanced 
algebra material could be meaningful to teachers by connecting the material with the secondary 
mathematics and could also support teachers to re-conceptualize, re-structure, and re-understand 
their knowledge of secondary mathematics (Wasserman, 2016). The pre- and post-survey results 

s changed significantly about the relevance and connections of the 
advanced algebra to secondary math content and about recognizing connections in their own 
classes.  

In addition, students were asked to provide reflective feedback on the exam and the class 
projects about advanced topics they learned in the class that were the most useful/meaningful for 
them as well as sharing their opinions and suggestions on these topics. Almost all the advanced 
topics chosen by students as their favorites/most meaningful/useful, were the ones that were the 
most applicable in their high school classroom settings. In their comments, students expressed 
confidence that the advanced class material and connections made in class helped them 
understand the majority of topics that were covered in the course. As a result, they were now 
familiar to them on a deeper level. The in-service teachers expressed confidence in better 
understanding and being able to explain many seemingly true statements (taken for granted) they 
had been using in their own classes and making their students see relevance in mathematics.  

Moreover, the presenter will discuss the questions of the pre- and post-survey results, which 
show a small increase in change of the opinions and brainstorm further (follow up) 
research questions.  
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Implementation

Fall 2019:
Class: Modern Algebra (Ring and Field Theory) 
Program: Graduate Certificate in Mathematics
10 Students: Secondary-level math in-service 
teachers

Proof-based class - hence very demanding and hard for students
To address:

Why taking this class?
How to make the class relevant for students?
What is the connection to the material they teach at 
the high schools?
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Connecting Advanced and Secondary Mathematics
(CASM) Conference (http://casmconference.org/)

Held in Minneapolis, MN, May 20-22, 2019
NSF Funded (53 participants)

teacher educators interested in exploring connections between advanced 
and secondary mathematics. The CASM Conference has three main 
objectives:

I. To develop plans for research and/or professional 
development to expand current knowledge on connections 
between advanced and school mathematics, so that 
attendees can take concrete steps to move projects forward.

II. To provide a space for mathematicians, mathematics 
educators, and other stakeholders to discuss their work and 
develop a common vision for future directions.

III. To share current research on mathematical connections 
between advanced and secondary mathematics, focusing 

Murray, Eileen; Baldinger, Erin; Wasserman, Nicholas; Broderick, Shawn; 
White, Diana. Connecting Advanced and Secondary Mathematics. Issues in 
the Undergraduate Mathematics Preparation of School Teachers, v1 Aug 
2017 (https://files.eric.ed.gov/fulltext/EJ1151024.pdf) 

Motivation / Literature Review

Every five years, the Conference Board of the Mathematical 
Sciences(CBMS) executes a national survey of undergraduate 
mathematical and statistical sciences in two- and four-year colleges 
and universities.

The 2010 report states that among four-year institutions with secondary
pre-service teaching certification programs, 89% of mathematics
departments require students to take abstract/modern algebra (Blair,
Kirkman, & Maxwell, 2013).

Blair, R., Kirkman, E. E., & Maxwell, J. W. (2013).
Statistical abstract of undergraduate programs in the
mathematical sciences in the United States: Fall 2010
CBMS survey. American Mathematical Society.

The Mathematics Association of America along with other professional
mathematics societies also advocate for advanced courses such as
these to be taken by future secondary mathematics teachers.

Despite this requirement and advocacy, there continues to be a need
for research on how knowledge of mathematical content is employed in
teaching practice, as well as how secondary teachers view the
relevance of their post-secondary courses to teaching (Zazkis & Leikin,
2010).

Zazkis, R., & Leikin, R. (2010). Advanced mathematical
knowledge in teaching practice: Perceptions of
secondary mathematics teachers. Mathematical
Thinking and Learning, 12(4), 263 281.

Student Feedback Reflections 

I. Exam question reflection: 
Describe your favorite part (or topic) of Modern Algebra class this semester. Explain why 
that part (or topic) was your favorite. 

II. Project question Reflections on the course material
address the topics covered;
which topic(s)/concept(s) was/were most meaningful and useful for you;
which topic(s)/concept(s) was/were the most exciting and new to you;
which connections you see with this material and the high school curriculum;
what would you change or leave the same in terms of the course content; etc.

Almost all the topics chosen by students as their favorites/most 
meaningful/useful, were the ones that

were most applicable in their high school classroom settings
provided connections to the secondary math content
were familiar to the students 

In their comments, teachers expressed confidence that the class material and 
connections made helped:

them understand the majority of topics that were covered in the course and were familiar to 
them on a deeper level;
them to understand and explain many seemingly true statements (taken for granted) they 
use in their classes;
them communicate mathematics to their students by connecting concepts;
their students see relevance in mathematics.

Survey Questions
IRB Protocol #s 349; 350 

Pre 
Survey

Post 
Survey

# of surveys 10 10
The Abstract Algebra material is relevant to 

secondary math content. 2.6 3.9

The Abstract Algebra provide connections to 
secondary math content. 2.5 4.3

The Abstract Algebra material equips the pre-
service teachers to better teach secondary 

math content.
2.9 3.4

I have used Abstract Algebra material/concepts 
when teaching my secondary math classes. 2.3 3.9

I believe that Abstract Algebra
material/concepts should be taught to pre-

service teachers.
3.1 3.6

Conclusion

The feedback above confirms that the Abstract Algebra material 
can be meaningful to teachers by connecting it with the secondary 
mathematics;
can support teachers to re-conceptualize, re-structure, and re-
understand their knowledge of secondary mathematics. 

(Wasserman, N. (2016). Abstract algebra for algebra teaching: Influencing school mathematics 

instruction. Canadian Journal of Science Mathematics and Technology Education, 16(1), 28-47).

The pre- and post-
significantly about

the relevance of the Abstract Algebra to the secondary math 
content;
connections of the Abstract Algebra to the secondary math 
content;
recognizing these connections in their own classes.

Why the small increase in change of the opinion of the students about the last 
question on the survey? Few conjectures:

the proof-based classes are difficult, demanding, and time 
consuming;
most of the in-service teachers have taken the needed 
prerequisite (Abstract Algebra course (Graph Theory)) long time 
ago;
lucking of good proof writing skills.

Further research questions:
What connections of Abstract Algebra can impact teacher 
instructions?
How can Variation Theory be implemented in Abstract Algebra 
classes with goal to impact teacher instructions?

5 strongly agree 4- agree 3 neither agree nor disagree

2 disagree 1 strongly disagree

CASM Conference

Five theme groups formed
Curriculum
Educator Knowledge
Item Development
Professional Development for Teachers (I was 
part of this group)
Project Design

Research Project

Collecting data from the in-service teachers (pre- and post-surveys) 
about the material/topics covered; 

What is the relevance of this material with respect to the 
secondary math content they teach?
How to better equip them in teaching secondary math topics?
Which topics will prepare math education students better for 
understanding secondary mathematics?
What are in-
topics?
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Students' Voice in an Active Calculus Learning Environment: How Do Students Perceive 
Purposeful Design Learning Environments 

 
                  Nigar Altindis                      Orly Buchbinder  Karen Graham 

University of New Hampshire 
 
Keywords: Active Learning, Calculus, Collaborative Small Groups 

Previous studies emphasized the advantages of student-centered over instructor-centered 
teaching and learning of Calculus (Ely, 2021). In addition, collaborative group work in calculus 
classrooms has been shown beneficial to meaningful student engagement with calculus problems 
(Hitt & Dufour, 2021) and greater students' success compared to traditional classrooms (Code et 
al., 2014). Yet, some studies observed students' resistance to active learning (Tharayil et al., 
(2018). Thus, it is important to continue investigating students' perceptions of active learning 
environments in Calculus courses.   

This study was conducted at a four-year R1 university in the northeastern United States. 
Participants were students in a Calculus course, which runs in a large lecture (3 times a week) 
and recitation (twice a week) format. In Spring 2022, we introduced active learning into 
recitations and activities that focus on Scientific, Mathematical, and Metacognitive Processes 
(SMMPs). The students worked on SMMP activities in groups and presented their solutions in 
class. The recitation sections were facilitated by graduate teaching assistants and undergraduate 
learning assistants. At the end of the semester, we collected survey data on students' perceptions 
of their learning experiences in Calculus recitations. Data include surveys (n=150) with 7 Likert-
scale questions and 3 open questions. We also collected students' classroom work, related home 
assignments and test items on the topics of SMMPs. The current analysis focuses on Students' 
perceptions of the active learning environment structure of the recitations and how it affected 
their learning experiences.   

We found that 73% of the students indicated that communicating with their peers in the 
recitations helped them to clarify their mathematical thinking,  71% of the students stated that 
Calculus concepts became clearer after they heard explanations from other students in their 
group, 80% of the students stated that they would recommend group work for Calculus 
recitations to other students, and 72% of the students stated that they would like other courses to 
offer opportunities of group work. Student-written comments supported these results. One 
typical comment was: "I think that being in a group where we all have different levels of 
understanding or ways of understanding the class concept is helpful because it allows me to think 
through my thought process and explain it to my other group members."  

Our results show that most students perceive small collaborative group works to provide 
meaningful learning experiences for them. These results echo previous studies (e.g., Hitt & 
Dufour, 2021) and extend them by identifying students' justifications underlying their views of 
the benefits of group work in Calculus recitations to their learning. These results, along with the 
analysis of students' achievement contribute to the growing body of knowledge on reforming the 
teaching of Calculus.   
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Summary of Justifications
Groupwork improved students' articulation of their thoughts.
Groupwork helped students understanding of the content on a deeper level. 

Discussion
Our results show that most students perceive that small group work provides them with 
meaningful learning experiences.
These results echo previous studies (e.g., Hitt & Dufour, 2021) and extend them by 
identifying students' justifications underlying their views of the benefits of group work to 
their learning in Calculus recitations.
These results, along with the analysis of students' achievement, contribute to the growing 
body of knowledge on reforming the teaching of Calculus. 
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Background 
Previous studies emphasized the advantages of student-centered 
over instructor-centered teaching and learning of Calculus (Hitt & 
Dufour, 2021). In addition, collaborative group work in calculus 
classrooms has been shown to be beneficial to meaningful student 
engagement with calculus and lead to greater students' success 
compared to traditional classrooms (Code et al., 2014). Yet, some 
studies observed students' resistance to active learning (Tharayil et 
al., 2018). Thus, it is important to continue investigating students' 
perceptions of active learning environments in Calculus courses.

Aim of the Project   
We aim to support students meaningful learning experiences in 
Calculus via designing active learning environments. This 
study is focused on exploring students' perceptions of active 
learning environments in Calculus courses.

Research Question
How do students perceive purposefully designed active learning 
environments? 

Method 
Research Site: This research is conducted at a four-year R1 
university in the northeastern United States. Participants were 
students in a Calculus course, which runs in a large lecture (3 times 
a week) and recitation (twice a week) format. 

Data Collection and Participants: Data include 
surveys (n=150) with 7 Likert-scale questions and 3 open 
questions. Participants were undergraduate students enrolled first 
Calculus course at the university.

