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This study focuses on a teaching experiment appliadyear 12 class for the introduction
of the derivative and the tangent line of functgwaph. This experiment was based on research
results concerning students’ perspectives on tatsgehen they had met the notion of tangent in
different mathematical contexts (Geometry and Asis)lyFor the experimental needs an
electronic environment was developed, utilising &gic Geometry software. The analysis
focuses on the evolution of classroom mathemadisaburse with the mediation of the
electronic environment and with specific exampiere | focus on an incident of the experiment.
This incident exemplifies: how an image of a cunagnified in order to look straight in the
electronic environment did not act as visual memlifbr a student towards a claim that a curve
has a tangent; the conflict in mathematical dissguabout tangents; and, its resolution through
the discussion of a particular example.

Introduction

The work discussed in this report is a part of etdl@te study (Biza, 2008) on upper
secondary and first year mathematics undergractagients learning and understanding of
tangent line to a function graph. The aim is theegtigation of the perspectives on tangents that
are built through the transition between matherahtiontexts (e.g. from Geometry to Analysis);
and, the ways in which the tangent line could educed in order to take into consideration
these perspectives. This paper focuses on the d@wmnand presents some results on a teaching
experiment applied in a Year 12 class for the ohicdion of the derivative and the tangent line
of function graph. For the needs of this experingesglection of examples was prepared and an
electronic environment was developed utilising DyiaGeometry (DG) software.

Theoretical Background

Previous research has highlighted the strong intaef the perspective on a tangent to a
circle to the general perspectives on tangentsa(Bhristou & Zachariades, 2008; Tall 1987,
Vinner, 1991). Some of these results are attribtddte insufficient emphasis in the classroom
on the transition from thglobal view of the graph that characterise the geométajoproach to
thelocal view in the analytical approach (Castela, 1996).dxample, students who have met
the concept of tangent in different mathematicaitexts (Euclidean and Analytic Geometry and
Analysis) demonstrated sevehatermediateperspectives about tangents betweerAttnaytical
Local perspective that is in accordance with the dediniand uses of the tangent line in
Analysis (e.g. limiting position of secant linekyEe, and derivative) and tli@&ometrical Global
perspective according to which the tangent presegeemetrical properties being applied
globally at the entire curve (Biza et al., 2008).
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Local straightnesg¢Tall, 1989) omicro-straightnesgMaschietto, 2008) is a property that
characterises a graph of a differentiable functidns property refers to the fact that, if we focus
close enough to a point of a function curve, a piminvhich the function is differentiable, then
this curve looks like a straight line. Actuallyjgfistraight line” is the tangent line of the curate
this point. This property can be visualised witloring tools in appropriately designed software
(Tall, 1989) or in a graphic calculator (Maschie2008) and lead the students inside the
local/global gamehat is so important for a transition to Analy§isd).

In addition to the above, examples and counterelesiave a very important role in the
introduction of new concepts (Watson & Shipman,@0ihd can help learners encounter
conflict the resolution of which may lead to modéiion of their knowledge (Zaslavsky & Shir,
2005). Furthermore, classroom discussion couldtifyestudents’ insights and turning points in
their personal construction about specific concaptstheir definition (Zaslavsky & Shir, 2005).

As changing in thinking about tangents on a clamarexperience is the focus of this study,
| will use Sfard’s communication approach accordmgvhich thinking can be regarded as a
special case of communication activity (2008).his tactivity, the four interrelated features that
distinguish the mathematical discourse arerd use(e.g. words that signify quantities and
shapes)yisual mediatorsnamely visible objects that are operated upam @art of the process
of communication (e.g. mathematical formulae, gsaplnawings, and diagramsigrrative,
namely a sequence of utterances framed as a destb objects, of relations between objects,
or of processes with or by objects, and that igestilto endorsement or rejection (e.g. definitions,
proofs and theorems); amutines namely repetitive patterns characteristic ofvegidiscourse
(ibid, p. 133-134). In this report | will refer gnto the feature of theisual mediatorsl will
focus on the role of the inscription of tleeal straightnessn the electronic environment as a
visual mediatoior not as it appeared in the mathematical diseoofshe classroom.

Methodology — The Context of the Study

The participants of this study were 15 Year 12 etisl (aged 17-18 years) of a Greek
secondary school who had taken mathematics asa sdjject. By the time the research took
place, the students had been taught in an introduétnalysis course: functions, limit and
continuity, but not derivatives. In addition, theepious years they had encountered the tangent
line to the circle and other conic sections.

