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Introduction

Calculus is one of the most challenging courseilege. Much of the difficulty
stems from the fact that during class they worigdiitly to copy all the notes, but have
little time to digest the material. When the instar is lecturing in class, the material
seems understandable and easy. However, when s&watssmpt the assigned work on
their own, they find that the problems are morédaiift and confusing than anticipated.
Gunawardena states that “students who enter college are often under prepared and
lack the background and motivation to succeed in college-level mathematics” (2002,
p.108). Ainsworth (1994) argues that students who come to college without an
adequate background in math will likely withdraw from the course or quit
performing when a math class becomes difficult. Students who are under prepared -
-- often even those who are adequately prepared -- fail to be successful because the
class becomes difficult in their eyes and they don’t believe that they can succeed.
Half of the battle of helping students become successful in a course is to get them to
believe that they can succeed and that they have the ability to learn and to do
mathematics. Worked-out examples are one way for students to build confidence in
their mathematics ability and build mathematical schema.

Motivation
Many students struggle to comprehend calculuseatittiversity level each year.

Reasons for student difficulties can be contributed host of factors, some students who
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struggle with calculus do so because of the dilfycin applying theory to both
procedural and conceptual problems. This difficoétsults in a DFW rate ranging from
forty to sixty percent at many institutions in taited States. The DFW rate at the
university where this study was conducted has mubgéween thirty and sixty-four
percent and averaged nearly forty-three percens. ddta was taken from course records
for three years prior to the beginning of this gtufio promote better success rates in the
course, instructors offered voluntary discussissgms using the worked-out method.
Background

Memory, Cognitive Load Theory, and Worked-out Exampes

There are three types of memory: sensory, long;tarmad working. Our senses --
sight, sound, smell, taste, and touch -- serveimsils for our sensory memory. Long-
term memory, which is similar to a hard drive ocoanputer, is where the immense body
of knowledge and skills is located. Finally workimgmory is where we think, solve
problems, and are expressive. In general, everytiat we “know” is stored in long-
term memory and, through a query of working memacggivation occurs when needed.
Miller (1956) says that working memory has a lirditapacity that can deal with no
more than about seven chucks of information simelbasly. One thing that helps to
expand the capacity of working memory slightly eenbining the senses to present
information. Either some or all of the informatiasil be lost during processing if the
capacity of working memory is exceeded, unlessrmédion is recorded in a permanent
form as it is being processed.

The discipline of cognitive science deals with thental processes of learning,

memory, and problem-solving. The total load on wogkmemory at any moment in time
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is referred as the cognitive load. Miller’s (19%B¢ory that most people can retain seven
“chunks” of information in their working memory wése beginning of cognitive load
theory. Simon and Chase’s (1973) research, whesedtudied expert and novice chess
players, showed that when expert chess players pvesented with a game configuration
that could occur during a regular chess game fewamoments and the configuration
was then removed, they could reconstruct the samegonfiguration much better than
novice chess players. However, when a configuratidmot come from an actual chess
game, expert and novice chess players showed feoatite in their ability to reconstruct
the game configurations. Just like the chess experbblem-solving experts have an
immense knowledge of problem situations and hawstcacted many mathematical
schema, or “a cognitive structure that specifieth Ibloe category to which a problem
belongs and the most appropriate moves for probtertisgat category” (Sweller and
Owen, 1989) to activate when needed.

John Sweller (1988) developed cognitive load thednite studying problem-
solving and has defined it to state that ‘optimearhing occurs in humans when one
minimizes the load on working memory which in téawilitates changes in long term
memory’. Cognitive load theory, which deals witle #rchitecture of human cognition,
has broad implications for instructional design €éBer, 1999) and current research is
focused on differentiating three types of cognitv&d: intrinsic cognitive load, germane
cognitive load, and extraneous cognitive load.fEdher information on cognitive load
you can start by reading the following papers candferenced (Ayres, 2006; Sweller,

1988; Sweller, 2006; and Sweller, van Merrienb&aas, 1998). We will focus our
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attention on “The Worked-Out Example” research,chtfalls under cognitive load
theory.