Design of the Study: We introduced active learning into 
recitations and activities that focus on Scientific, Mathematical, 
and Metacognitive Processes (SMMPs). The students worked on 
SMMP activities in groups and presented their solutions in class. 
The recitation sections were facilitated by graduate teaching 
assistants and undergraduate learning assistants. At the end of the 
semester, we collected survey data on students' perceptions of their 
learning experiences in Calculus recitations.

Students' Voice in an Active Calculus Learning Environment: How Do Students 
Perceive Purposeful Design Learning Environments 
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University of New Hampshire

Survey ResultsAn Example of SMMP Activity
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SMMP Activities Topics 
Continuity 
Implicit Differentiation
Derivative of Logarithmic 
Functions
Optimization Problems
Graphing
Antiderivatives

Instructional Routines
Launch the Activity
Small Group Exploration 
Whole Class Discussion
Wrap-up/Closure
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Undergraduate women leave STEM majors at a higher rate than men  especially after taking 
Calculus I (Chen et al., 2013; Seymour & Hunter, 2019). Research identifies low sense of 
belonging as a major reason why women leave STEM majors (Seymour & Hunter, 2019; Shapiro 
& Sax, 2011). One feels a sense of belonging (SB) when they feel valued or accepted in an 
academic community, and that their contributions are valued (Good et al., 2012). Studies have 
shown that SB can be attributed to their social connectedness (SC) with the people in 
their class and their perceived competence (PC) in the course material (Rainey et al., 2018). 
Further, Rainey et al. (2019) found that students who experienced active learning reported a 
stronger SB. However, few quantitative studies have investigated SB in relation to its 
influencing factors. This study examines undergraduate SB over the course of one 
semester in an active learning Calculus course. I address the research questions: For undergraduate 
women enrolled in an active learning Calculus course, (1) How do SC and PC contribute to their 
SB?, (2) In what ways do their SB, SC, and PC change over the course of the semester? 

This study takes place at a Mid-Atlantic research university during the Fall 2022 semester. 
Two sections of the active learning Calculus course were offered, with a total enrollment of 127 
students. These students are typically freshmen intending to major in STEM and do not know upon 
enrolling that the course provides substantial active learning opportunities (primarily small-group 
work and whole-class discussions). 
and administered to all students during Weeks 1, 7, and 14 of the semester. The survey consisted 
of ematical Sense of Belonging scale, items from several scales 
measuring SC (Frisby & Martin, 2010; Hoffman et al., 2003; Maloney & Matthews, 2000; 
Wanders et al., 2019), and items from  (2000) Expectancy-Value scale and 

2015) FICSMath scale to measure PC. The data set was reduced to only include 
participants who self-identified as women (e.g., women and trans women). 

Findings indicate that both SC and PC have a significant effect on SB. A regression 
of SB on SC and PC accounted for 47% of the variance in SB at Week 1 (F[2,46]=20.684, 
MSE=.374, p< .001), 67% at Week 7 (F[2,43]=44.145, MSE=.235, p<.001), and 69% at Week 14 
(F[2,40]=44.522, MSE=.259, p<.001). Interestingly, PC held greater influence at Week 1 
( SC=.379, pSC=.001; PC=.492, pPC<.001), while SC held greater influence at Week 7 ( SC=.641, 
pSC<.001; PC=.305, pPC=.003) and Week 14 ( SC=.655, pSC<.001; PC=.328, pPC=.001). 
Additionally,  increased significantly between Week 1 and Week 7 
and plateaued from Week 7 to Week 14 (Table 1). Results from this study confirm that SC and PC 
hold a significant influence over women s SB. Further, women in an active learning Calculus class 
can experience positive changes in their SB that align with changes in their SC and PC. 

 
Table 1. Women Sense of Belonging, Social Connectedness, and Perceived Competence Means. 
 Week 1 Week 7 Week 14 p1 p2 

Sense of Belonging 3.9312 4.5488 4.6159 <.001 .517 
Social Connectedness 4.3676 4.7735 4.8537 .001 .444 
Perceived Competence 3.7591 4.0335 4.0518 .008 .855 
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Understanding the purpose of examples in a proof 
context can help students develop proving skills 
(e.g., Harel & Sowder, 2007; Healy & Hoyles, 
2000). 

Although work has been done understanding the 
student side of examples, far less work has been 
done on understanding how to aid instructors to 
help their students use examples more efficiently 
(Zaslavsky & Knuth, 2019).
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1-hour semi-structured interviews with 11 
professors of Introduction to proof classes across 
the SE US.

Instructors were presented with sample student 
answers to basic proof tasks.

Instructors responded to these tasks and gave 
feedback about their understanding of the student 
and how they would respond to the student in 
their class.

Then, instructors were asked to organize the 
responses in whatever manner they deemed 
necessary.

Finally, the 6 student work samples were ranked 

2),(',,)%"

As a field, researchers have argued that examples, 
when used productively, aid student 
understanding and production of proofs (Aricha-
Metzer & Zaslavsky, 2019).

There seems to be a disconnect between what 
researchers believe, and what we believe in 
practice.

Should students be expected to write textbook 
proofs in introduction to proof classes for all 
assignments?

How do instructors of Introduction to Proof 

of examples?

3%$&-"/45/6)$78
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2-#-/>"-98,),

Almost even split of instructors who wanted to 
see the students written example in their final 
product (HW).

No difference based on PhD, time at university, 
self-identified teaching style.

Slight difference on if the instructor was at an 
R1/R2 institution versus anything else.

Almost all participants asked students to show 
their thinking through examples when asked how 
to respond to students.
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Data was first coded by episode looking for 
instances of knowledge of content and teaching 
(KCT) or knowledge of content and students 
(KCS) using the mathematical knowledge for 
teaching framework (Ball et al. 2008). 

Then, a thematic analysis was conducted across 
episodes looking for themes within KCS and 
KCT.
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Aricha-Metzer, I., & Zaslavsky -
productive example-use for proving. The Journal of Mathematical Behavior, 53, 304
322. https://doi.org/10.1016/j.jmathb.2017.09.002
Ball, D. L., Thames, M. H., & Phelps, G. (2008). Content knowledge for teaching: What 
makes it special? Journal of Teacher Education, 59, 389-407.
Harel, G., & Sowder, L. (2007). Toward comprehensive perspectives on the learning and 
teaching of proof. In F. K. Lester (Ed.), Second Handbook of Research on Mathematics 
Teaching and Learning (pp. 805 842). Information Age Publishing.
Healy, L., & Hoyles, C. (2000). A study of proof conceptions in algebra. Journal for 
Research in Mathematics Education, 31(4), 396 428. https://doi.org/10.2307/749651.
Stylianides, A. J. (2007). Proof and proving in school mathematics. Journal for Research 
in Mathematics Education, 38(3), 289 321
Zaslavsky, O., & Knuth, E. (2019). The complex interplay between examples and 
proving: Where are we and where should we head? Journal of Mathematical Behavior, 
53(October 2018), 242 244. https://doi.org/10.1016/j.jmathb.2018.10.001

Evan (Assistant Professor at Private 
Baccalaureate/ Math Ed/ 4 years 
experience/Lecture):
So she has a nice little example here, of 

when if n is equal to five, so for this case, 
you notice the step five, the inside part 
formed a four by six rectangle, the area 
inside is 24, plus the two outside squares 
for 26 Total squares. This is one more than 
five squared. Okay, that's great for that 
particular example. So it kind of shows me 
how she came up with

Steven (Professor at Public R1/ Math/ 22 
years experience/Lecture):

Barry (Associate Professor at Public M1, 
Math, 7 years experience/ Lecture):

out with, you know, thinking of a fixed 
number, just to kind of get an idea of what 

Lisa (Assistant Professor at Public R1, 
Math Ed, 4 years experience/ IBL):

think Jacob is thinking about seven-sided 
figure, right? And he's taking it as like a 
generic example. But then the seven is 
actually never important. Like in his work. 
Like, he could have, you know, thought 
about seven and then gone through and 
replaced all the seven with an M, and now 

Howard (Professor at Public M1, Math Ed, 17 years experience, lecture)

actually leaving
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Background 
Online learning has been present in universities and other post-secondary institutions since 

the introduction of internet access in the 1990s (Johnson & Seaman, 2022). The COVID-19 
pandemic has since caused higher demand for online learning and remote instruction to assist 
with mitigation efforts of the global pandemic (Barlow et al., 2020; Ramadhani et al., 2021). 
Specifically in mathematics courses, online platforms such as Desmos, GeoGebra, MyMathLab, 
and WeBWorK are used to supplement learning and teaching (Hauk & Segalla, 2005; Oates et 
al., 2014). A research study by Serhan and Almeqdadi (2020) on student perceptions of 
MyMathLab and WebAssign found advantages of using online platforms to be immediate 
feedback and flexibility of access. Another study by Valdez and Maderal (2021) indicated 
students preferred online homework over pen-and-paper traditional methods due to the 
accessibility of lecture notes and math software. Despite the possibilities that online learning 
offers, there are possible challenges for students in undergraduate math classes. Issues with 
technology, internet difficulties, and ease of forgetting assignments were challenges students 
faced in undergraduate online math classes (Serhan & Almeqdadi, 2020). Furthermore, if 
students were not trained on given technology, they faced difficulty with using online tools and 
technology effectively. Other challenges are how time-consuming and non-user friendly various 
online tools can be (Hauk & Segalla, 2005; Naidoo, 2020). With these challenges in mind, the 
aim of this research is to explore student perceptions in online undergraduate math classes. 

Methodology and Results 
This study was conducted at a public university in the northeast region of the United States. 

In spring 2021, 19 online sections of Probability and Statistics were included in the study with 39 
out of 464 students consenting to participate. Face-to-face courses were not an option due to the 
worldwide pandemic. The study participants completed a 17-item survey measuring their 
perceptions of learning mathematics online. Data was analyzed quantitatively using descriptive 
statistics.  

Despite the small response rate, this study yielded some interesting preliminary findings. 
Some results included 41% of the students stated they were motivated to complete assignments, 
39% were not confident in succeeding, and 59% believed they would perform better had the 
course been offered in person. These findings mirror those from Serhan and Almeqdadi (2020). 
When students were asked about the challenges they were facing, motivation was selected with 
the highest frequency (64%), and 51% of students stated they struggled with understanding 
course material. The pandemic forced universities to move courses online, and students had no 
choice in their course delivery. Many participants shared common suggestions and concerns to 
make online learning better. They requested live meetings (face-to-face or video conference), 
more accessible content, and the inclusion of clear explanations. Further results and areas for 
future research will be presented in the poster.  
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The Teaching and Learning of Geometric Proof: Role of the Teacher 

Mara P. Markinson
Queens College of the City University of New York 

Keywords: geometry; proof; teacher content knowledge; beliefs; attitudes; pre-service; novice 

The purpose of this study was to explore preservice and novice secondary mathematics 
teachers’ proof-writing abilities and beliefs about geometry (particularly proofs), in order to 
propose ideas about how to improve the teaching and learning of geometric proofs. This study 
contributed to the pre-existing research on Shulman’s (1986) categories of teachers’ knowledge. 
Although many studies distinctly examined subject matter content knowledge, pedagogical 
content knowledge, or curricular knowledge, the present study began to examine these factors in 
conjunction. Moreover, the researcher did not find pre-existing studies focusing solely on the 
beliefs, attitudes, and content knowledge of pre-service and novice secondary mathematics 
teachers with regard to geometric proof. 