The teaching experiment was supported by an el@ctemvironment developed in the
framework of EU funded project call€&hlGeo(Biza, Diakoumopoulos & Souyoul, 2007) and
utilised DG software named EucliDraw (http://wwwcédraw.com). In addition to DG facilities,
this software offers a function editor/sketch eomiment as well as some tools appropriate for
Analysis instruction. Indicatively, | refer to theagnification tool that can magnify a specific
region of any point on the screen in a separatéovin This magnification can be repeated as
many times as the user specifies through a magtidit factor and the graph and its
magnification are presented at the same time osdteen (Figure 1).

The design of the experiment was based on thendsessults, presented earlier, about students’
understanding of tangents. The aim of the experim@s the reconstruction of previous,
restricted perspectives about tangents and théamethrough the introduction of derivative, of

a more general understanding about tangency. $etid the experiment intended to: deploy the
dynamic visual graphics in the electronic environtr(e.g. the magnified image) and the
symbolic expressions (e.g. the limit of rate ofrulj®) asvisual mediatorof the discourse on



tangency; and, shift the studentsord usenarrativesandroutines(Sfard, 2008) towards those
related to the general definition of tangency.donadance with these aims, the experimental
instruction had the following stages:

1. Examination of generalisable properties of tangdeay. the tangent line as the limiting
position of secant lines and the linear approxiaratf the curve) in the case of circle.

2. Examination of the above properties in the casseqficircle.
3. Introduction to the definition of the derivativedathe tangent to a function graph.

4. Establishment of these definitions in classrooncuBsion through critical examples of
function.

The incident | am going to describe in the nextieaovas happened at the very beginning of the

second stage.
TR Magnification factor
magnified

Figure 1: The magnification tool in the electroaimvironment

One incident from the teaching experiment: Is therea shared meaning of the magnified
image of the graph?

In the first stage, the students had been intratit@ehe local straightness as a property of
a circle and had seen in the electronic environrti@ntonnection of this property with the
existence of the tangent line. The incident ocauatethe moment when the classroom had been
invited to investigate this property in the cas¢haf semicircle in order to generalise it later in
the case of the function graph. The graph and ihealinscription on the screen are presented in
Figure 2.

In my request to the students to comment on th&grgation in the environment (Figure 2)
one student responded: “[The tangent] seems ta@ic@jwith the semicircle] because if the
magnification number is big, we cannot see theediffice. That is because of the low resolution
of the screen”. Through this response we couldisatythe student had not connected the local
straightness with the properties of the tangemthasl intended in the previous part of the
experiment. Actually for him the inscription of theagnified graph was connected with the
technical inherent restrictions of the electromgionment and did not have any mathematical
meaning.

This response was welcomed but unexpected — aocpialithe instructional design — and
led to a slight change of the initial lesson pleinstly, we discussed the differences between the
images of the lines in the magnification windowFigure 2. The secant li&B (which was
green) did not coincide with the curve whereasdimgent througl (which was red) did. If the



screen resolution was an issue, both lines antt@hould match. Then, | proposed to the
classroom to examine the same situation if thetpis a vertex of a parallelogram. In this case
the line could not coincide with the curve regasdlef how big the magnification factor was
(Figure 3). During the comparison of these two sas®l trying to explain the differences
between these two inscriptions the same as abaderdt mentioned: “this happened because the
line is the tangent of the circle”

This incident indicated the conflict between theamiag | (as an instructor) had given into
the image in the magnification window, and usethindiscourse, and the meaning of the
student(s). The discussion in the classroom madedmflict transparent and led to changes in
the initial lesson plan. We now aimed at the rdfataof this perspective and drove towards a
shared interpretation of the inscription in the m&gation window. As long as there was a
tangent and the curve became straight in the maghdn window the image acted as a natural
illustration without any connection with the cursggroperties. As a result this image did not act
as avisual mediatotto support a claim that a line is a tangent or-nas | had presupposed that
the students were going to do. The connectionestdda be made only when we considered a
case in which the property could not be applied|Fe 3).
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Figure 2: Magnification on a circle point  FigureNagnification on a parallelogram vertex

Concluding remarks

This incident exemplifies important issues aboetititroduction of mathematical notions
in the classroom. These include the evolution aéeloom mathematical discourse with the
mediation of electronic environments and througbrapriated selected examples. Although, the
electronic environments usually offer perceptualfigurations of mathematical notions, the
interpretation of these configurations is not neaély shared knowledge in the classroom and a
discursive conflict is likely to occur. This cordlican be resolved through discussion and the use
of appropriate examples. In this process the rbteeteacher is very important to understand
the classroom situation; to take decisions andiplysshange the initial plan in the moment; to
select the appropriate examples; and to orchestratdiscussion in order to allow the
emergency of students’ insights and turning paimtheir personal perspectives.
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