Generally, mathematics classes, as well as othENMSJourses, are taught by
lecturing on the new topic, presenting or demotisigahe concepts through a few
examples, and assigning homework practice probknstudents will learn the material
that has just been discussed. The good studertgeréhe problems assigned within a
short time of the lecture and begin to master theenal, while other students
procrastinate for long periods of time before tdegide to work the assigned problems.
When students procrastinate or simply cannot focuthe covered material until a later
time, they have more difficulty remembering whasvgaid during lecture and/or details
of the instructor’'s examples. Most, if not all, tingtors use examples in class to illustrate
the content’s key principles to their students. ldeer, students have little or no time to
absorb the examples before another example or theoey is covered when taking notes
in class. Sweller and Owen (1989) state that “sem&s of mathematics and the way it
should be taught owe more to tradition than tocurent knowledge of cognitive
processes” (pg. 322).The worked example theory evplace emphasis on worked
examples in class by coupling problems solvedas<slwith active student participation
by having students work similar problems. In faesearch studies (Cooper and Sweller,
1985; Ward and Sweller, 1990; Zhu and Simon, 1@&iroll, 1994, Tarmizi and
Sweller, 1988) present students with a worked examp paper and tell them to study
the example. Once the students are done studyenggdhked example, the instructor asks

the student to solve a similar problem without aeip from the worked example. It has
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been suggested that worked examples reduce thé&igedoad on a student and might
optimize schema acquisition (Sweller and Owen, 198®&ller and Cooper, 1985).
Worked examples are focused on skill acquisitioa subject and Trafton &
Reiser found that “the most efficient way to preaseaterial to acquire a skill is to
present an example, then a similar problem to sotwveediately following” (1993, p.
1022). Worked examples have been used in a mafeyetit disciplines. To mention just
a few studies that have been done in STEM fieldghematics (Cooper and Sweller,
1985) and (Zhu and Simon, 1987), engineering (€hl.e1989), physics (Ward and
Sweller, 1990), computer science (Catrambone, Y, l2¥26), and chemistry (Crippen,
and Boyd, 2007). Furthermore, A. Renkl has dondissuin education with worked
examples. One such study is (Hilbert, Schworm,Renkl, 2004)The questions guiding

this study were:

1. What are student’s perceptions and experiencewotiked-out examples in
Calculus?

2. What are the student’s perceptions on how the wbdig examples help them in
the course?

3. In what ways, if any, do worked-examples build-sfficacy in student’s ability to

learn material and instill confidence that theyl wé successful in Calculus?

LITERATURE REVIEW
Sweller and Cooper (1985) conducted one of thedtrglies on worked-out
examples. Through five experiments they examinediie of worked-out examples as a

substitute for problem solving. The first experimBaund that the more experienced
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students had a better cognitive representatiotgebaaic equations than less experienced
students as measured by their ability to (i) reeqllations, and (ii) distinguish between
perceptually similar equations on the basis oftsmiumode. Sweller and Cooper (1985)
concluded that there was “evidence that expenmis®lving algebra manipulations
problems is, at least in part, schema based.”{plt&hould be noted that during this
experiment students were only asked to read anthie sure they understood the
worked-out examples. Experiments 2 through 5 iatiegh an alternating pattern between
worked-out examples and conventional problems lscauncreases the motivation for
students to read and to understand the workedxampgle if they have to solve another
conventional problem immediately after the worked-@xample.

The second experiment established that the workédxample group
(experimental group) required significantly lesadiduring the acquisition phase than
the conventional problem group (control group) #rat the control group had a greater
number of test errors than the experimental group.

The third experiment differed from second experitignadding a self-
explanation step after the worked-out example greap and stated that they understood
the examples. The results of the experiment shdhegtdvorked-out example group spent
significantly less time during both the acquisitigmase and the test phase. The reason for
the reduction in time is two-fold: (1) the workedt@xample group had significantly less
mathematical errors than the conventional problemngduring the test phase, and (2)
the conventional problem group sometimes unnedgssapanded expressions which

cause less efficient solutions.