I created a five-item content assessment (eMATHinstruction, 2017, 2018a, 2018b; The 
University of the State of New York, 2015, 2016) to administer to preservice and novice 
secondary mathematics teachers. Each content assessment item was taken from end-of-year 
assessments for high school students. I met with 29 participants to administer the assessment 
while asking questions regarding their feelings, beliefs, and confidence in regard to teaching 
proof in high school geometry. The administrations of these content assessments and 
simultaneous interviews were audio-recorded and transcribed, and subsequently analyzed for 
trends in the participants’ responses using five qualitative codes: Beliefs and Attitudes (BAA), 
Issues of Correspondence Between Substance and Notation (ICSN), Expressing Understanding 
and Self-Doubt (EUSD), Mathematical Language (ML), and Pure Mathematical Issues (PMI).  

The results of the study showed that the majority of the preservice and novice secondary 
mathematics teacher participants do not currently feel prepared to teach proof in high school 
geometry, from standpoints of both mathematical content knowledge and confidence. The 
participants with no geometry teaching experience mainly drew on their own experiences from 
high school, and tried to remember specific rules and standards that their particular teachers tried 
to instill. This finding supports the ideas of Schoenfeld (1985) and Battista (2009), who also 
found that most secondary school students see proof-writing as nothing more than following a set 
of prescribed rules. This study, however, also illuminated issues within participants’ 
Mathematical Knowledge for Teaching (MKT). Specifically, participants did not connect the 
ideas of rigid motions and equality of measures to congruence, used circular reasoning, and made 
incorrect visual assumptions when considering diagrams. In response to the interview questions 
that addressed participants’ beliefs and feelings about proof and proving, the participants overall 
voiced preferences to teach other courses over geometry. Many participants gave up without 
attempting one or more content assessment items, displaying the need for stronger beliefs in their 
own abilities. Although participants were not told that the assessment items were high-school 
level problems, many of them expressed that they knew that from previous exposure via tutoring 
or student teaching. 

Since teachers’ attitudes are so easily transferrable to the students in their charge, it is 
important to continue to conduct research in this area so that the state of the teaching and 
learning of geometric proof can be improved. 
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Early experiences in undergraduate mathematics contribute to student persistence STEM 
majors (Courturier & Cullinane, 2015). The transition from high school to undergraduate 
mathematics remains problematic for both students and instructors despite increased attention on 
the issue -specific issues 
related to student transitions to college, this study investigated two research questions: (a) What 
is the essence of the lived-experiences of first-year undergraduate students transitioning to their 
first post-secondary mathematics course? and (b) How do students view their transition after 
their first undergraduate mathematics course? 

Previous research on transition to college found when students do not feel like they belong at 
their institution or in a classroom, there is less academic engagement and lower achievement 
(Bowman et al., 2019). While many researchers have investigated the transition to collegiate 
mathematics, most are focused on specific aspects of the mathematics courses such as content, 

2021). This study enhanced existing research by taking a more holistic view of transitions 
including factors in and out of the mathematics classroom. 

Through a constructivist lens, this study focused on the meaning that students construct while 
experiencing their transition to undergraduate mathematics and their reflections on these 
experiences. As the qualitative approach of the study, an interpretative phenomenological 
analysis (IPA) centered the study on individual experiences and the meaning-making of both 
participant and the researcher (Smith & Shinebourne, 2012). 
theory served as an analytical framework. Participants were three first-year students who were 
enrolled in College Algebra during their first semester at a mid-sized university. The first 
interview occurred at week ten of the first mathematics course. One participant was selected for a 
follow-up interview at the start of their second semester. Each interview was transcribed and 
coded using In Vivo coding followed by pattern coding to identify themes. 

Three overarching themes were: (a) adjusting to new course expectations, (b) navigating 
challenges outside the classroom, and (c) changes in mindset and motivation. All participants 
shared experiences adjusting to new expectations for participation and working with others, 
which two participants noted helped them learn and made them more comfortable in the 
classroom. Participants described an emerging independence which contributed to changing 
mindsets in the mathematics classroom. One participant shared that since he was in college now, 

about how her experiences in College Algebra provided an outlet to explore a new sense of self, 
y point to several implications for 

instructors including setting and communicating clear expectations to assist students in 
understanding their new environment. Encouraging group work early in courses can help 
students build connections and develop a sense of belonging both socially and academically 
within the classroom. 
during the transition to college mathematics. 
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Secondary to Tertiary Mathematics

Motivation
High dropout rates at universities linked to failure in mathematics 
point to a remarkable subject-specific challenges for students 
transitioning from secondary to tertiary educational environments 
(Rach & Heinze, 2017).
Understanding student experiences provides institutions and 
faculty with needed information to set up supports and 
interventions to promote student success in mathematics 
(Blackmore et al., 2021). 

Purpose
The purpose of this longitudinal phenomenological study was to 
describe first-
from high school to undergraduate mathematics classrooms.

Research Questions
Q1 What is the essence of the lived-experiences of first-year 
undergraduate students transitioning to their first post-secondary 
mathematics course?
Q2 How do students view their transition after their first 
undergraduate mathematics course?

Motivation, Purpose, Research Questions

Research Design and Methods

- Sela
I felt more in my own skin than I 

- Sela

having a new mindset since it was college now.
Solus

mental health and physical health and a lot of that stuff. So a lot of the reasons I really loved that math class 
weren't exactly about the math class. There was other contributing things. - Dan

Adjusting to New Course Expectations

Navigating Challenges Outside the Classroom

Changes in Mindset and Motivation

Reflections on the Transition

Results
Trustworthiness and Limitations

Trustworthiness
Research journal, reflexivity, and bracketing
External checks from peers and other researchers 
Member checks during and after interviews

Limitations
Sample: size; same course at same institution; enrolled in 
mathematics in first semester right after high school
Dan and Solus were only interviewed once

Implications and Future Research

Implications for Practice
Undergraduate instructors can reflect on how they communicate 
course expectations to help students assess their new situations.
Consider how to incorporate group work early in the course to 
assist students with their academic and social transitions.
Be understanding of factors outside of class that might be 
contributing to academic challenges.
Build structured peer supports to take advantage of lessons 
learned by students who have gone through the transition.

Recommendations for Future Research
Examine secondary-to-tertiary mathematics transitions in other 
settings (e.g., institutions, courses, etc.)
Investigate how transitions are impacted by recent and ongoing 
educational experiences related to COVID-19
Further explore the potential of group work to facilitate student 
transitions in mathematics. 

transition.

References

Research Paradigm: Constructivism
The central tenant of constructivism is that meaning is constructed by 
human beings as they interact with the world; reality cannot exist 

Methodology: Interpretive Phenomenological Analysis (IPA)
Phenomenological studies attempt to describe a phenomenon by 
focusing on the common meanings that individuals have towards a 
shared experience (Creswell & Poth, 2018).

Setting: mid-sized, regional university in the Rocky Mountain Region

Participants: Participants were three undergraduate student 
volunteers enrolled in College Algebra during Fall 2021, their first 
semester of college after graduating high school in Spring 2022.

Data Collection: Each participant partook in an interview ten to 
twelve weeks into their first semester. One participant, Sela, was 
selected for follow-up and was interviewed two additional times 
during Spring 2022.

Data Analysis: Interview transcripts were reviewed and coded using 
in vivo and descriptive codes. Codes were also initially categorized 

used to identify main themes.

Samuel Waters, Graduate Student, Educational Mathematics Ph.D. and Advisor Dr. Gulden Karakok
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Note: Pseudonyms, pronouns, and all personal descriptors were selected and provided by 
the participants

Description Example

Differences in perceived 
instructor support Dan

Greater focus on process and 
conceptual understanding. - Solus

Access to peer supports and 
multiple solution strategies

I got to learn more about how the other peers did math, like how they solved 
their problems. They would explain it and it taught me a new way than the original 

Sela

Description Example

Other 
responsibilities

something new that I've been trying to get used to and then also [getting] used to making time 
around it. I get less time to complete it [homework] and so I think I'm rushed to do it 
[homework]. - Sela

Difficulty in making 
friends Dan

Outside stress 
interacting with 
mathematics - Solus

Description Example

Growing sense of 
independence Dan

Independence related to 
mindset

Solus made a conscious decision to adopt a new mindset when entering college 
(quoted above). 

Solus
Independence related to 
motivation

Dan took ownership of his own learning and  did not rely on others for motivation in 
mathematics.

Description Example

Assessing support and strategies Sela

Developing independent identity Sela was able to see herself as an individual instead of just as a member of her family. The interactions Sela 
had in her mathematics course provided an outlet to explore this new sense of self (quoted above).

Applying lessons learned moving 
forward been able to do that. - Sela

Analytical Framework

Situation

Strategies

Self

Support

What 
Happened

Coping 
Responses

Characteristics 
and Perceptions

Social 
Supports
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The multi-dimensional construct of student engagement is an important aspect of student  
experiences with mathematics, and increased levels of engagement 
achievement (Carini et. al, 2006; Pilotti et al., 2017) and positive mathematics identity (Voigt et 
al., 2022). We propose that embodiment is a useful lens for exploring evidence of such 
engagement. Embodiment is the notion that thinking does not occur solely in the head but also 
in and through a sophisticated semiotic coordination of speech, body, gestures, symbols and 

 (Radford, 2009, p. 111). While scholars have studied student engagement in the context of 
specific embodied tasks through self-reporting instruments (Georgiou & Iannou, 2020; Lindgren 
et. al, 2016), there is a gap in the literature regarding how embodiment might provide evidence 
of 
four pillars of Inquiry-Based Mathematics Education (IBME) (Laursen & Rasmussen, 2019), the 
IBME classroom is an ideal setting to study observable, embodied student engagement. In this 
poster, we present a microanalysis of three episodes of embodied engagement between two 
students (Rebecca and Lauren) in an IBME Discrete Mathematics classroom. 

