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This  poster  describes results from  a paired-student teaching  experiment focused  on college 

calculus  students’  understandings  of integration.  Our  aim  was  to  model relationships  between 

students’  covariational reasoning, quantitative  reasoning, and numerical reasoning as  they were 

developing  meanings  for  integration,  via  teaching  sessions  that were concurrent but independent 

from  the students’  “traditionally-taught”  second-term  calculus  course.  We will discuss 

commonalities  between  students’  ways  of reasoning multiplicatively,  ways  of reasoning about 

linear  rates  of change,  and ways  of understanding  integration. 
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A  key  aspect for  conceptualizing  the fundamental  theorem of  calculus,  the accumulation 

function , F( x)  = , requires  coordinating  three varying  values: that of  an  independent(t)dt∫
x

a

f  

variable,  t,  as  it varies  from a to  x,  that of  a dependent variable,  f( t),  as  t varies,  and  that of  the 
accumulation  of  values  of  f( t)  as  f( t)  and  t co-vary  (Swiden  & Yerushalmy,  2016; Thompson, 
1994; Thompson  & Silverman,  2008).  Research  with K-12 students  points  to  the necessity  of 
students’  construction  of  a structure for  coordinating  three levels  of units  for  (a)  reasoning 
flexibly  with (im)proper  fractions,  e.g.,  for  thinking  of  ‘9/7’  as  “containing”  potential 
multiplicative  relations  with ‘1’,  ‘1/7’,  ‘1/9’  and  ‘7/9’,  and  (b)  reasoning  flexibly  with algebraic 
equations  in  the middle grades  (Hackenberg  & Lee,  2015).  Students  sometimes  experience 
success  in  school mathematics  if  they  learn  to  reason  with three levels  of  units  in  activity , which 
means  they  “build” an  ephemeral  third  level of  units  as  part of  their  way of  reasoning  rather  than 
assimilating  situations  with a units  (of  units  (of  units))  structure (Ulrich,  2015).  Indeed,  some 
students  assimilating  with two  levels  of  units  pursue STEM majors  in  college:  Boyce and  Wyld 
(2017)  described  constraints  in  two  such  differential  calculus  students’  reasoning  about function 
inverses  and  function  composition,  and  Byerley  (2016)  described  how  students’  reasoning  with 
fractions  was (and  was not)  associated  with their  success  in  different aspects  of  introductory 
calculus. 

We report on an  8-session constructivist teaching  experiment  (Steffe & Thompson,  2000) 
exploring  connections  between  students’  units  coordination  and  understandings  of  integral 
calculus.  Our poster  focuses  on contrasting  the reasoning  of  a pair  of  students,  one who 
assimilated  with two  levels  of  units  and  one who could  assimilate  with three levels  of  units.  Our 
poster  will exemplify  contrasts  (and  commonalities)  in  (a)  their  units  coordination  (b)  their  ways 
of  reasoning  about linear  rates  of  change (c)  their  meanings  for  the quantities  represented  in  the 

statement  F( x)=  , and  (d)  their  associated  justifications  for  why  = 2. Thein(t)dt∫
x

0
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0
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results  provide conjectures  of  how  differences  in  the constraints  students  face in  conceptualizing 
the accumulation  function  (and  fundamental  theorem of  calculus)  may  be attributed  to 
differences  in  their  ways  of  coordinating  units. 
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