RUME Conference Paper Contributed Research Repo
February 26 — March 1, 2009

The fourth experiment differed from previous expents by varying the
problems in the test phase from problems simildhéoworked-out examples to problems
that were structured differently (transfer problgfnem the worked-out examples and
conventional problem. This experiment wanted tieigeine whether students could
transfer their knowledge from the acquisition phi@sthese transfer problems. Again the
conventional problem group took significantly méiree during the acquisition and test
phase when each group started with a similar prolaled then worked a dissimilar
problem. In contrast, the two groups showed noifsogmt difference in the test phase
when each group was presented with a dissimildsleno and then a similar problem.
Sweller and Cooper concluded that while “workednegkes are of assistance to students
when faced with similar problems, the advantages amet extend to dissimilar problems”
(p. 83).

The final experimental setup was identical to tteig of fourth experiment.
However, this time the worked-out example group @edconventional group spent the
same amount of time during the acquisition phageetxperiment. It was hypothesized
that the worked-out example group would be abldd through many more problems
than the conventional group and hence perform beter during the test phase than the
conventional group. Although the worked-out exangi@up worked through more
problems in the acquisition phase, the results weegly the same as in the forth
experiment.

Zhu and Simon (1987) demonstrated the feasibifity effectiveness of teaching

mathematical skills through chosen sequence of ebdut examples and problems in a



RUME Conference Paper Contributed Research Repo
February 26 — March 1, 2009

Chinese-middle school’s algebra and geometry autma — and without lectures or other
direct instruction.

Chi et. al. (1989) showed that while students swidvorked-out examples,
“good” students generally monitored their own umstianding and misunderstanding
through self-explanations. Compare this to “poautents who did not generate
sufficient self-explanations or monitor their le@gninaccurately. They found “poor”
students relied heavily on examples.

Ward and Sweller (1990) established that studehts wged worked-out
examples formatted to reduce the need for studemtentally integrate multiple sources
of information achieved test performances supeaa@ither those exposed to
conventional problems or to those shown workedesamples that required students to
split their attention.

There is a gap in the literature on the percepdiwh experiences of students with
worked-out examples. Chi et. al. studied studesifsragulation of their solutions but did
not look at students perceptions and experiencéswarked-out examples. This paper
ties to fill in a small part of this gap by lookiad) students’ perception and experience

with worked-out examples in a technical calculusrse.

METHODOLOGY
Participants and Setting
The patrticipants in the study were twenty studentof over ninety students in a
technical calculus class at a research univensitiie southwest part of the United States.

Also one other student participated for a montlokee€hoosing to end participation and
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two other students who were non-participants inéeved at the end of the spring
semester in which the study was conducted. Theeaddut example method was
conducted in the same computer classroom for esession.

Qualitative data was collected through surveygriutews, and course documents.
Quantitative data was collected through courseagacburse attendance records,
discussion session attendance, and pre- and pgsbra assessments. We will
concentrate on the data collected through intersimaanalyze students’ perceptions and

experiences with the worked-out examples.

DISCUSSION AND RESULTS

Students Perspectives on Worked-Out Examples

The stories of a few of the participants providditional depth into students’
mathematical background and into perceptions apdrénces with worked-out
examples. The following three students, Alex, Rdm&d Henry, are three of the twenty
students who participated in the voluntary discussiessions and used the worked-out
example method. These three stories form two viewgo(1) how two under prepared
algebra students used the worked-out example méthduange from a state where they
were not confident in mathematics and thought ey would not be successful in the
course to a state where they were very confidetht @dlculus and were successful in the
course, and (2) how a more prepared algebra studenhad little interest in
mathematics due to past experiences and who Hasbinfidence in his ability to earn a
grade above a C became very confident in his gplitived mathematics again, and was

successful in the course. These viewpoints are pbesnof how the worked-out example



RUME Conference Paper Contributed Research Repo
February 26 — March 1, 2009

method helped three students, although it is nptied that these results could be
generalized to other students with similar begigrstates.