W behavioral (on-task, participatory 
classroom actions), affective (emotional response or investment to the task at hand and its 
associated discoveries), and cognitive -regulation of learning) engagement to 
assess whether embodiment captures classroom engagement. These categories of engagement are 
not disparate, and thus 
p. 61). We also leverage definitions of embodiment that draw from Nemirovsky et. al (2012) in 
which mathematics is framed as a perception-action cycle and is evidenced by bodily activities 
including gesture, gaze, and body position to address our research question: In what ways can 

  
Our three selected episodes support the notion that all three categories of student engagement 

are observable, embodied phenomena in the IBME mathematics classroom. For example, in one 
episode , without verbiage, illustrates 
her behavioral and cognitive engagement as the professor and Lauren converse. An embodied 

rich engagement that otherwise may have gone unnoticed. 
Thus, we assert that leveraging embodiment to study student engagement provides new insights 
into how students engage with meaningful tasks in an IBME classroom. This perspective can be 
utilized by both researchers and instructors in constructing a more nuanced understanding of how 
students engage with mathematics tasks. 
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Existing literature documents the influence of prerequisite knowledge on the learning of 
limits and differentiation (e.g., Dorko, 2012; Ferrini-Mundy & Graham, 1994; Orton, 1983). It is 
possible that these issues could also extend to other Calculus topics. In particular, could student 
understanding of volume influence thinking on volume by slicing or volumes of revolution 
problems? A 2012 study indicated that, on tasks prompting Calculus students to find the volume 
of prisms, issues arose with conceptions and calculations, including some students making 
calculations more suggestive of surface area than volume (Dorko, 2012). Building on findings 
about understanding of integration (e.g., Jones, 2015; Sealey, 2014), we replicated 
study -related topics found in second-semester Calculus. 

Approached from a cognitive perspective, data were collected via written response to surveys 
distributed to second-semester Calculus students from a large public university. Three questions 
were prompts to find the volume of a rectangular, a circular, and a triangular prism. Data was 
also collected in the form of follow up interviews to the survey task. During the interviews, 
students were asked to solve two volume of revolution tasks, similar to those typically presented 
in their Calculus class. Students were asked to describe their solutions, as well as why they think 
their solutions are or are not accurate. Data included what was recorded on paper, as well as 
video and audio interview recordings. We collected 97 responses to the survey task and have 
conducted 7 interviews. Of the students who completed the survey, 20% of students used an 
incorrect formula to calculate the volume of the cylinder and 11% for the triangular prism. These 
findings are similar to those of Dorko (2012). Analysis of interview data indicates some issues 
with volume in Calculus tasks as well as uncertainty about the volume ideas. One student stated, 

each task, the student was consistently unsure of the volume formula they were using for both 
the disk and shell method when setting up each problem. The student was also unable to 
sufficiently justify the volume formula.   

These findings suggest that volume-related ideas are influencing thinking about calculations 
done in second-semester Calculus. The poster will display student-generated volume sketches 
and will expand on these findings as well as others from the larger study. This will include 
findings from additional interviews and discussion of implications.  
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Opportunities to Learn Provided by a Commonly Used Business Calculus Textbook 

Thembinkosi P. Mkhatshwa 
Miami University 

Contributing to the growing body of research on opportunities to learn provided by 
undergraduate mathematics textbooks, this study reports on the analysis of optimization 
examples given in a commonly used business calculus textbook in the United States. Findings of 
this analysis indicate that the textbook consistently encourages students to interpret critical 
numbers and extrema, in addition to encouraging students to verify whether or not critical 
numbers produced minimum/maximum values of the objective functions from which they were 
determined. The analysis further revealed that the textbook rarely encourages students to include 
units of extrema, provides limited opportunities for students to reason about objective functions 
that have more than one critical number, and provides minimal opportunities for students to 
reason about absolute extrema problems, respectively. Recommendations for different 
stakeholders, including business calculus textbook authors and business calculus instructors, are 
included. 

Key words: Opportunity to learn, optimization problems, business calculus, textbook analysis 

Textbooks play an important role  at all levels. In fact, 
according to Reys et al. (2004),  the choice of textbooks often determines what teachers will 
teach, how they will teach it, and how their stu , a sentiment that is shared 
by several other researchers (cf. Alajmi, 2012; Begle, 1973; Kolovou et al., 2009). Although 
much research as reported on opportunities to learn about various mathematical topics at the K-
12 level (cf. Alajmi, 2012; Charalambous et al., 2010; Dole & Shield, 2008; Jones & Tarr, 2007; 
Pickle, 2012; Stacey & Vincent, 2009; Stylianides, 2009; Thompson et al., 2012), there is a 
paucity of similar research at the undergraduate level, which is the motivation for the present 
study. 

The study reported in this paper is part of a larger study (Mkhatshwa, 2016b) that examined: 
(1)  reasoning about optimization problems, (2) opportunities to learn about 
optimization problems via two course lectures each of which was attended by approximately 300 
students, and (3) opportunities to learn about optimization problems provided by a course 
textbook. The current study reports on opportunities to learn about optimization problems via 
examples provided by the course textbook (Haeussler et al., 2011), a widely used textbook in the 
teaching of business calculus in the United States (Mkhatshwa & Doerr, 2016a). 

Consistent with findings reported by other researchers (cf. Reys et al., 2004), one major 
finding of the larger study is that the presentation of optimization problems during course 
lectures closely followed the presentation of optimization problems in the textbook. Findings of 
the present study suggests that the textbook encourages students to interpret critical numbers and 
extrema, and to verify extrema using various methods such as the first or second derivative test, 
respectively. In addition, the textbook rarely encourages students to include units of extrema, 
provides limited opportunities for students to reason about objective functions that have more 
than one critical number, and provides minimal opportunities for students to reason about 
absolute extrema problems. In light of the findings of the present study, we recommend, among 
other things, that business calculus textbook authors provide more opportunities for students to 
reason about units of extrema, objective functions that have at least two positive critical 
numbers, and absolute extrema problems (Mkhatshwa, 2019) in economic contexts.  
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Math Placement and Academic Achievement: An Internal Analysis 
 

Sean Gruber           Emily Braley    Richard Brown 
Johns Hopkins University             Johns Hopkins University      Johns Hopkins University 
 
The results presented here offer preliminary insights into the course patterns and academic 
achievement of students taking entry-level math courses at Johns Hopkins University (JHU) from 
Fall 2017 through Fall 2021. math placement exam results and end-of-
semester grades in their first math course to predict academic achievement when considering 
whether students followed their placement recommendation. Second, we compared trends in 
placement data and academic achievement of students taking math courses at JHU before and 
during the COVID-19 pandemic. 
 
Keywords: Math Placement, Contradictory Recommendations, Entry-Level Courses 
 

Empirical evidence suggests undergraduates persistence and interest in majoring in 
STEM fields are associated with their achievement (Chen, 2013) and experiences in entry-level 
and first-year STEM courses (Bressoud et al., 2013; Crisp et al., 2009; Gainen, 1995, Seymour & 
Hewitt, 1997). Considering many students must take the recommendations of a math department 
(Apkarian et al., 2017), it is important that departments review their math placement processes 
and recommendations to students on a regular basis, a common practice of successful calculus 
programs (Bressoud & Rasmussen, 2015). 

The Math Placement Exam (MPE) at Johns Hopkins University (JHU) is broken into two 
parts, MPE1 and MPE2, which provide unique course recommendations. Aggregating data from 
Fall 2017 through Fall 2021, we conducted a binary logistic regression using -
semester course grades as the outcome variable. The placement recommendation and the course 
a student took served as the independent, nominal variables. Our study focused on students who 
were recommended to take precalculus, calculus I, or calculus II. 

Many students at JHU taking calculus courses are on a pre-medical track and, thus, aim 
to earn a relatively high GPA in preparation for applying to medical school. As a result, it was 
important for us to choose a grade threshold for our binary outcome variable that reflected our 

efforts to prepare  
while conducting this internal review of the MPE (American Mathematical Association of Two-
Year Colleges, p. 14). In turn, we chose a grade of B- or above as the grade threshold. 

Preliminary results suggested that students who were recommended to take precalculus or 
calculus I on MPE2 were statistically significantly less likely to earn a grade of a B- or better if 
they took the course they were recommended for when compared to students who 
course above their recommendation (e.g., were recommended for precalculus and took calculus 
I). Students recommended to take calculus I by MPE1 or MPE2 who took precalculus were less 
likely to earn a B- or better when compared to those recommended for calculus I who took 
calculus I. A similar pattern held for students recommended to take calculus II on MPE2 but who 
took calculus I. Finally, only for the 2020 and 2021 cohorts did students receive contradictory 
recommendations to take calculus I (on MPE1) and precalculus (on MPE2). The preliminary 
findings presented here may be used to inform other institutions in their review of how students 
are placed into calculus-sequence courses while considering how to measure the mathematical 
preparedness of students affected by the pandemic who are now entering college. 
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The Math Placement Exam (MPE) at Johns 
Hopkins University (JHU) is broken into 
two parts, MPE1 and MPE2, which 
provide unique course recommendations!

Students with no prior calculus 
experience take MPE1 (makes 
recommendations for precalculus 
or
Students with some calculus experience, 
then take MPE2 (makes 
recommendations for precalculus, 
calculus I, calculus II, or one of calculus 
III, linear algebra or 
differential
If MPE2 recommends precalculus, then 
students go back and take MPE1.

Math Placement Exam

Context

Many students at JHU taking calculus 
courses are on a pre-medical track.
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Background and Motivation

majoring in STEM fields are associated 
with their achievement (Chen, 2013) and 
experiences in entry-level and first-year 
STEM courses (Bressoud et al., 2013; 
Crisp et al., 2009; Gainen, 1995, Seymour 
& Hewitt, 1997).

Considering many students must take the 
recommendations of a math department 
(Apkarian et al., 2017), departments 
should review their math placement 
processes and recommendations to grow 
successful calculus programs (Bressoud & 
Rasmussen, 2015).

Results

Red - less likely to earn at least a B-
Green - more likely to earn at least a B-

We report on students who were 
recommended to take precalculus, 
calculus I, or calculus II. 

M=+#2",.(#.+K%2)(=**)+,"#.=+4
E!&:N%2)(=**)+,4%("'(7'74%19%MPE2 
recommends precalculus):

This impacts a small (n=69) group of students and 
only occurred in the 2020 (n=39) and 2021 
(n=30) cohorts.

Conclusions and Next Steps
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Effects of Representations in Complex Analysis on Student Understanding in Real Analysis 

Aubrey Kemp Brian Ryals Jonathan Troup 
CSU, Bakersfield CSU, Bakersfield CSU, Bakersfield 

Research suggests that providing students opportunities to learn about concepts in a 
different context can deepen their understanding of these concepts (Kemp & Vidakovic, 2022; 
Troup et al, 2022; Baker et al. 2000, Dreiling, 2012; Hollebrands et al., 2010). Additionally, 
recent research has suggested that students reasoning about mappings from  rather than 
graphs in  may open new affordances for students in their reasoning about mappings from

, as they attempt to generalize from graphs in  rather than mappings from  (e.g.,
Soto & Hancock, 2019; Troup et al., 2017). The proposed intervention investigated in this study 
represents a potential converse to Troup et al.  in that learning about concepts in 
Complex Analysis may offer opportunities for student understanding of concepts in Real 
Analysis to deepen. This study was conceived due to  Complex 
Analysis class expressing that learning about sets and neighborhoods in the Complex plane made 
aspects of real analysis, such as the definition of a limit, more understandable. The 

 intent for this pilot study was to determine more precisely the possible ways in 
which this realization can occur. We hoped to identify, (1) In what ways is student understanding 
of concepts (such as sets and neighborhoods) in Real Analysis affected by being introduced to 
these concepts in the Complex space?, and (2) What pedagogical implications emerge from 
obstacles students may face seeing different representations of these concepts? 

