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 The Importance of the Concept of Function for Developing Understanding of First-Order Differential 

Equations in Multiple Representations 

John E Donovan II 

University of Maine 

Modern ordinary differential equations [ODEs] curricula (e.g. Blanchard, Devaney, & Hall, 2006) differ 

vastly from their traditional counterparts.  Traditional curricula emphasize solving ODEs with analytical solution 

methods; procedures applied to algebraic equations produce algebraic families of solution functions.  Modern 

ODE curricula emphasize multiple solution methods.  Traditional analytic methods are complemented by 

numerical and qualitative methods that produce approximate numerical and graphical solutions.  Numerical 

solutions are computationally demanding, but can be very accurate.  Qualitative solutions share the essential 

characteristics of algebraic solutions but lack their precision.  Modern technology has made qualitative and 

numerical analyses accessible to undergraduates and as a result the set of solvable ODEs extends beyond the 

proper subset to which analytical methods apply.  An important consequence of the modern approach is the 

prominence of graphical representations.  Research on students’ understanding of ODEs (Habre, 2000; 

Rasmussen, 1999, 2001) suggest students’ understanding the relationship between equations and graphs is a 

cognitive obstacle to learning ODEs in a modern curriculum. 

In this paper Sfard’s theory of reification is extended to describe the cognitive development of FODEs.  

This extension of the theory of reification is based on data from sharply contrasting case studies of two students, 

Rich and Hassan (pseudonyms), solving problems in clinical interviews. The theory of reification explains for the 

differences observed. 

The Theory of Reification 

The theory of reification (Sfard, 1987, 1988, 1991, 1992, 1994; Sfard & Linchevski, 1994) describes how 

concepts come into existence from a cognitive perspective.  The theory is based on the fact that many 

mathematical concepts are conceived in two complementary ways, operationally and structurally.  Operational 

conceptions are “about processes, algorithms, and actions rather than about objects” (emphasis in original, Sfard, 

1991, p. 4), in contrast to structural conceptions where mathematical entities are conceived as objects, wholes, or 

as the result of a process instead of the process itself. 
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There is an important subtlety in this first episode in the manner Hassan uses the equation and graph.  His 

immediate response to the graphical prompt was to write an equation.  Then, he began to think about solving the 

equation.  As he debates whether he can “solve that” he is referring specifically to the equation; he is not sure 

whether he can solve it using separation of variables.  Then he switches back to the graph and says, “Let’s go like 

this.” then proceeds to solve the differential equation qualitatively using the graph.  The importance of this is his 

implicit recognition that he could “solve that” using either the equation or the graph.  This equivalence is 

represented in Figure 6b by the bold line linking A and G in the set of ODEs. 

What type of functions are these solutions?  Part 1 

Hassan went on to sketch “all possible solutions” based on his interpretations of the FODE graph.  His 

initial sketches were backwards in the sense that the solutions above the equilibrium solution y = 2were 

increasing and below y = 2  they were decreasing, see Figure 5a.  Before realizing his error he stated that the 

graphs below y = 2  are “all going to be parabolas; they are going to be going down in a parabolic kind of way.”  

Before he said anything further he realized that he had drawn the graphs incorrectly and said, “Okay, this is 

wrong.  I just realized that.  …Because when y is greater than 2 its going down, and when y is less then two it is 

going up.”  He explained that solutions above the line y = 2  are decreasing because dy dt < 0 , and that solutions 

below y = 2  were increasing because dy dt ! ! . 

Hassan’s comment about the solutions being parabolic is incorrect, as he comes to realize.  This 

characterization would be true if !y !# ! $ #( ) , but in this example the FODE is autonomous !" !# ! $ "" # . 

When Hassan completed his second sketch, Figure 5b, the following dialogue took place: 

(6)! J: Okay, you said parabolic, does that still apply or was that only for the first graphs? 

(7)! H: …I guess you can’t say it’s going to be parabolic.  It’s just I feel like it would be because… [the 

graph of the FODE] is a line.  The next term, I mean when you anti-differentiate, it’s going to be 

!
!
, you know what I mean? 

(8)! J: Um-hum.   

(9)! H: But that doesn’t make any sense either because my solutions are asymptotic.  Well I guess you 

cannot say because it is not separable. 

In this episode a conflict emerges for Hassan.  On one hand the solutions he drew are asymptotic to the line 

! ! ! .  On the other hand, he believes the solutions should be parabolic because the FODE is linear.  He does not 
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resolve the conflict and says, “Well I guess you cannot say because it’s not separable.”  This statement reveals an 

important aspect of his understanding.  If the equation is separable he can resolve the conflict by classifying the 

solution equation he would obtain by solving it analytically.  Hassan’s reasoning is illustrated as connections 

between representation types in Figure 7a.  The solution graph is informed by the solution equation he would get 

from solving the algebraic FODE.  Arrow 5 is dashed because he has not yet made the necessary computations.   

This shows his understanding of the relationship between qualitative and analytical solutions.   

A

G

Differential
Equation

Solution

G

A
5

5

A

          

A

G

Differential
Equation

Solution

G

A

 

(a)                                                                               (b) 

Figure 7: Structure-process diagram illustrating Hassan’s reasoning about solution behavior 

Another important aspect of this episode is Hassan’s anti-derivative reasoning.  As the dialogue continues 

he realizes why his reasoning is incorrect and is able to say with certainty the solutions are not parabolic. 

(10) H: …I don’t even know what I’m trying to graph any more.  I was just trying to figure out like where 

the parabola would come in.  Can you give me a hint? 

(11) J: I’m really not sure… where you are trying to go with this right now so I’m not sure I can. 