The students in these three states varied in mege;, pre-assessment on algebra,
math background, and previous college G.P.A. Psauds are used instead of the
participants’ real names to ensure confidentiality.

The Case of Alex

Alex was a junior majoring in construction managemectinielogy. It had been
five or six years since Alex graduate from highaalrand so he did not take the ACT to
gain admittance to the university. He became fatistt with his previous college math
courses including his many troubles with colleggehla and trigonometry. As a result,
he was quick to quit trying when he did not undardtthe material. In essence, Alex had
the mindset that if he did not understand the nmatties right away, he would not be
able to understand it. He did not understand ttnaggling to learn a concept is a very
valuable process and this is where learning canroédex’s method of throwing up his
hands when he did not comprehend the material wa®bthe reasons he struggled so
much with college algebra and trigonometry. Aleted at his first attempt at college
algebra and decided to enroll into a general masiiescourse. Although he
successfully completed the general math course; &dain withdrew the next time he
took college algebra. This did not stop Alex froregerving: he enrolled in college
algebra a third time only to result in additioraldre. Alex’s determination drove him to
enroll for the forth time the following summer. Shime, Alex passed with an A. The
next semester he enrolled in trigonometry and cetegdithe course with an F. During the

semester of this study, Alex was enrolled in batiohometry and technical calculus. His
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cumulative G.P.A. was 2.143 and he scored an eigihdf twenty-five on the pre-algebra
assessment and did not take the post-algebra ass@ss

Before enrolling in technical calculus, Alex knelwat calculus was one of the
harder courses on campus. Alex enrolled in thesslanowing that he was going to
struggle and that he may not be successful. Teeday that Alex showed up to the
voluntary sessions, he did not know “which waydoK or go about fitting into this ...
But once you explained overall what we were doisndea as looking at an [work-out]
example, working through a [work-out] example wytsu, and then working on our own,
it became more and more easy to fit in and feelfodable.” Alex attended most of the
voluntary sessions and would work to understanartaeerial of the previously covered
lecture material by working many problems through worked-out example method. He
would use the confidence that he gained by solpgnofplems and work on more problems
in his individual study time. He stated that he iedhately started seeing an impact on his
performance on his homework by getting scores 888d 10’s out of 10. This had an
impact on his exam scores and Alex became verydmmtfwith his mathematics ability.
Alex stated that without the worked-out examplésh not sure if | would even pass. |
would either fail it or get a D. | would be realbw.” From Alex’s past performances
with college algebra and trigonometry and the hesamphasis of these courses in
calculus, Alex would have had a high probabilitypefng unsuccessful in the course and
continuing his past mathematical failures. The wedrout examples not only helped him
understand and to work calculus problems, but ginatsing the worked-out example
method, Alex also became more and more confidehisiknowledge of calculus. Alex

became so confident that he became cocky with athesmates before exams. He stated
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that his classmates would be jealous when theyd@u he did not need a formula sheet
like they did and they would ask “I guess you krnimaw to work them out, don’t you?”
Alex would look them in the eye and say, “I sure ldknow how to work every single
problem and that feels good.”

Alex had a very different disposition about mathéosaat the end of the course
than in previous mathematics classes. First, Akanged his study habits and his
mentality about the homework. This is revealed it statement, “The mentality that |
think a lot of students, and myself... | catch mysigling it, you will see something in
class, like an example, and they think that ibigasy... no problem | really don’t have
to study much. Do my homework, bam boom, it woaket long. But | have found that
you can’t really start your homework too early,rthes no ... you can start it too late but
you can'’t start it too early ... and you will findahyou think one way ... you will
perceive it one way ... you will think another wayewvhyou start your homework. Just
because you get your homework done does not maagdh understand. It means your
homework is done. In order to understand sometpangneed to go back two or three
times and do the problems again.” When studyingxAlecame very conscientioaisout
making sure that he wrote the problems completetyectly. If he thought “there was
one mistake with it (a written solution of a praile | would erase it until | am complete
happy.” His change in mentality about mathematias also revealed very plainly when
comparing his experience in college algebra toutasc He stated “I think what has made
the difference between difficulty in college algaland not as much difficulty in calculus,

is just me sitting down and not thinking okay | Bdw do this homework as fast as | can,
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but me sitting down and saying that | have to de tight. | just kind of opened my mind
up recently and | am not fighting it.”
The Case of Rachel