In this poster, we outline an ongoing study intended to characterize, through the lens of 
APOS (Action, Process, Object, and Schema) Theory, ways in which learning concepts in 
Complex Analysis might render concepts in Real Analysis more approachable for a student. 
Baseline data was collected via a Real Analysis class assignment in Spring 2022 at a Western 
Hispanic Serving Institution. We then introduced the students to an 18-minute video mini-lecture 
covering geometric representations of  and neighborhoods in the complex plane and a 
corresponding definition of limit. We collected data afterward with another class assignment and 
compared this to our baseline data to determine 
and responses after watching the video. Our findings from this pilot study revealed some easily 
correctable limitations of the current methodology, including the format and timing of data 
collection. Despite these limitations, initial results suggest a common perspective the researchers 
named range-axis entanglement where the student had a strong tendency to believe the inputs 
and outputs of a function must be graphically represented on an y-plane. We believe this may 
be a consequence of an early coordination of Processes within the Limit schema.  

We hoped that exposure to these concepts in a different context could offer affordances 
for students to overcome obstacles and better reason abstractly. In future data collection, we plan 
to adjust the presentation of the relevant concepts in the context of Complex Analysis as an 
activity in class instead of a video. We also plan to collect data through interviews to target 
student understanding in both Complex and Real Analysis. Particularly, that as students become 
proficient with mappings , and in so doing disentangle the range and axis concepts, they 
might become more proficient with mappings  as a resultant side effect. For this poster, 
we present these preliminary findings, including examples of the range-axis entanglement, from 
the first stage of our study. We also provide future research plans, including ways we intend to 
refine the methodology for future stages of our larger project. 
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 The recent research on mathematical proofs is rich, but not many studies specifically address 
mathematical induction. A proof by mathematical induction may be used whenever we have a 
statement P(n), where n is a natural number. According to 
of a mathematical induction proof are:  

basis step, checking that P(n0) is true (n0 is the smallest value for which P(n) is true),
inductive step (checking that P(k P(k+1),  0k n ), and 
invocation of the Principle of Mathematical Induction (PMI).

We report on a study on the teaching and learning of proofs by mathematical induction, with 
undergraduate students enrolled in a Discrete Mathematics course taught by the first author at a 
four-year university. We focus on the  application of the principles of didactical engineering 
(Artigue, 1994) to design tasks with the potential to foster inductive reasoning and give meaning  
to the PMI. Figure 1 illustrates the phases of the didactical engineering process. 

Figure 1. The didactical engineering process adapted after Artigue (1994) 

At the beginning of the fourth iteration, the a priori analysis revealed that our students had 
difficulty giving meaning to mathematical induction as a method of proof. Although our 

nature. Ernest (1984) drew our attention to the usefulness of analogies to the PMI. Harel (2001) 
used tasks that defined sequences recursively and fostered inductive reasoning, thus giving 
meaning to the PMI.  Other studies highlighted the importance of visual representations 
(Stylianou and Silver, 2004) and gestures used during the teaching and learning process 
(Kokushkin, 2020).  Based on research and our own experience with the teaching and learning of 
mathematical induction, we designed, implemented, and refined tasks with the potential to foster 
inductive reasoning and give meaning to the PMI. One such task asked the students to create 
their own analogy to the PMI (Postelnicu and Gonzalez, 2020), while another task used visual 
representations. We discuss the use of visual representations, intended to help the students define 
a sequence recursively and find the general term of the sequence and the formula for the sum. 
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In response to national movements for social justice in education, there has been an increase 
in efforts to develop institutional structures to support diversity, equity, and inclusion (DEI) in 
the classroom. Teachers are tasked with supporting diverse groups of students from varied 
backgrounds (Ameny-Dixon, 2004). However, research indicates that there is a lack of support to 
empower practitioners to create equitable learning environments (Perez et al., 2020). 

One significant portion of the teaching force in undergraduate mathematics is Mathematics 
Graduate Teaching Assistants (MGTAs). Iverson (2012) noted that current graduate education is 

l change. While 
- the little that exists indicates that many 

practitioners have varied understandings of these concepts (Bell et al., 2007; Fifty et al., 2022; 
Garmon, 2005). Therefore, there is a need to explore how to support MGTAs in developing 
equitable and inclusive teaching practices. 

Additionally, we report our initial observations on how the MGTAs interacted with specific 
activities throughout a teaching seminar focused on active learning and DEI topics. This work is 
part of a larger project that aims to design and implement a multi-stage, MGTA professional 
development program centered on equity and inclusion in a range of academic institutions. 

In our initial findings through semi-structured interviews and post-class surveys, we noticed 

knowledge. For example, a significant portion of our subjects thought that equitable teaching 
involved providing extra office hours or spending more time with students in the classroom 
based on how well they understood the material. Few MGTAs demonstrated an awareness of 
differences in student backgrounds and identities that may have impacted their schooling. 

We observed that directly discussing the diverse populations that take undergraduate 
mathematics courses supported the MGTAs in expanding their conception of equitable teaching 
practi
access needs, mathematical backgrounds, and classroom experiences aided the MGTAs in 
discussing ways in which they could create a more equitable teaching environment. 
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Introduction
• Improving students’ physics quantitative literacy (PQL) is a goal for many
physics instructors.

• PQL is the blended relationship between students’ general mathematical
reasoning and conceptual understanding of physics.

• The Physics Inventory of Quantitative Literacy (PIQL), includes multiple-
choice-multiple-response (MCMR) items; students may select as many
responses as they think are correct (White Brahmia et al., 2021).

• The MCMR items can show the interaction between students’ quantitative
literacy and conceptual physics understanding.

• Previous approaches to analyzing data from MCMR items fall into three
categories:
– scoring response combinations as either completely correct or incor-

rect (Kubinger and Gottschall, 2007; Smith et al., 2020; White Brahmia
et al., 2021),

– defining partial credit score based on expert opinions (Wilcox and Pol-
lock, 2014),

– treating responses as categorical variables without scores (Smith et al.,
2019; Vlach and Plašil, 2006).

Methods
• PIQL response data analyzed using item response theory (IRT).
• Data come from 3424 introductory physics students.
• Each item is a combination of individual dichotomous response-items and
grouped nominal response-items (Smith et al., 2022). See Table 1

• IRT parameters are used to define a score for each response combination
(Smith and Bendjilali, 2022).

Item Response Theory
The probability of choosing a particular response k , given the student’s
overall physics quantitative literacy θ.
Dichotomous Two-parameter Logistic Model (2PL): A response option is
either chosen or not chosen, e.g., response “A” to item 17.

P2pl (k |θ) =
eakθ+dk

1 + eakθ+dk

Nominal Response Model (NRM): A response option is a set of related
responses or combinations of responses, e.g., responses “D”, “E”, “both
D& E”, or “neither D nor E” to item 18

Pnrm(k |θ) = eakθ+dk�
i
eaiθ+di

Joint probability of selecting a particular combination of responses is the
product of individual functions.
P16(A,C ,F |θ) = P2pl (C |θ)P2pl (D

�|θ)Pnrm(A ∩ F |θ)Pnrm(B � ∩ E �|θ)

=

�
eaC θ+dC

1 + eaC θ+dC

��
1

1 + eaDθ+dD
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eaAFθ+dAF�
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eaiθ+di
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j
eaj θ+dj





=
exp [(aC + aAF ) θ + dC + dAF ]

Z16(θ)

where i = {0,A,F ,AF} and j = {0,B ,E ,BE}. Z16(θ) is a summation
including one term for every possible combination of responses.
The “ak ” parameters indicate level of PQL (Smith and Bendjilali, 2022), and
a0 = 0. We use these to define partial credit scores.

For the dichotomous 2PL model, a negative ak value indicates that the
probability of selecting response k is a monotonically decreasing function
of θ. But for the nominal model, positive or negative ak values indicate
higher or lower PQL than not selecting any of the responses, respectively.
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Enriching Assessment of Physics Quantitative Literacy:
IRT with Multiple-Response Items

Trevor I. Smith1, Philip Eaton2, Alexis Olsho3, Suzanne White Brahmia4

Goal: Define partial credit for response combinations using both dichotomous
and nominal IRT models to analyze data from MCMR items

Important: The remainder of the questions on this survey may have more than one correct answer. Select
ALL ANSWERS you believe are correct.

15. The internal energy of a system can be increased by doing positive work on the system or by heating
it, and it can be decreased by cooling the system or if the system does work. Which if the following
equations represent(s) this relationship (U is the internal energy of the system, Q is positive when energy
flows into the system, and W is positive when work is done on the system)? Choose all that apply.

a. ∆U = Q−W

b. ∆U = −Q+W

c. ∆U = Q+W

d. −∆U = Q+W

e. −∆U = Q−W

f. −∆U = −Q+W

16. Consider the following statement about subatomic particles:

“There are three times as many quarks as nucleons.”

Some students were asked to write an equation to represent this statement, using Q for the number of
quarks and N for the number of nucleons. Which of the following are correct?
Choose all that apply.

a. 3Q/N b. 3Q = N c. 3Q+N d. Q = 3N e. None of these are correct.

17. Shown at right is a picture of a small flag of the Kingdom
of Bhutan, which has a dragon along its diagonal. A second
version of the flag, not shown, is 1.5 times taller than the
smaller flag and is also 1.5 time wider.
Which of the quantities below are larger by a factor of 1.5
for the larger flag compared to the smaller flag? Choose all
that apply.

a. The distance around the edge of the flag.

b. The amount of cloth needed to make the flag.

c. The length of the curve forming the dragon’s backbone.

d. The diagonal of the flag.

e. None of these quantities are larger by a factor of 1.5.

18. The following problem is constrained to one dimension. A hand exerts a constant, horizontal force on a

block as the block moves along a frictionless, horizontal surface. No other objects do work on the block.

For a particular interval of the motion, the hand does W = −2.7 J of work on the block. Recall that for

a constant force F , and displacement ∆s, W = �F • ∆�s.

Consider the following statements about this situation. Select the statement(s) that must be true.
Choose all that apply.

a. The work done by the hand is in the negative direction.

b. The force exerted by the hand is in the negative direction.

c. The displacement of the block is in the negative direction.

d. The force exerted by the hand is in the opposite direction as the block’s displacement.

e. The force exerted by the hand is in the same direction as the block’s displacement.

f. Energy was added to the block system.

g. Energy was taken away from the block system.

19. Recall that the electric field is a vector quantity. At a location on the x-axis, the x-component of the

electric field is measured to be Ex = −10 N/C, and the y and z -components of the field are measured

to be zero.

Consider the following statements about this situation. Select the statement(s) that must be true.
Choose all that apply.

a. The source of the field is a negative charge.

b. At that location of the x-axis, the field is in the negative x-direction.

c. In this field, the motion of any charged particle is opposite to the direction of the field.

d. The magnitude of the electric field is decreasing.

e. The magnitude of the electric field at that location is 10 N/C less than it is at the origin.