(12) H: I just feel like… Pause. 

(13) J: If I feel like I understand what you said, you think it’s going to be parabolic because you said this 

is a line. 

(14) H: Um hum.  Well y vs. t would be parabolic but it is not, it looks like this [points to Figure 5b].  It 

doesn’t, it does? 

(15) J: I think you’ve established your graph.  I think you’ve managed to confuse yourself a little bit but 

you established your graph based on [the FODE graph]. 

(16) H: Yeah well, there’s no parabola.  Pause. 

(17) H: The derivative of a parabola is a straight line, which is what [the prompt] is.  When I anti-

differentiate I should get  Abrupt stop.  Pause. 

(18) H:  No this isn’t, this isn’t, this isn’t, never mind.  [The prompt] isn’t dy/dt vs. t, oh so, yeah.  If [the 

horizontal axis on the prompt] was t it would be a parabola, because it’s y it looks like my graph.  

There we go. 
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As Hassan finished this statement he seemed triumphant; he dropped his pen on the desk and sat back in his chair, 

confident he had figured the source of his conflict.   

At the outset of this episode Hassan was confused and could not reconcile his conflict (line (10) and line 

(14)).  In order to help him refocus, the interviewer (Author) rephrased the shared understanding from earlier in 

the interview (line (15)).  In response to this, Hassan restated the source of his conflict (line (16)).  He then went 

through his reasoning again, but he first stated it in terms of the relationship a solution has to a differential 

equation, i.e. the FODE is the derivative of the solution.  In line (17) he says, “The derivative of a parabola is a 

straight line, which is what [the prompt] is.”  He then begins to restate his anti-derivative reasoning but comes to a 

sudden stop before he finishes, this is the moment he realizes his error.  He recognized that the variables were 

incorrect, for his anti-derivative reasoning to work the prompt would have had to express dy/dt as a function of t 

not y.  Notice back in line (14) he focused in on the variables noting, “y vs. t would be parabolic.”  So its likely 

that when he went through his reasoning about the derivative he realized that the of the derivative would also have 

to be a function of t which caused him abruptly stop what he was saying. 

This episode illustrates Hassan’s reflexive understanding of the relationship between FODEs and their 

solutions.  This is illustrated by arrow 6 in Figure 7b connecting the set representing solution to the set 

representing differential equation.  On the one hand Hassan conceives FODEs as equations to be solved, on the 

other he conceives them as derivatives of a family of functions. 

What type of functions are these solutions?  Part 2 

Now that Hassan is certain that the solutions are not parabolic, the question remains if the shape can be 

classified. 

(19) J: What shape do you think it is? 

(20) H:  I’d have to say exponential. 

(21) J: Why would you say exponential? 

(22) H: It’s the only thing I know that can go to an asymptote like that.  Well it’s not the only thing, is it?  

1 / y  does.  …I really don’t know how you’d find out what shape that is unless you found out 

what y t( )  is and …you can’t just do it.  You can’t do it analytically; it’s not separable.  Wait, 

ohhhh, I should just divide the entire thing by y + 2. 
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The first characteristic of structural understanding is “being able to recognize the same concept under 

many different disguises” (Sfard, 1992, p. 76).  A FODE is a function in disguise and both Rich and Hassan 

display the ability to conceive it as such.  They both use this view to find equations for graphs and vice-versa. 

The second characteristic of structural understanding is “various representations of the concept [are] 

semantically unified by this abstract, purely imaginary construct” (Sfard, 1991, p. 20).  The evidence that Hassan 

conceives functions as “abstract objects” is the evidence that supported the claim that he saw graphs and 

equations as different representations of the “same thing.”  This is exact type evidence Sfard uses to make a case 

for abstract objects in her discussion of abstract objects with Thompson (Sfard & Thompson, 1994).  Sfard argues 

that “being able to make smooth transitions between different representations means that there is something that 

unifies these representations… it is neither the formula, nor the graph – it’s an abstract being” (p. 13).  Rich’s 

work does not share the same characteristics; he was unable to make changes among representations smoothly 

and was generally uncertain if he had done so correctly. 

The third characteristic of structural understanding is “being able to recognize the idea ‘at a glance’ and to 

manipulate it as a whole without going into details” (Sfard, 1991, p. 4).  For Hassan the details are in the 

background, they are secondary conceptions, but the same is not true for Rich.  Rich’s work shows that the steps 

were important to perform. 

Hassan’s structural view of functions distinguishes his work from Rich’s.  The fact that Rich did not 

discuss the notion of solution in the first two interviews is consistent with reification theory’s model of cognitive 

growth.  In order to begin interiorizing the process of solving the input ODE must be conceived structurally.  

Recall Sfard’s (1991) description of interiorization: 

At the stage of interiorization learner gets acquainted with the processes which will eventually give rise to 

a new concept…  These processes are operations performed on lower level mathematical objects.  

Gradually the learner becomes more skilled at performing these processes. …we would say that a process 

has been interiorized if it can be ‘carried out through [mental] representations’, and in order to be 

considered, analyzed and compared it needs no longer to be actually performed. (pp. 18-19) 
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Hassan’s work shows that he has interiorized the concept.  Recall he naturally formed groups based the concept of 

solution without the need to make calculations, but the calculations were essential for Rich and ultimately got in 

his way.  The hierarchical importance of the concept of function for the development of FODEs is captured in the 

diagram in Figure 13. 

! " # $
" %&' ( )

Operational conceptions of functions

! *+( ),- +

! " # $
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Figure 13:  Reification diagram illustrating the dependence of FODE processes on functions 
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