Rachelis a junior majoring in biomedical science. Rackas an adult student
(around twenty-six years old) who came back to sthod who did not take the ACT
exam. Her cumulative G.P.A was 1.742 and she sarede out of twenty-five on the
pre algebra assessment and a thirteen out of tviimetyon the post-algebra assessment.
She stated that she “was not a very dedicateddalgbol student. | never did any
homework, ever. | would just go in and take mygebkwould average C’s and B’s, but
did not retain it.” After being out of school foegrs, Rachel “was actually really worried
about it (the course).” She knew that she wouldgsfle with the course because of her
weak algebra skills and the course’s difficultydevDuring lecture she believed that she
understood the material, but would struggle whentskd to do the work on her own.
Rachel entered the course with a deflated attitadards mathematics and a lot of doubt
about her probability of succeeding. She thougimediately when she learned about
the worked-out example method and the discussissi@es that she was saved. With the
help she believed that she might be successfulwibked-out example method helped
her to understand the material and gradually sireedaconfidence. At one point during
the semester, after being successful on an exaomnahe called her dad and said,
“Wow, | can do this, calculus, so when | can do after you said do one on your own
and | got it right, | was like, ‘Wow’. It was a gddeeling. | did not think | could even
pass this class.” In her mind the worked-out eXampethod was so helpful because “I

like to see one and well, | kind of got it, andrttkehen we talk through it (another
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example), you hear it from other students, andéone reason it clicks in your mind.
And then doing it on your own ... | can do this.”

She went on to express how in high school she woride home crying because
she could not understand algebra or geometry. Raaltethe worked-out examples were
great because, “for me if | see it, hear it, andent, then | remember it.” Rachel, if she
got stuck on a problem while working problems alesof the discussion sessions, would
go back and review the worked-out examples befggamining to the problem she was
stuck on. Usually she could successfully completeproblem through this procedure.
She stated that the worked-out example methodiborted greatly to her understanding
and she believed it saved her from failing or dingghe class. Rachel’s attitude
changed dramatically during the semester. Shezeghthat she could not just show up,
not do homework, not study, and pass the courserédiized that with hard work and a
foundation that was laid through the worked-outrepke method; she could be
successful in the course and obtain a good unaelisigof the course material. Rachel
said that the worked-out example method had actlgerrelation to my grade.”

The Case of Henry

Henry is a freshman majoring in fire protection and safetenry decided to go
to school here because this university has onleedlbést programs in fire protection and
safety. He took the SAT instead of the ACT and ed@ 510 on the math portion, with
an overall score of a 980. Henry’s high school reatatics experience consisted of
taking geometry his freshman year, algebra Il bghemore year, and pre-calculus his
senior year. He stated that he did not take anhenaatics his junior year because he did

not like math anymore. He was so disinterestedbamed that he did not pay attention in
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algebra Il and had no clue what was going on ircthese. He thought that the
assignments were ridiculous and he did not likerdok on problems.

Before Henry arrived on campus, he successfullyptetad intermediate algebra
at a college in a state near where he residedhistparents. He successfully passed
college algebra and trigonometry when he arrivedampus, earning a C in both during
the spring and fall of 2004. He admits that he ¢haath in high school and college other
than the second semester of his senior year indagbol, when he frequently worked on
his math skills with his pre-calculus teacher. Hesaid that he liked math that semester
because his teacher helped him understand matyadrim to think about math more
than during any other time in his high school caree