20. Two objects can move in either direction along the x-axis. The two objects collide. As a result of the

collision, object 1’s velocity vector changes, ∆vx = −10 m/s.

Consider the following statements about this situation. Select all statement(s) that must be true.
Choose all that apply.

a. Object 1 is moving faster after the collision than it was before the collision.

b. Object 1 is moving slower after the collision than it was before the collision.

c. Whether object 1 is moving faster or slower after the collision than it was before the collision

cannot be determined using only the information given.

d. Object 1 moved in the positive direction before the collision, and in the negative direction after

the collision.

e. Object 1 moved in the negative direction before the collision and in the positive direction after

the collision.

f. Object 1 moved in the negative direction both before and after the collision.

Figure 1. MCMR items on the PIQL

Dichotomous and Nominal Response-items
Independent Grouped
Dichotomous Nominal

Item Responses Responses

15 C, D A+F, B+E
16 A, C B+D
17 A, B, C, D –

Independent Grouped
Dichotomous Nominal

Item Responses Responses

18 A, B, C D+E, F+D
19 A, B, C, D, E –
20 D, E, F A+B+C

Table 1. Strongly correlated response options are grouped and analyzed
using the nominal response model (Smith et al., 2022).

IRT Parameter Results
Expected IRT Expected IRT
Ranking Score Ranking Score

Item C∗ +0.67 Item DG∗ +1.39
15 AF -0.20 18 D† +0.04

BE -0.53 G† +1.35
D -0.74 EF +0.07
A -1.08 E; F -0.46; +0.53
F -0.50 A; B; C -0.20; -0.36; -0.57

AC‡ -0.40 DE‡; FG‡ -0.48; -0.20

Item D∗ +2.27 Item B∗ +0.49
16 B +1.54 19 A 0.00

A -0.41 C -0.51
AB +1.13 D -0.84
AD‡ +1.86 E -0.38

Item ACD∗ +1.48 Item C +1.76
17 A†D† +1.11 20 C†D +0.90

A†C† +1.17 D -0.86
A† +0.77 A +0.23

C†; D† +0.37; +0.34 B +0.99
B -0.89 AB‡ -0.23

ABC‡ -0.10
E -1.22

Table 2. Expected rankings of responses to MCMR items (higher on top),
and associated partial credit “scores” defined from IRT parameters. Aster-
isks (∗) indicate completely correct responses. Daggers (†) indicate partially
correct responses. Double daggers (‡) indicate contradictory response com-
binations.

Takeaways

• Choosing mathematically equivalent responses indicates higher understanding than just choosing one of a pair. Example
from item 15: aAF > aA + aF and aBE > aB + aE .

• Incorrect independent (dichotomous) responses always have negative parameter values. Incorrect responses that are
part of a nominal group may have positive or negative IRT parameter values. This suggests that any response from some
groups indicates higher physics quantitative literacy (PQL) than not choosing any from the group.

• The order of the IRT parameter “scores” matches the expected ranking for most items, but there are some discrepancies.
For example: choosing the two incorrect responses “E” and “F” on item 18 has a higher score than choosing the single
correct response “D”. More work is needed to reconcile these results.

3

4 DUE-1832836
DUE-1832880
DUE-2214765
DUE-2214283

Research Questions and Results
RQ1: What score is assigned to each combination of responses based

on IRT parameters?

• See Table 2
RQ2: How do correct and incorrect responses impact these scores?

• All correct response scores are positive.
• All incorrect dichotomous response scores are negative.
• Incorrect nominal responses may be positive or negative, but all are lower
than correct.

RQ3: How do scores based on IRT parameters relate to traditional di-

chotomous scores?

• IRT parameters used as scores give a range of total test scores from about
52 to 82 (compared with [0,20] for dichotomous scoring)

• When partial credit scores are scaled to have a range of [0,20], most (but
not all) students have higher total scores when including partial credit.

Partial Credit vs. Dichotomous Scores
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Figure 2. Partial credit scores have been scaled to have the same range
as dichotomous scores: [0,20]. Points above the dashed blue line indicate
higher partial credit scores, and vice versa. Histograms show the overall
distribution for each score.

Conclusion

• The correct response combination for each item always has the highest
IRT-defined score, even though the correct responses are not specified in
the model.

• Correct individual responses have positive scores, and incorrect re-
sponses have negative scores.

• Total IRT-defined test scores strongly correlate with dichotomous test
scores (r ≈ 0.8). This supports the interpretation of IRT parameters as
indicating levels of correctness and understanding.

• Some analyses of grouped responses yielded counterintuitive results: we
identified one item for which certain incorrect responses corresponded to
positive parameters.

• Our overall results indicate a strong potential for using IRT analyses to
inform partial credit scores for MCMR items used to measure students’
PQL; however, more consideration is needed to define the transformation
from IRT parameters to partial credit scores.

• IRT parameters indicate how much knowledge or understanding is indi-
cated by each response. Translating this into a partial credit score is not
entirely straightforward.
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Current STEM education research has shown that a low sense of belonging in STEM leads to lower 
academic achievement (Stachl & Baranger, 2020). There have been several studies that have 
explored how shifting to an inquiry-based learning model helps increase student understanding 
(Connors, 1990; Coopers et al., 2015; Studies et al., 2015), but few have gone into whether this 
change also leads to an increased sense of student belonging (De Corte et al., 2008).

The word to stress here is value. The idea of value is what belonging is framed as in this study; if 
someone can express that they add value, it gives insight into the fact that they feel they belong. 
Prior studies (Stachl & Baranger, 2020) have characterized belonging through perceived peer and 
faculty support, class comfort in sharing ideas, social connectedness, and empathy from 
instructors.

The goal of this study is to begin to explore the link between groupwork and a sense of belonging.

In what ways do students report 
an increased sense of belonging in a precalculus course 

with a groupwork-based learning norm? 

Pre-survey results showed most students’ conceptions of groupwork entailed only 
sharing answers. Less than a quarter of students believed groupwork meant working 
together during the entire problem solving process. (n = 136)

In the pre-survey, interviewed Students 2, 3, and 4 all expressed the view of working 
alone and only sharing answers. Student 1 expressed the view of preparing together 
and working separately. Thus the interviews showed growth in their belongingness, 
because all students reported working together to execute plans of action.

! All four students valued their participation in groupwork, increasing belonging.

! Students 1, 2, and 3 expressed evidence of emotional support (Student 1 example) 
as well as content support (Student 2 example) in increasing belonging.

! Only Student 3 expressed evidence of reinterpreting the social norms of groupwork 
through their own social norms as a sign of belonging.

Survey
A pre- and post-survey was administered to all three lectures. The survey was 
given to collect initial and final student opinions concerning belongingness and 
mathematics. It was also utilized to source students for further interviews (below). 
Because of low response rates in the post-survey, only pre-survey data is shown in 
the results (right).

Interview
Interviews (between 20 and 45 minutes) were conducted with four students to gain 
more insight concerning their experience in the class.

Example questions:
! What has your learning experience been in this class so far?
! What value do you feel you get out of groupwork?
! How comfortable do you feel sharing with your groupmates?
! How valuable is your input to the groupwork taking place?
! How do you feel about math and groupwork?

Demographics:
! 3 students solicited from survey responses, 1 volunteered
! 2 male, 2 female
! 1 student retaking the course
! 1 non-traditional student (outside 18–22-year-old demographic)

Preliminary Results
The initial finding for the survey and four unique case studies show that, by the end of the 
course, they felt a sense of belonging. The students interviewed were able to talk about 
multiple ways they added value to the class or to the group they worked with. Majority of 
the interviewees also stressed how much groupwork was utilized to further their 
understanding of the course material. 

Further Research
More data is currently being collected (Spring 2023), as the class is offered every semester. 
The initial results provide a strong case for continued data collection, as the preliminary data 
shows evidence of increased belongingness on the class and individual levels. 
! Are there other impacts on belongingness from groupwork that have yet to be observed?
! What are the mechanisms that cause in-class groupwork norms to be reinterpreted by 

students into their own social norms of belongingness? 
! What differentiates students for whom groupwork creates an increased sense of 

belongingness, and for those where groupwork doesn’t increase belongingness?
Belongingness in mathematics has not been widely explored in undergraduate mathematics 
education, but its potential effects on success and retention deserve further study.
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Examples of Types of Belonging Evidence  — Student Quotes and Analysis

Setting

The University of Maine Precalculus course utilizes the Pathways to Calculus curriculum from 
Arizona State University. This curriculum focuses on introducing function types through the lens of 
covariation: how one quantity varies with another quantity. Forgoing a traditional textbook, students 
complete a workbook of problems to learn key concepts in the course.

On “lecture” days, the instructor does very little lecturing in the traditional sense. Students are 
tasked with working in their groups to solve the problems assigned that often allow them to produce 
the mathematical idea themselves. The whiteboards around the room provide a space for students 
to write out their work and solutions. When in the room, you can often see other groups checking 
their work with that produced by other groups. Most “lecture” days often have at least one cycle of 
the instructor introducing a problem context, students working in groups and displaying their 
solutions, and a subsequent whole-class discussion of the results.

Precalculus meets five days a week for 
the whole semester. In Fall 2022, the 
three, 75-student student sections met 
three days per week in active learning 
classrooms on “lecture” days. These 
rooms (example at right) help to facilitate 
groupwork and establish it as a class 
norm. The other two days of class meet 
in smaller breakout groups (recitations) 
lead by teaching assistants. All class 
meetings also were aided by learning 
assistants, undergraduates who had 
previously taken the course.

Belonging
the extent to which the undergraduate precalculus student believes that they 

are accepted and included as a valuable part of the of the learning community
adapted from (Stachl & Baranger, 2020)
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Student 1 – Evidence of Emotional Support

! Lessens the pressure of sharing out
The norm of sharing with their individual group allows the student to feel 
less intimidated about discussing their own thinking.

! General emotional support
The student can lean on their group members to get a new explanation 
and the moral support they need to get through the problem.

The presence of emotional support implies a sense of belonging. 
Being able to emotionally lean on groupmates is evidence that they feel like 
they belong.

Student 2 – Evidence of Content Support, Distributed Thinking

! Remembering prior concepts and fixing errors
Completing problems together allows the student to rely on their 
groupmates to help them remember the ‘basic’ math concepts they may 
have forgotten. They can utilize their group members to help them catch 
algebraic errors so the group can focus on new concepts.

! Distributed thinking
Mixing of ideas allows everyone to get something out of group 
discussion, with each member brining something to the work. 
Talking through solutions is beneficial for everyone, no matter the math 
background they possess. 

! Group confidence
Groupwork gives them a sense of confidence when sharing, even if it is 
false confidence. 

The presence of content support implies a sense of belonging. 
Being able to be confident together about the mathematical content means 
one must feel a sense of belonging within the group.

Student 3 – Evidence of Reinterpreting Social Norms of Groupwork

! Comparison of groupwork norms to other courses
This student contrasted their experience in precalculus with another course they 
were taking concurrently (chemistry). What they shared and how they shared 
impacted their learning of the material between the two courses.

! Transcending classroom social norms
Continuing the groupwork-based norms outside of class time through the Snapchat 
group chat allowed the student to get or provide help anytime. This shows a 
reinterpretation of the classroom norms of groupwork through the students’ own 
social norms. The student unsuccessfully attempted to carry this over to another 
class where there is not a groupwork-based learning norm. 

! Reinterpreting social norms as emotional and content support
The group chat provided both emotional support through the relief of anxiety, and 
content support through students helping each other with content.

The presence of reinterpreting classroom social norms through everyday social norms 
(establishing an active group chat) implies a sense of belonging.
Being able to take the class-based social norms around groupwork and reinterpret them 
through the students’ own social norms is evidence that they feel like they belong.

Student 4 – Evidence of Value of Participation

! Importance of setting for groupwork
Being placed at tables where students are forced to look at seatmates enabled this 
person to share when they felt comfortable. They embraced groupwork partly 
because of the room they were in. This student did not enjoy the course but was still 
able to get something out of it

This student did share, but only when they had something they felt was valuable. 
If this student had an increased sense of belonging, they would feel comfortable 
sharing even when they weren’t sure it was the correct answer.

!"#$%&'()*"&+(
3#='401#'6"25#9'4"91401$'
4"',-)#+(."/#()&,0+#,

!"#$%#

$%#

^13=5#9'401'R?1%45"#'1"'+1-+#&
6"25#9'?7'Z540 3'Z3:'4"'%"8Q1'1"'+1-+#
3#='401#'1d16?45#9'4034'783#'1"'+1-+#

^13=5#9'401'R?1%45"#'1"'+1-+#&'
6"25#9'?7'Z540 3'Z3:'4"'%"8Q1'1"'+1-+#&'

3#='401#'%"8Q5#9',+2)#)1+*.

"#$%#&'(&)#*&('++',$-.&/*0)&1*0%2$/*0&#',&3'4&,'25&'-&67)#&$-&.2'4809

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !*$!



Challenges and Resources for Linguistically Diverse Students in Inquiry-Based Undergraduate 
Mathematics Curricula: The Case of Inquiry-Oriented Linear Algebra (IOLA) Tasks 

Ernesto Daniel Calleros                                            
                     San Diego State University & University of California San Diego                  

Keywords: Inquiry-Based Mathematics Education; Linear Algebra; Equity and Diversity 

While there is consensus that inquiry-oriented (IO) instruction is a better alternative overall 
to lecturing (e.g., Laursen & Rasmussen, 2019), IO approaches may not be equitable for students 
from certain demographics (e.g., gender inequities in Reinholz et al., 2022). This analysis 
explores a question related to equity considering linguistic diversity: What linguistic challenges 
and resources do linguistically diverse undergraduate students experience in IOLA tasks? 

Grounded in a sociocultural theory (e.g., Moschkovich, 2015), I constructed a framework 
that captures linguistic challenges and resources along three interrelated dimensions: (a) lexical  
words and phrases in a task (e.g., Spanos et al., 1988), (b) situational  material, activity, 
semiotic, and sociocultural aspects of a task (e.g., Gee & Green, 1998), and (c) normative  
social and sociomathematical norms engendered across tasks (e.g., Yackel et al., 2000).  

The data analyzed were one-on-one semi-structured interviews (each lasting about 30-60 
minutes) with 5 male linguistically diverse students from one IOLA course. The 5 students 
spanned a diverse range of cultural backgrounds (Korean, Vietnamese, Malaysian, Hispanic, and 
White) and comfort levels with English. In the interviews, each student was asked to arrange the 
first 12 mathematical tasks from their class from most to least challenging linguistically and to 
explain their ranking of each task. The tasks came from an expanded version of 
(2013) IOLA curriculum. Each interview was analyzed task by task using the constant 
comparative method (Miles et al., 2020), allowing for both a priori codes and emergent codes.  

Below are some of the main linguistic challenges and resources that students reported: 
1. Lexical: Challenges included unfamiliar/unintended meanings of words in problem 

contexts, unfamiliar/unintended meanings of vector notation, and new mathematical 
terms; Resources included familiar words as well as translations and informal 
definitions of unfamiliar words and notation. 

2. Situational: Challenges included high numbers of words and sub-questions, the 
exclusive use of English, the formality of definitions, symbolizing problem contexts, 
and algorithmatizing; Resources included low numbers of words and sub-questions, 

(s), translation tools, visuals, and symbolic mathematical 
language that prompted specific procedures.  

3. Normative: Challenges included violated expectations about the mathematical 
complexity level, right  way to solve a task, and the prescription of 
generalized procedures.  

In the presentation, further details will be provided about these findings, which suggest the 
need for pedagogical linguistic supports in task design and implementation that address and 
leverage the identified challenges and resources. 
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Linear Algebra Proof Constructions & Tall’s Worlds of Mathematics
Kelsey Walters
Purdue University

Introduction
Proof is central to mathematics, but proofs are notoriously
difficult.1-8 Generic example proofs are thought to be effec-
tive ways of developing and understanding proofs because
they reveal the structure of a proof while providing the
prover something concrete to focus on.9-10 When linear alge-
bra students need help writing a proof, they perform better
on subsequent tasks if given a generic example proof rather
than a formal proof.11 Researchers also recommend empha-
sizing geometry to develop students’ understandings.12-15

Through this study, I aim to add to the knowledge of lin-
ear algebra students’ ways of thinking and working with
proof constructions by examining the tools and strategies
(e.g., generic examples) students use when encouraged to
think about linear algebra concepts in different ways (e.g.,
geometrically).

My research question was: What tools and strate-
gies do students choose to use when working
on proofs in the embodied, symbolic, or formal
world of mathematics?

Methods
I conducted a multi-case study with four students enrolled
in linear algebra: Rap, Advik, Jun, and Min. In task-
based interviews, I asked participants to use a given world
of mathematics as they worked on proving or disproving a
given statement.

I used open coding16-17 to detail the mathematical tools
and strategies students used, and I coded the worlds of
mathematics they used. To ensure that my coding was
systematic and rigorous, I continually updated a master
list of codes, keeping notes on the individual codes and
how they were applied. I regularly discussed codes with a
senior researcher. I also performed member checks.18-19
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Tall’s Worlds
Tall describes mathematical thinking as occurring in three worlds.20 The embodied world consists of objects, graphs, diagrams,
and their properties. The symbolic world contains symbols, operations, formulas, and calculations. The formal world consists
of formal definitions, axioms, and proofs made up of logical deductions from axioms and definitions. Table 1 gives examples of
linear algebra concepts in the three worlds.

Embodied World Symbolic World Formal World
Linear
Independence

x

y

z

a





1
0
0





+ b





1
1
0





= 0
c1v1 + c2v2 + . . . + cnvn = 0
implies c1 = c2 = . . . = cn = 0

a + b = 0, b = 0
a = 0, b = 0

Span

x

y

z

c1v1 + c2v2 + . . . + cnvn

is in span{v1, v2, . . . , vn}
span{v1, v2, . . . , vn} is the set of all
linear combinations of v1, v2, . . . , vn

Table 1: Linear Algebra Concepts in the Three Worlds of Mathematics

Findings
Comparing tools and strategies across constructions, some were used regardless of the world I asked participants to use. For
example, Jun used cases and examples. Other strategies and tools were only used when I prompted participants to use a specific
world. For example, Rap attempted to work directly from the hypotheses to the conclusion when creating symbolic proofs, but
he worked backwards from the conclusion when using formal logic.

All participants used generic examples when asked to use the embodied world and chose other strategies when asked to use the
symbolic or formal worlds (with a few exceptions). In their work on the task in Table 2, Rap and Advik began with linearly
independent vectors and considered other vectors afterwards when creating embodied generic examples. However, their symbolic
proofs began with a set of dependent vectors, and they removed vectors until they reached an independent set. Table 2 shows
parts of Rap’s symbolic and embodied work.

Prove or disprove the following statement.
Let S = {U1, U2, . . . , Up} be a set of two or more vectors. If S is linearly dependent, then there is a subset of S that is
linearly independent and has the same span as S.

Rap’s Symbolic Proof Rap’s Embodied Argument
x1U1 + x2U2 . . . xpUp = 0

xk �= 0

Uk = x1U1 . . . + xpUp

−xk

“which means that the other n − 1 vectors is a subset of
S, which may or may not be linearly independent. But it
has the same span"

“you have V1 and V2. V3 is, in this case, for now, it’s
linearly independent. Then V1, V2, V3 span the entire
space. . . . V4 is a part of that space."

Table 2: Portions of Rap’s Symbolic and Embodied Work

Discussion & Further Research
Participants used generic examples when asked to use the
embodied world, whereas other tools and strategies were
used regardless of the world I asked participants to use.
Further research could determine why students choose par-
ticular strategies and how educators can best support their
use of various strategies across the mathematical worlds.

One potential strength of using the worlds of mathematics
in the classroom is to aid students in thinking about dif-
ferent ways of structuring an argument. Participants also
said the three-world framework was helpful for organizing
their thoughts.

Through this study, I became interested in how students
structure arguments when working in different worlds of
mathematics. At times, Rap and Advik structured their
arguments differently when reasoning in different worlds. I
am interested in studying this further and, if this is a com-
mon phenomenon, finding ways to support students’ use
of various argument structures to develop student under-
standing of concepts and proofs.
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Having an experienced, well-prepared teacher makes a difference to student outcomes 
(Cardichon, et al., 2020) and retaining teachers in high-needs schools is even more challenging. 
In particular, teachers of students in high needs schools need to transform content knowledge 
into a form appropriate for the diverse interests and abilities of students by drawing on culturally 
and linguistically appropriate instructional strategies and by building supportive and productive 
classroom practices. We operationalize components of Pedagogical Content Knowledge (PCK) 
(Shulman, 1987,1986) and Pedagogical Ways of Knowing (Cochran, et al, 1993) using the 
coding framework proposed by Meir et. al (2020) which draws from the mathematical practices 
(National Governors Association, 2010) and sets of instructional strategies for supporting 

 The purpose is to understand in particular, how participants 
develop and utilize PCK that speaks to teaching diverse students in high needs schools. 

A mixed methods sequential case study design (Creswell & Plano Clarke, 2018) was used, 
and participants are five Noyce scholars who have graduated from the program and transitioned 
to teaching in high-needs schools. We use longitudinal evaluation data collected from these 
participants during their sophomore and senior years in the integrated mathematics credential 
program as sources, in particular beginning teacher assessment data (TAD), open-ended 
interview transcripts and responses to closed and open-ended questionnaires.  