Unlike Alex, Henry's college G.P.A. was fairly strgwith a cumulative G.P.A.
of 3.067, but he knew that calculus was going thdrel. He scored a thirteen out of
twenty-five on the pre-algebra assessment andi@esibout of twenty-five on the post-
algebra assessment. Henry through the process @fdfked-out examples developed
pride in his mathematical ability and restored\afable attitude towards mathematics.
His pride is a product of being more successfahecourse which resulted from
building a better understanding of the conceptiéncourse through worked-out
examples and individual work. In high school mathé&os classes, Henry became
frustrated and turned off on mathematics. He datexdhthat he wasn’t as good in
mathematics as his he thought he was during elemeabhd middle school. The worked-
out examples allowed him to see that through handkwn groups and individually study,
he could “do” mathematics once again. The matheséght was switched on once

again. At the beginning of the semester, Henry ghbthe worked-out examples helped
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him keep from withdrawing, and later during the sstar when his mathematics
confidence was back and he was doing well on cassessments, Henry thought the
worked-out examples were helping him minimally. Hewould use the worked-out
examples, when he studied by himself, to reviewskifron problems so that he could
work other problems. Anytime that he was stuck g@nablem he would go back and
review a similar worked-out example. As the semgategressed, he did not have to
review worked-out examples as extensively as heldithg the beginning of the

semester. He even went to the extent at the etiteafemester to say that students should
explain the steps of the problem as they solvevién go to the board and explain their

solutions to others.

CONCLUSION
We will summarize results by including data frolirtlae participants as we
answer the research questions. While we discussaddahe questions and viewpoints
from the participants, we will analyze the casel&si to bring out trends from the

viewpoint of the weaker to the stronger algebraleiis.

Question 1:What are student’s perceptions and experiencewsthed-out examples in
Calculus?

Pretty much every participant was very positivewalihe worked-out examples.
The majority of students taking calculus acrosscthntry expect to see examples that
illustrate the concepts and theory in calculus. Wapuld say the more the better.
Students build understanding of concepts and theryhin calculus through examples.

Sometimes a few examples will be enough for a siutdbeget a clear understanding of a
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concept in calculus. Other times it takes manyed#iht examples before a student gets a
clear understanding. Furthermore, understandinigbrom students working examples.
It is no surprise that students are very recemifvbe worked-out example method.
Participants made it very clear that just becalieg see problems worked in lecture and
things seem clear, this does not mean that thegratahd. It is not until they work
problems that they understand. The worked-out el@ampthod is so valuable because it
allows students to build confidence and understany transitioning from seeing
examples to working examples. Participants stressaty times that although they
thought they understood the concepts and exampldsed in class, things were much
harder when they tried to work things by themsel\Uéss would lead to frustration and
an attitude of surrender. The worked-out examplthotehelped participants build up
confidence that they could understand and workrgiheblems by themselves, especially
the weaker students. Most of the participants witlaker backgrounds thrived in this
environment. Although, the worked example metteottls to emphasize building of
procedural schema, it does build a foundation bésta that can be used to build higher

order thinking skills.

Question 2:What are the participants’ perceptions on how tbeked-out examples help
them in the course?

Participants’ perceptions on how the worked-owregles help them in the
course varied from responses “minimally” to resgs8 would have dropped or
withdrew from the course.” Out fifteen participathst talked more extensively about

how the worked-out examples helped them in thesesix stated that they believed
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they would have earned a F or would have withdmmfthe course with out the
worked-out example method. Three of them were Aeqry, and Rachel. Three other
participants believed that they would only earn withhout the worked-out example

method and the other six believed that they woalkkehearned a C or better.

Question 3 In what ways, if any, do worked-out examples thgilf-efficacy in
participant’s ability to learn material and instibnfidence that they will be successful in
Calculus?

We have seen that the worked-out example methavdased Alex, Rachel, and
Henry's confidence in their ability to “do” mathetits and be successful in the course.
The case studies showed the dramatic change ef§ielicy of all three case studies.
These three were extreme cases because both AldRamel started technical calculus
with a weak background and had dramatic improveshandl Henry’s dramatic change in
mathematics attitude where he enjoyed mathemageis aOverall, most all participants
confidence rose throughout the semester and paatits overall confidence with the
material showed how the worked-out examples hedpedients build confidence in their
abilities to “do” mathematics. Furthermore, therad@in the way participants viewed

their ability to do mathematics, were very dramatic
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