Our result shows that participant average scores on the Beginning Teacher Assessment were 
higher than campus averages and that the Noyce mentoring program increases retention of 
integrated mathematics credential students in the major. In addition, thematic analysis of their 
TAD lessons and interviews evidenced the ways in which Noyce activities supported them as 
they integrated understanding of student characteristics and learning context, of mathematics 
specific pedagogy with their strong mathematical knowledge acquired in the Integrated 
Mathematics Credential Program. While an integrated Math Credential program is well 
positioned to foster in prospective teachers  connections between subject matter expertise and 
pedagogical competence our results suggest that the additional opportunities offered in the 
Noyce mentoring program are critical in order to develop the types of pedagogical content 
knowledge necessary to teach in high-needs schools.  
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Mathematical knowledge for teaching (MKT) has been widely used in mathematics 
education research, with many researchers developing varying definitions. The categorization of 

 mathematical 
knowledge. Their framework differentiates between pedagogical content knowledge and subject 
matter knowledge, and breaks these categories into subcategories that describe what the 
knowledge is of. While this categorization is helpful for characterizing the existence of 
knowledge it does not provide a mechanism for its development. The framework for MKT 
introduced by Silverman and Thompson  (2008) does not categorize knowledge, but it does 
propose a potential mechanism for the development of MKT. The framework posits that MKT 
first begins with a personal understanding of a concept and then can be transformed into 
knowledge with pedagogical power via decentering. To transform their knowledge, a teacher 
must imagine how students might understand the content, and how students might be supported 
in developing an understanding consistent with that of the teacher.  

While the use of student thinking in teaching has been examined in multiple ways, one 
particularly influential construct is professional no
(2010). They defined noticing to consist of attending to strategies, interpreting student 
understanding, and deciding how to respond on the basis of these understandings. A related idea 
is using decentering as a lens to analyze classroom practice (Bas-Ader & Carlson, 2021). When a 
teacher decenters they intentionally put aside their mathematical perspective and attempt to adopt 

s which 
-Ader & Carlson, 2021). 

Supporting graduate student instructors and new faculty in developing MKT and using 
student thinking is an important aspect of designing professional development programs. This 
poster will explore the affordances and constraints of using combinations of MKT frameworks 
and frameworks for the use of student thinking to study the relationship between MKT and 

their use of student thinking. One could map knowledge used when interpreting and responding 
to student thinking to domains of knowledge within the framework to understand how different 
domains support teachers in using student thinking. A teacher might draw on Knowledge of 
Content and Students to recognize a student understanding, and Knowledge of Content and 
Teaching to decide how to move that understanding forward. The use of Silverman and 

use of student thinking. A teacher decenters to develop MKT, which supports them in 
decentering in the classroom. If a teacher has constructed ways that a student might understand 

student thinking for which they do not have a viable pre-constructed model, they develop MKT 

and attention to student thinking can be seen as a reciprocal process, in which MKT supports 
teachers in making use of student thinking, and attending to student thinking can develop MKT. 
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Metacognition in Proof Construction: Connecting and Extending a Problem-Solving Framework 
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Mathematical proofs are an integral component of undergraduate mathematics education. 
Providing students opportunities to develop the necessary writing technique, and deductive 
reasoning skills to communicate mathematical ideas via proof is a central goal of undergraduate 
mathematics programs (Committee on the Undergraduate Programs in Mathematics [CUPM], 
2015). For undergraduate students, developing these skills and utilizing them appropriately can 
be an arduous feat and has implications for their success in a mathematics course or program 
(Alcock & Simpson, 2002). Due to the difficulty and importance of proof, the mathematics 
education community has contributed to a varied body of research related to the teaching, 
learning, and cognitive skills relevant to mathematical proof.   

Research in the cognitive processes related to proof construction have provided insight into 
how undergraduate students, graduate students, and mathematicians interact with the proof 
construction process. Inglis and Alcock (2012) demonstrated that the processes with which each 
of these three groups construct proofs varies and that proof construction is not uniform even 
within a group. Their participants also showed inconsistency between how they said they 
approach proofs and the actual processes they implemented when given a proof construction 
task. To address these different approaches and their implications for the teaching and learning 
of proofs, we need to know more about what beliefs and judgements individuals have about their 
own cognitive processes during proof construction, and how these impact the choices they make 
during this process. Metacognition, any knowledge or cognitive activity that takes 
as its object, or monitors, or regulates any aspect of cognitive activity; that is, knowledge about, 

Lerman, 2020, pp. 608-609) captures exactly this aspect 
 

Existing metacognition research in mathematics education has focused on the relevant 
metacognitive processes that occur during mathematical problem solving more broadly. Proof 
related tasks can be a subset of mathematical problem solving, and therefore many of the 
findings from problem-solving based metacognition research may be applicable to proof. 
However, research shows that there are aspects of the proof construction process that may not be 
addressed in other problem-solving research (e.g., Savic, 2015). The language, structure, and 
reasoning required in proof constructions can be viewed to be unique to mathematical proofs and 
form a special writing genre (Selden & Selden, 2013). Savic (2015) also found that when the 
multi-dimensional, problem-solving framework developed by Carlson and Bloom (2005) is 
utilized in context of a proof task, adjustments of the framework are needed for the proof 
processes; in particular, there is a need to study metacognitive processes in proof more directly.  

In this poster, we discuss the research that aims to explore the phenomenon of individuals  
metacognitive processes during the construction of mathematical proofs. We identify the areas of 
the Carlson and Bloom framework in which metacognitive processes could potentially be 
important for proof construction, and we will demonstrate these with active engagement during 
poster presentation with the audience. During this interactive poster presentation, participants 
will be asked to share their thinking processes on proof tasks while we highlight the aspects of 
their metacognitive processes.  
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The poster describes a pilot study following the outcome of a three-part professional 
development workshop to promote active learning in STEM classrooms for instructors with a 
wide range of teaching experience.  The series introduced strategies and benefits of active 
learning and had participants workshop their own strategies.  We share the results of an exit 
survey given to participants and additional observations.  The survey seeks to find what kinds of 
faculty participate and whether the professional development series motivated instructors to use 
more active learning in their classroom. 

Keywords: Active Learning, Professional Development, Post-Secondary Education, STEM 
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Motivation and Study Objectives 
Scholars have studied the alignment of confidence and certainty to response correctness 

(Gardner-Medwin & Curtin, 2007; Hunt, 2003; Preheim, Dorfmeister, & Snow, 2022), but  
meta has not been empirically compared to overall correctness or performances on different 
types of questions (e.g., multiple choice vs. process-based questions). The objective of this study 
is to investigate this gap in knowledge within an undergraduate linear algebra student population. 

Methods and Preliminary Results 
 meta was ordered and evaluated for correlation with performance. Interestingly, 

five students demonstrated no overall  meta (boxed), and one student stood out on either end of 
the ordered  meta (Fig. 1A). Preliminary analyses show a correlation (r = 0.43, p < 0.001) of  
meta to overall score (Fig. 1B). Confidence and certainty were separately examined with respect 
to ordered  meta (Fig. 1C). Only certainty showed positive correlation to  meta (r = 0.57, p < 
0.001). The presentation will further describe these correlations, the five students who 
demonstrated no  meta, and the comparison of  meta between question types. 

 
Figure 1. Correctness (B), confidence (C), and certainty (C) correlations to  meta (A).  

Discussion and Conclusions 
This study demonstrates how examining  meta can provide mathematics educators with a 

deeper understanding of student metacognition, learning, and performance, especially regarding 
undergraduate linear algebra and multiple choice vs. process-based examination questions. 

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$"



References 
Gardner-Medwin, A., & Curtin, N. (2007). Certainty-Based Marking (CBM) for reflective 

learning and proper knowledge assessment. Re-Engineering Assessment Practices (REAP) 
Int. Online Conference on Assessment Design for Learner Responsibility, Proceedings for 

-Cognition (Self-Assessment) Abilities. Retrieved from 
http://discovery.ucl.ac.uk/178612/ 

Hunt, D. P. (2003). The concept of knowledge and how to measure it. Journal of Intellectual 
Capital, 4(1), 100 113. https://doi.org/10.1108/14691930310455414 

Preheim, M., Dorfmeister, J., & Snow, E. (2023). Assessing Confidence and Certainty of 
Students in an Undergraduate Linear Algebra Course. Journal for STEM Education 
Research. https://doi.org/10.1007/s41979-022-00082-6 

 

!"#$%&''()*%+,'-./.'0.%,'%1.2.)/0$%3'%4'5./6/)5()#.%7)#$.8)#302%95(0)#3,' !"$'



STEM Views on the Meta-Roles that Function Plays  
Across the Mathematics Curriculum 

 
Brady A. Tyburski 

Michigan State University 

!"#$%&'()!"#$%&'($)!*#++'%#,-+!*(./+/$%/)!0-++-&'1/!2/-+$'$3!4./(+5)!6#,&'1-+'-7,/!*-,%#,#8*

One of the purported goals of undergraduate mathematics is to encourage students to draw 
connections between the various mathematical subfields (Zorn, 2015, p. 11). The function 
concept which is crucial in almost every area of mathematics could serve a primary role in 
forming these connections, yet this role often goes unnoticed by students (e.g., Melhuish et al., 
2020). Indeed, function is a critical recurring theme throughout undergraduate mathematics 
(Zandieh et al., 2017) that could be leveraged by students to increase their sense of curricular 
coherence across courses. This theme recurs implicitly and even explicitly in most mathematics 
courses, but research reminds us that students do not always take up course ideas and themes in 
the ways instructors intend (Clift & Brady, 2005; Lew et al., 2016). Despite this, there are few 
studies that speak to the ways that students leverage function as a theme to organize and make 
sense of their curricular experiences both within and across courses. In particular, there is much 
research on the metaphors students use for the concept of function across contexts (e.g., Lakoff 
& Núñez, 2000; Melhuish et al., 2020; Zandieh et al., 2017), but much less research on the meta-
roles that students view function as serving in organizing the mathematics curriculum.  

stories about functions reveal 
about the meta-roles that the function concept plays for them in organizing the mathematics 
curriculum? (2) In what ways do these general meta-roles appear (or not) 
functions in a specific course context? I answer these questions by analyzing the stories of three 
STEM students pursuing different majors who were enrolled in multivariable calculus (MVC). 
These stories were told during a sequence of four, 1.5-hour, task-based interviews spread 
throughout a semester the first concerned the role of function across mathematics and STEM 
courses and the remaining interviews focused on single-variable; multivariable, real-valued; and 
multivariable, vector-valued functions, respectively. Using narrative learning theory and 
Dietiker's (2015) analytic framework for viewing the mathematics curriculum as a story, I 
juxtapose  stories about the meta-role of function across the undergraduate curriculum 
with the stories they tell about different types of multivariable functions they encountered 
throughout MVC. because, as Clark and Rossiter (2008) put it, 

 day we are bombarded with a dizzying variety of experiences and we make sense of 
those by storying them, by constructing narratives that make things cohere. Coherence creates 
sense out of chaos by establishing connections between and among the . In 
other words, stories are a primary  

developed, idiosyncratic views of the meta-role that function plays as an organizing, cross-
curricular theme 

specific stories 
about functions in MVC did not explicitly leverage the same meta-roles or thematic structures 
that were present in their general stories. This suggests that if we want students to use function as 
a productive, organizing curricular theme, we must provide further reflective opportunities for 
students to coherently organize their course experiences with respect to this theme. 
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